





THE 
PHYSICAL REVIEW 


CA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





Seconp Series, Vor. 100, No. 2 


OCTOBER 15, 1955 





Particle Transport, Electric Currents, and Pressure Balance 
in a Magnetically Immobilized Plasma 


P. STEHLE 
University of Pittsburgh, Pittsburgh, Pennsylvania 


(Received June 27, 1955) 


The expression for the pressure gradient in a magnetically immobilized plasma, 


Vp= — (1/8) 0 (B*) 


is derived without « 
detailed treatment 


N a paper with the above title, Tonks' has discussed 
the pressure balance equation in a magnetically 
confined plasma from a completely microscopic view- 
point. This result is the same as that of Spitzer? who 
also derived the equation by an averaging process over 
individual trajectories. It is illuminating to see the 
result arise without treating orbits in any detail. 
Consider only Spitzer’s (1,0) approximation (first- 
order effects in field 
effects). A plasma is located in a homogeneous external 
field H,= Ho. Values of physical quantities depend only 
on x. Ions and electrons spiral about the field lines, 
giving rise to a current. The ion current due to motion 
in a circle about the field can be described by a density 
of magnetic moment, M,, given by 


Nie Vis nym, (0:47) 
M,= -< 7) =— (1) 
2arc 2B 


where n; is the ion density, m; the ion mass, »,, the 
speed perpendicular to the field, and B is the local field. 
Defining the kinetic temperature of the ions by kT 
=m,,,°/2, and assuming the kinetic temperature of the 
electrons to be the same for simplicity, we get for the 
magnetic moment density due to both ions and electrons 


M=-—p/B, (2) 


inhomogeneities, no collision 


where p=nkT is the pressure of the plasma. 


L Tonks, Phys. Rev. 97, 1443 (1955) 
*L. Spitzer, Astrophys. J. 116, 299 (1952) 


letailed study of particle orbits and still showing the various effects which appear in a 


The current due to the drift of ions across the field 
when the field is inhomogeneous is in the y-direction 
and is* 

vip= my,,°cB'/2B'e,, (3) 


so that the net current density due to ions and elec- 
trons is 


j= pcB'/ B= —(c/4n) Ay, (4) 


where #7, is the magnetic field due to this current 
distribution. 
Finally, then: 


B=H+4aM 
= Ho+H,— (4ep/B), (5) 

so that 
B’ = H,'+ (4epB’/B*)— (4np'/B). (6) 


The first term, representing the drift due to field in- 
homogeneity, just compensates for the second term 
representing, as Tonks has shown, the effect of the 
change in orbital radius coming from the field inhomo- 
geneity, leaving only the density gradient term. Thus 


p’ = (— 1/89) (By (7) 


The virtue of this approach lies in the avoidance of 
detailed consideration of orbits. 

This work results from discussions with Dr. G. Gibson 
and Dr. J. L. Johnson. 


+H. Alfven, Cosmical Electrodynamics (Oxford University Press, 
New York, 1950), p. 22 
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It is shown that, contrary to what has been stated, a straightforward application of the equipartition 
theorem to electrical fluctuations on a damped transmission line leads to results in agreement with those 


obtained from Nyquist’s theorem 


I. INTRODUCTION 


WO familiar procedures are available for estab- 

lishing the mean fluctuation energy in a mode of 
vibration (standing wave) on a transmission line at 
temperature 7. An appeal to the equipartition theorem 
leads at once to the value &7 for this energy: quantum 
corrections, important only for very high frequency 
modes, are ignored throughout the present paper. The 
alternative procedure is to treat the fluctuations as 
arising from the Nyquist voltages associated with the 
various elements of resistance on the line. Rhodes' has 
made a somewhat indirect application of the second 
procedure and has concluded that the mean fluctuation 
energy of a mode has a value which depends on the 
amount of damping on the line and so, in general, 
differs from kT. 

Both the procedures mentioned involve considerable 
assumptions.? Except in special cases** these have not, 
to our knowledge, been shown to be justified by the 
basic principles of statistical mechanics or kinetic 
theory. Thus the application made here of the equi- 
partition theorem rests on the assumption that, in 
using statistical mechanical methods to find the mean 
square value of a macroscopic coordinate, we may 
ignore those interactions which give rise macroscopically 
only to damping forces. Nyquist calculations, on the 
other hand, depend on the assumption that we may 
associate with a seat of damping a fluctuating force 
with statistical properties independent of the system 
in which the seat of damping is included. This last 
assumption is required before we can attach any general 
significance to the statistical properties determined for 
the Nyquist forces by requiring that they reproduce 
statistical mechanical results for some special system 
(an undamped transmission line terminated by matched 
resistances in Nyquist’s original treatment). 

Even in the absence of precise theoretical justifica- 
tion, however, we have reason to have considerable 
confidence in the two procedures. They have been 
applied in a straightforward way to a large class of 
linear electrical and dynamical systems, and have 
always agreed as to their predictions. These predictions 
have, moreover, been borne out by the available experi- 
mental results. A disagreement between the two pro- 


' J. E. Rhodes, Jr., Phys. Rev. 93, 1 (1954) 

*C. W. McCombie, Repts. Progr. Phys. 16, 266 (1953 
* A. Einstein, Ann. Physik 19, 1371 (1906). 

*S. Chandrasekhar, Revs. Modern Phys. 21, 383 (1949) 


cedures in the case of the damped transmission line 
would therefore be surprising and interesting. It will, 
however, be showr. in what follows that the two methods 
do in fact lead to consistent results when applied in a 
straightforward way to a continuous transmission line. 
In particular, the Nyquist procedure does not predict 
a dependence of the mean fluctuation energy on the 
amount of damping. 

Detailed consideration will be given to a transmission 
line of arbitrary length Z with its ends shorted. A very 
similar discussion can be given for a line with open ends. 
The results obtained will be shown to hold for a very 
long line terminated in an arbitrary way: this is the 
case considered by Rhodes. 

The line will be supposed to have resistance 1, 
inductance /, leakage conductance p, and capacity c per 
unit length. The solutions with sinusoidal dependence 
on time of the equations satisfied by the voltage V 
and current J will, on an unperturbed length of line, 
have the space dependence 


V=Aer+ Be-w, [=—(1/Z)(Aew—Be-™), (1) 


where y is measured along the line, A and B are dis- 
posable constants, and 
2= (r+-2wivl)(p+2rivc), (9 
2) 
Z? = (r+ 2aivl)/(p+2xivc). 


This specifies our notation. 


Il. STATISTICAL MECHANICS OF MACROSCOPIC 
COORDINATES 

In applying the statistical mechanics of macroscopic 
coordinates to the present problem, one introduces 
coordinates which describe the macroscopic electrical] 
properties of the line and which in the absence of 
damping would be normal coordinates. For a line with 
shorted ends, these coordinates are the coefficients in a 
Fourier sine analysis of the voltage and in a Fourier 
cosine analysis of the current, i.e., the a’s and 6’s in 


x 


Y=> a, sin(xsy/L), 


T=>> b, cos(xsy/L). (3) 


=! a) 


In these coordinates the energy H of the system is 
given by 

H=ShLlca?+D}Lib,’. (4) 
Application of the statistical mechanical considerations 
appropriate to a system in small interaction with its 
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FLUCTUATIONS 


surroundings then yields the equipartition results 
tL cla?) w= 3kRT, 4LKb2)y=4kT (3) 


if quantum effects, important only for very high fre- 
quency modes, are ignored. 

The precise significance of these equations must be 
carefully considered. At any instant one can, at least 
in principle, carry out the indicated Fourier analysis 
and find the values of the coordinates. The electrical 
fluctuation energy is then given by (4), and the sum 
of the terms in a, and 6, is taken to be the energy in 
the sth mode at the instant considered. The Eqs. (5) 
assert that the average of this last energy over a large 
number of instants will be &T. 

In all this there is no suggestion that a, and 8, will 
vary sinusoidally with time as they would on an un- 
damped line. That the variation is not of this nature 
will become clear when the power spectra of the 
fluctuations of a, and 4, are obtained in the next 
section. 

III. RANDOM FORCE METHOD 

The application of the Nyquist random force method 
to the line with shorted ends will be made sufficiently 
clear by a calculation of the power spectrum of the 
fluctuations of a,. To determine the contribution to this 
power spectrum from the fluctuating voltage associated 
with an element of resistance or leakage conductance, 
a voltage A exp(2zivt) is supposed connected in series 
with the element and the resulting steady state varia- 
tion in the coordinate a, expressed in the form 
Y(v)A exp(2rivt). The required contribution is then 
4RkT|Y(v)|?, where R is the resistance of the element. 

The following preliminary consideration enables one 
to determine easily the function Y (vr) corresponding to 
any element. Suppose that the line is undisturbed 
except that, by some means or other, discontinuities in 
current and voltage A/ exp(2riv!) and AV exp(2rivt) 
are maintained at a point P a distance x from one end. 
If the resulting voltage on the line is V(y) exp(2mivt), 
the resulting value of a, will be given by 

2 L 
a,>=- f V (y) exp(2rivt) sin(rsy/L)dy. (6) 
L 49 
Now, on either side of P the voltage will have the form 
given by (1), the constants A and B having different 
values on the two sides. Substituting an expression of 
the form implied by this for V(y) in (6) and using the 
fact that 
V(0)=V(L)=0, (7) 
one easily finds that a, can be expressed in terms of AJ 
and AV in the form 
2 
a,= -| + 
L 


rs? ‘| sx 

— yZAl sin— 
a) | L 

Ts WSxX 

+—AV cos exp(2rivt). (8) 


This is our preliminary result. 
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Consider now the contribution to the power spectrum 
of a, from the fluctuating voltage associated with an 
element of resistance réix at P. When a voltage 
A exp(2rivt) is connected in series with this element, 
one has 


AV=A, Al=0. 


Inserting these values in (8) and comparing the result 
with V(v)A exp(2rivt) yields the value of Y(») which 
has to be substituted in 4réxk7|Y(v)|? to give the 
required contribution. Integrating over x leads to the 
contribution to the power spectrum of a, from all such 
elements 


9 


SRT? /4s\"| ws*|-* 
ENgST OR 


Such integrations are valid because all the elements of 
resistance will contribute independently to the fluctua- 
tions of the coordinate. 

When a voltage A exp(2mivf) is connected in series 
with the element of leakage resistance (1/péx) the 
current through the element will, when 6x is so small 
that the impedance of the line is negligible compared 
with (1/péx), be given by péxA exp(2rivt). Thus one 
has to substitute in (8) 


AV=0, Al=Apéx. 


The resulting expression for Y (vy) is then substituted in 
4(1/péx)kT| Y(v)|* and the result integrated over x to 
give for the total contribution to the power spectrum 
of a, from elements of leakage conductance 


8kT p | w's*|~* 


Zy\?\y+ (10) 
t Bl 


Ga, P) =x 


Adding together the power spectra (9) and (10) and 
using (2) to express the result explicitly in terms of 
v gives 

8kT 


Ga,( v) = 
4? Pp +r (rp+n’s*/L*) 


“ od . (it) 
(49° v*le— rp — 9*s*/L*)? +42? (re4+- pl)? 


x 


When the damping is very small (i.e., both r and p very 
small) this power spectrum is appreciable only for 
frequencies near the undamped frequency of the mode. 
In general (however, it will be appreciable over a con- 
siderable range of frequencies. This bears out the 
assertion made at the end of Sec. IL. 

Integrating the power spectrum (11) over all fre- 
quencies gives for (a,?).: 


£ 


(an= f Ga,(v)dv= 2kT/ Le. (12) 
6 
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The integral is evaluated by partial functions or 
contour integration. The result, which is independent 
of r and p, agrees with (5). 

The power spectrum of 5, can be obtained similarly. 
In fact, one gets for this just the right-hand side of 
(11) with r and p interchanged and / and c interchanged. 
Consequently 

(b.?) m= 2kT/ LI (13) 
again in agreement with (5). 

For a line with open ends the coordinates a, and 4, 

will be defined by 

V=S-a, cos(rsy/L), [=> b, sin(xsy/L). (14) 
One finds that the power spectra and consequently the 
mean square values of a, and }, are again given by the 
expressions obtained above. 
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IV. LONG TRANSMISSION LINE 


A very long transmission line with arbitrary terminal 
conditions can be treated as follows. The actual normal 
coordinates for the undamped system will depend on 
the capacities and inductances of the terminal im- 
pedances. Suppose that, in spite of this, one introduces 
coordinates defined by (3). Then, although the Eq. (7) 
is no longer imposed by the boundary conditions, the 
relation (8) will hold for all points P such that a dis- 
turbance of any frequency originating at P does not 
extend to the end of the line. Thus for a sufficiently 
long line, one may suppose (8) to hold at all points, 
the contribution of the end portions to the final integrals 
being a negligible fraction of the whole. The results 
(11), (12), and (13) will therefore still hold. 

The same conclusion would follow if coordinates 
defined by (14) were introduced. Consequently, for a 
long line terminated in an arbitrary way, the equi- 
partition results hold in their simple form. 
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The excess free energy of a mixture of isotopes is expanded in 
a Taylor powers of the relative mass differences 

me—m,)/m;, where m; and me are the masses of the particles of 
the jth component and of a reference isotope, respectively. This 
expansion is only useful if it assumed that all the particles in the 
mixture obey classical or Boltzmann statistics. When this assump- 
tion is made it is found that the linear term in the expansion 
vanishes The second-order term has the form 
LL xxj(\i—d,)?-O, where Q is a universal function of mo, T, 
and VA; equals (mto—m;)/m,, and x; is the mole fraction of the jth 
This expression gives the explicit dependence of the 


series in 


identically 


component 
excess {ree energy on the mole fractions and on the relative mass 


1. INTRODUCTION 


HE purpose of this paper is to develop an approxi- 
ate theory of mixtures of isotopes. It is of 
course well known! that if the atoms or molecules of a 
mixture of isotopes are assumed to obey the laws of 
classical mechanics then the thermodynamic properties 
of the mixture can easily be related to those of the pure 
isotopes. Such mixtures are in fact “ideal solutions.” 
However, if we assume that the particles of the system 
obey the laws of quantum mechanics then it is impos- 
sible to express, in any general way, the properties of a 
mixture of isotopes in terms of those of its components. 
Now we know, that, except at very low temperatures, 
* Contribution number 1301 from the Sterling Chemistry 
Laboratory 


'E. A. Guggenheim, Mixtures (Cambridge University Press, 


Cambridge, 1952), Chap. 2 


differences \y. From this result it can be shown, among other 
things, that a phase separation of the isotopes in a mixture should 
take place at a sufficiently low temperature. It can also be shown 
that there is an approximate law of corresponding states between 
different mixtures of isotopes. The theory is directly applicable 
to all solid mixtures and to fluid mixtures of the hydrogen isotopes. 
Unfortunately owing to the lack of experimental data it is impos- 
sible to test the theory rigorously. Finally it is shown how the 
theory can be used to interpret the behavior of He*— He‘ solutions. 
When sufficient experimental data becomes available the theory 
should throw considerable light on the influence of quantum 
statistics on the properties of these solutions 


the physical properties of most substances can be 
accurately accounted for by means of classical statis- 
tical mechanics. Consequently the properties of solu- 
tions of isotopes will remain ideal until these tem- 
peratures are reached. If we limit our attention to the 
class of simple substances to which De Boer’s quantum 
mechanical law of corresponding states? applies, then 
we can easily estimate the highest temperature at which 
any particular mixture can be expected to show devia- 
tions from ideal behavior. For example, we find that 
(gaseous) mixtures of helium and hydrogen isotopes 
are unlikely to show nonideal behavior above 30°K and 
60°K, respectively. These two substances are, however, 
the only ones that show appreciable departures from 
classical behavior in the gaseous and liquid states; all 


? J. De Boer, Physica 14, 139 (1948). 
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other substances solidify before any departures from 
classical behavior appear. We can therefore conclude 
that, apart from these substances, mixtures of isotopes 
will be ideal in the liquid and gaseous states. 

The theory we shall develop is based on the following 
three assumptions. 

(a) We shall assume that the atoms or molecules of 
the system (for simplicity we shall henceforth refer to 
these as “particles”) are “rigid.” That is to say we 
assume that the motions of the electrons and nuclei, 
relative to the mass center of one of the particles, are 
not influenced by the presence of the other particles in 
the system. If we make this assumption then the par- 
tition function of the system immediately factorizes 
into two factors, Z,; and Z:. Here Z, is the partition 
function for the motions of the electrons and nuclei 
relative to the mass centers of the particles and Z; is 
the partition function for the motions of the mass 
centers themselves. Now the variation in Z; due to the 
difference between the masses of the isotopes makes no 
contribution to the free energy of mixing.' We can 
therefore ignore Z,; and concentrate our attention 
entirely on Z2, which we shall write simply as Z. 

(b) Next we shall assume that the particles of all the 
isotopes in the mixture obey classical or Boltzmann 
statistics. While this assumption is not generally 
justified there are two important cases in which it is 
likely that it can be regarded as an accurate approxima- 
tion. First, we should expect it to be a good approxi- 
mation for the hydrogen isotopes. This is because the 
different types of statistics obeyed by the molecules of 
these isotopes arise from their different spin states. 
Consequently if the different spin states of the mole- 
cules exert a marked influence on the properties of the 
isotopes then we should expect a considerable difference 
in the properties of the ortho and para species of any 
particular isotope. The properties of the two species are, 
however, very nearly identical; they amount at the 
most to about 1%. We can therefore assume that the 
properties of the hydrogen isotopes are very nearly 
independent of the spin states of their molecules; con- 
sequently we can assume that they obey Boltzmann 
statistics. The accuracy of this assumption can very 
easily be tested by comparing the properties of mixtures 
of hydrogen isotopes that have different ortho-para 
concentrations. If the properties of the mixtures depend 
strongly on the ortho-para concentrations of the various 
concentrations of the various components then we must 
conclude that our assumption is unjustified. Secondly 
we should expect the assumption to be an accurate 
approximation for mixtures of isotopes in the solid state. 
For, in the solid state the particles in the system can 
usually be regarded as being localized on lattice sites, 
and it is well known* that in such a system both Fermi- 
Dirac and Bose-Einstein statistics reduce to Boltzmann 
statistics. 


*R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, Cambridge, 1936), Chap. 2. 
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On the other hand, this assumption is unlikely to be 
an accurate approximation for liquid or gaseous mixtures 
of Hé* and Het. This is because the properties of these 
substances appear to depend critically on the type of 
statistics obeyed by their atoms. However, we shall 
see in Sec. 4 that if we use the theory in an indirect 
manner we can throw considerable light on the behavior 
of these solutions. 

(c) Finally we assume that the interaction potential 
between the particles of any isotope is independent of 
the mass of the isotope. This assumption, while very 
accurate, is not completely correct for the following 
reason. The interaction potential depends on the elec- 
tron density distribution round the nuclei. Now the 
reduced electron masses enter into this distribution and 
these in turn depend on the mass of the nuclei. However 
if the mass of the nuclei is changed by an amount 6M 
then the reduced electron masses will change by an 
amount of the order of 10-*6M. This change is so 
small that it can be neglected entirely and consequently 
the interaction potential between the particles can be 
considered to be independent of the mass of the nuclei. 

In the next section we give the formal mathematical 
development of the theory. This is based on the per- 
turbation expansion of the partition function Z.** The 
expansion parameters are the relative mass differences 
(mo—m,;)/m;, where m; is the mass of the jth com- 
ponent and mp is the mass of the particles of a reference 
isotope. The way in which these parameters enter into 
the partition function can readily be seen from the 
Hamiltonian of the system. Suppose we have a mixture 
of s isotopes. Let m; and x;=N,/N be the mass and 
the mole fraction of the ith component. Then we can 
write the total Hamiltonian, 7, for the mixture in the 
form, 


, Ng 
H=— > (1/m) ¥ (#2/2)0-2+V(n---ey), (1.1) 
t=! 


j=l 


where r;- - - fy are the coordinates of the N particles and 
V(r,---ry) is the total interaction potential of all the 
particles. From assumption (c) this potential is inde- 
pendent of the masses m,;. To simplify the notation we 
write k;= (— h?/2)Vr? and set 


NG 
K(N,,m,) = (1/m)> by. 
? 
With this notation the Hamiltonian becomes 


H=> K(Nigm)+V(n-- (1.2) 


om] 


‘Iy). 


*M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 

5G. V. Chester, Phys. Rev. 93, 606 (1954), The author wishes 
to thank Dr. Schafroth for pointing out to him that many of the 
results obtained in this paper had been found earlier by Dr. 
Schafroth in the paper quoted above. 
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Now, 

1 4% 
K(Num)=— > k; 


Mm, int 
1% mo~m, 1 
a— > kyt+— —  » ky, 


Me it Mm « Mei 


(1.3) 


and if we set A,;= (my— m,)/m, we have, 
K(N4m,) = K (Nimo) +d, K (Nimo). 


The Hamiltonian can therefore be written in the form, 


’ a 
H=> K(Nimo)+V+> AKCV imo), 1.4) 
=| w=! 
that is, 
H= K(N,mo)+V+>. AiK (Nimo). 1.5) 
Finally, if we define H» by the equation 
Ho= K(N,mo)+V, 1.6 
then H becomes 
H = Hot+-> ¥:K(N imo) 1.7) 


The’ free energy to the system can therefore be con 
sidered as a function of the A,’s and we can formally 
expand it as a Taylor series in these parameters. Clearly 
we may expect such a series to be physically useful as 
long as the A, are not too large. We can also express the 
Hamiltonian for V particles of one of the pure isotopes 
in a similar way. Thus, 


Hy= H(N ym, = Hot+dAK CN mp), 1.8 


and we can again expand the free energy in powers of A, 
Our method is therefore as follows. We expand the free 
energy of the mixture in powers of the A,’s and we also 
expand the free energy of each of the pure isotopes in a 
similar series. From these series we can at once obtain 
a formal expansion of the free energy of mixing in 
powers of the A,’s. The first term in this expansion gives 
the ideal free energy of mixing. The term that is linear 
in the A, vanishes identically and we have to include 
terms that are quadratic in the A, in order to obtain any 
departures from ideal behavior. This term is calculated 
explicitly as a function of the x, and A,. An important 
feature of this method is that no assumption is mace 
about the state of aggregation of the mixture and the 
theory should therefore be equally applicable to solid, 
liquid and gaseous mixtures. In Sec. 3, we discuss the 
physical consequences of the expression we have ob 
tained for the excess free energy of mixing. The prin- 
cipal results that emerge from this discussion are: 
(a) that mixtures of isotopes should exhibit very nearly 
ideal behavior, this conclusion follows directly from 
the fact that the excess free energy depends only on 
second and higher powers of the relative mass dif- 
ferences, (b) that the free energy of mixing has the 


CHESTER 


same dependence on the mole fractions as that of a 
“regular” solution,® (c) that at sufficiently low tem- 
peratures the excess free energy of mixing is always 
positive, consequently we expect a phase separation of 
the isotopes to take place at some temperature above 
absolute zero, and (d) that there exists an approximate 
law of corresponding states between mixtures of dif- 
ferent isotopes. Unfortunately, we have not been able 
to express the excess free energy in terms of the proper- 
ties of pure isotopes. The best we have been able to do 
is to obtain an upper bound for the excess free energy 
in terms of measurable quantities. There appears to be 
very little experimental data with which to compare the 
theory. In fact, only a qualitative comparison can be 
made; this comparison is however satisfactory. We 
conclude this section by discussing the experimental 
data that are required to test the theory rigorously. 

In Sec. 4, we turn to a discussion of He*’—He* 
solutions. Our aim here is to throw some light on the 
influence of quantum statistics on the properties of 
these solutions. Now the theory we have developed is 
only valid if the particles of all the isotopes in the 
mixture obey Boltzmann statistics. Therefore if we 
compare the predictions of our theory with the experi- 
mental properties of He’— He‘ solutions we should be 
able to show how the properties of these solutions are 
influenced by the different types of quantum statistics 
obeyed by He’ and He‘ atoms. Thus if the experimental 
properties are in good agreement with the predictions 
of the theory then we can conclude that the properties 
of the solutions are not appreciably influenced by the 
different types of statistics obeyed by the atoms. On 
the other hand if there are large discrepancies between 
the predictions and the experimental data then we must 
draw the opposite conclusion. What little data are 
available indicates that at about 3°K the predictions 
and experimental data are in qualitative agreement 
but that at temperatures there are large 
discrepancies. 

The only other work on the theory of isotopes appears 
to be that due to Prigogine.?~* Although his method of 
approach is very different from ours he has obtained 
very similar physical results. In Sec. 5 we shall 


lower 


compare these with our own. 


2. FREE ENERGY OF MIXING 


We consider a mixture of s components each of which 
is an isotope of the same substance. If m; and x, 
(= N,/N) are the mass and the mole fraction of the ith 
component then we have seen that the Hamiltonian of 
this system can be written in the form, 


H = Ho(N,mo) +d AK,, (2.1) 


* E. A. Guggenheim, reference 1, Chap. 4 

? Prigogine, Bingen, and Jeener, Physica 20, 383 (1954) 

* I. Prigogine and J. Jeener, Physica 20, 516 (1954 

* Prigogine, Bingen, and Bellemans, Physica 20, 633 (1954) 
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where for convenience we have set K;=K(Nj,mo). 
Likewise the Hamiltonian of the ith component can be 
written, 

H;= Ho(N,mo)+A,K. (2.2) 


Now the free energy of the mixture, which we denote 
by F.(Ni--+N4,moA1- + -A,) is given by 


Fa(N1- + +N 4,mo,A1- + +As)= —kT logZ, (2.3) 


where 

Z=Tr[exp(— 8H) }. (2.4) 
In this last equation 8=1/kT, T is the absolute tem- 
perature, k is Boltzmann’s constant, and the symbol 
Tr(A) stands for the trace of the operator A. Since we 
have assumed that all the different types of particles in 
the mixture obey Boltzmann statistics all the traces 
that occur in the theory must be formed with unsym- 
metrized wave functions. We now formally expand F,, 
in a Taylor series in the parameters A;. Thus, 


Fn =Fm(Ny- + -N,,mo,0)+D AL OF n/ As amo 


i=] 


+3 p > AA, oF,, AA :OA; ]xno+O(A*), (2.5) 


i=l j=l] 


where \ stands for the set A,- - -A,. We now calculate the 
derivatives of F,, in terms of those of Z. Using Eq. (2.3) 
we find that 


[OF m/OX4 )nmo= —[RT/Z(mo,0) [9Z/A),~0, (2.6) 
and 
[OF m AAA; |,—0= (kT Z)[aZ Ad; 9Z/OA; x0 
~(kT/Z)[@Z/Od OA; ]}xn0. (2.7) 


We next calculate the derivatives of Z with respect to 
the \; by means of the perturbation expansions for the 
partition function®; we find that, 


[0Z/0X; )wo= —8 > (K;s)u exp(—BE)), (2.8) 


and 


[8Z/A AA; wo=F DO V(K)un(K)unGun, (2.9) 


hi dls 
where Gils is given by, 


Gu=[exp(—BEn)—exp(—BEn) |/8(Ex— En). (2.10) 


In these equations, the £1, are the energy eigenvalues 
of the reference system of V particles of mass mo and 
the matrix elements (A;)i;/2 are formed with the cor- 
responding wave functions. It is now convenient to 
define the following two averaging operations, 


(A y= > (A du exp —B8E;) > exp( — BE), 
and 
(A,B)=> F(A) na(B)nnGun/>d exp(—BE,). (2.12) 


i le 1 


(2.11) 
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The matrix elements (K;)uf in Eqs. (2.8) and (2.9) 
are given by equations of the form, 


(Kne=Z (kits (2.13) 
t=] 


where we have absorbed the factor (»)~ into &,. If 
we combine Eqs. (2.11), (2.12), and (2.13) with Eqs. 
(2.8) and (2.9) we find that 


10Z Ni 
é, | =—@(K;)=—B8¥ (k,), (2.14) 
z aX; hee t=1 
and 


Ni Nj 


=6%K,,K;)=8°>, 3 (k,k:). 
Sind 


rel tel 


| #2 
(2.15) 


Z Add; 


Now (k;) is the average value of the kinetic energy of 
the ith particle, averaged over all accessible states of 
the reference system. It is therefore independent of the 
suffix i; to indicate this we set (k;)= (ka), where a 
refers to any particle of the reference system. Similarily 
(k,,k«); rt is independent of the pair of particles that 
we chose and we can set it equal to (ka,kg); a#8. The 
suffixes r and ¢ can, however, be equal and in this case 
we have to set (k,,k,) equal to (kaka). Using this 
notation we can write Eqs. (2.14) and (2.15) in the 
following way, 


(1/Z8Z/0dd;),-0= —BN tka), (2.16) 
and 
(1/Z8Z/Ad OX) r.-0= BLINN j(Raks)+bijN iA), (2.17) 
where A is given by, 
A= (ka,ka)— (ha,ka)- (2.18) 


Substituting Eqs. (2.16) and (2.17) into Eqs. (2.6) and 
(2.7) we get, 


(OF m/OX4) mo = N (Ra) =x (K), (2.19) 
and 
(BF m/OAOA;) .—0 
= BLN WN j(ka)?— NN j(Rayks)—8ijN A] 
= Bl xaj(K)—xa,((K,K)—NA)—baNA]. (2.20) 


These last two equations lead to the following expansion 
for the free energy of the mixture 
F,,( Vi -N,,mo,A1° ‘ As) 


= F,.(Ny---N,,mo,0)+(S xA,)(K) 


i=l 


+ (8/2)(S E Adwer)[(K)*— ((K,K)—NA)] 


tl j=l 


- (8/2(5 Afx)NA+O0(A'). (2.21) 


i=] 
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Using exactly the same methods we can expand the free 
energy, F;, of one mole of a pure isotope of mass m,, 
thus, 


F (Nmo,d,) = F ( N,mo,0) +244 K)+ (8/2)A2 
«[(K)*— ((K,K)— NA) ]—(8/2)A2NA 
We now have to examine the function 
F,.(N,-+-N,,mo,0). 
It is given by the equation, 
FCN; 


V,,mo,0) 


—kT logZ(N, 


Z(N, iv)! 
The factor 


qn) 


particles of the 


different isotopes in the mixture were originally dis 


in the last equation arises because the 


tinguishable by their different masses. We can therefore 
write 


Z(N; 
and consequently 


Vk7 > x, log 


moO 


The excess free energy of mixing AF*, is 


equation, 


AFf=F,—> x.F— NRT D> x, 1 


rherefore from Eqs. (2.21 


that, 


AF*= (8/2)(>— > xa Ad; 


KY KA VA) }+00 


2.25) 
gives the explicit dependence of AF# 
It is clear from the method of derivation 
tedious, matter to 


ple, though 


calculate as many terms in the expansion as we wish. 
The first factor on the right of Eq. (2.25) is easily 
shown to be equal to 


> d xaj(Ar—A,)?, 
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and is therefore negative for all values of the x; and Aj. 


We now shorten the notation by writing 
AF®=c(x,\)O(T,V,mo), (2.26) 


where x and A stand for the sets (x;) and (A,) respec- 
tively, and c(x,\), 0(7,V,mo) are given by 


s 
c(x A) => ¥ xexs(Ai—A,)’, 
Ss] 


and 


O(T,V,mo) = (2kT)>[(K,K)—(K*—NA]. (2.28) 


The function 0(7,V,mo) is a universal function of 7,V 
and mo; that is, it does not depend on either the x; or 
\,. Unfortunately, we have not been able to express it 
in terms of the properties of the pure isotopes. However 
the following equation can easily be derived : 


K,K K = —kT(@F /dA?2 jay = (2.29) 
Now, since we can also show that (K,K)—(K)? and A 
are always positive, we find that AF* must obey the 
following inequality : 
AF? <—43 F/O? jas =o. (2.30) 

This equation provides us with an upper bound for AF? ; 
in the next section we shall show how we can determine 
[ #F,/d\? )y=0, approximately, from experiment. 

Finally, it is that the “fluctuation” 
term A tends to zero as T—+0. The sum of the other two 
terms in UV approac hes > n K, E, -E ), as T—0, 
and the excess free energy is therefore positive at 
absolute zero. This completes the formal part of our 
work, 


easily shown 


3. PHYSICAL CONSEQUENCES OF THE THEORY 


In this section we shall first discuss the physical con- 
sequences of the formulas we have derived and after- 
wards we shall compare the predictions of the theory 
with experiment. 

The fundamental formula for AF® is 


AF®=c(x,)O(T,V mi 3.1a) 


e(xA)=>> > xexj(As—A,)?, (3.1b) 


and 

Q(T, V mo) = 48[(K,K)—(K—NA] (3.1¢) 
From these equations we can draw the following con- 
clusions. 

(a) The foregoing formulas were derived without 
making any assumptions about the state of aggregation 
of the system; they therefore apply quite generally to 
gaseous, liquid and solid mixtures 

(b) Equation (2.27) shows that AF* depends only on 
second and higher order terms in the mass differences 
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\;. This makes it seem likely that mixtures of isotopes 
that obey Boltzmann statistics will, in general, show 
only very small deviations from ideal behavior. We 
shall see that this conjecture is confirmed by what 
little experimental! data is available. 

(c) We have seen that the excess free energy of 
mixing is positive at absolute zero. On the other hand 
the ideal free energy of mixing goes to zero as T—0. 
Therefore at some temperature above absolute zero we 
should expect a phase separation of the isotopes in the 
mixture. The highest temperature, 7,, at which this 
separation can occur is found, by the usual methods,® 
to be given by the conditions, 


RT =} (1—A2)°Q(T,V,mo), 


where we have specialized to a binary mixture. Equation 
(3.2) must be regarded as a transcendental equation for 
T.; clearly as long as ( is negative it has no solution. 
It is interesting to note that this phase separation is a 
purely quantum mechanical phenomenon. If the par- 
ticles of the mixture were assumed to obey the laws of 
classical mechanics then the solution would always be 
ideal. 

(d) Next we notice that Eq. (3.1) give the explicit 
dependence of AF¥ on the mole fractions x;. It is clear 
from this equation that if we know AF* for any one set 
of concentrations x then we can at once predict it for 
any other set x’. For we have at once that 


AF®(T,V,x’)=[c(x’ A)/c(x,A) JAF#(7,V,x). (3.3) 

(e) Equation (3.1) also gives the explicit dependence 
of AF¥ on the relative mass differences \,. Therefore if 
we have determined AF* experimentally for one solu- 
tion with mass differences \ and mole fractions x we 
can at once predict AF* for any other solution with 
mass differences \’ and mole fractions x’. We have in 
fact, 


AF®(7,V x’ ,d’)=[e(x’,d’)/c(x,A) JAFA(T,V xr). (3.4) 
This last equation really expresses a law of correspond- 
ing states for mixtures of isotopes. In fact Eq. (3.2) 
tells us that if we know AF* for a solution and divide 
it by the appropriate value of c(x,\) then we obtain a 
universal function of T, V, and mp. Clearly since these 
remarks apply to any other thermodynamic property 
of the solution we are justified in speaking of a law of 
corresponding states. 

(f) We can easily show that AF*#—0 as T—>~, or as 
k—0. Therefore we should expect AF* to increase as 
the temperature of the mixture is lowered. However, it 
appears that the properties of pure isotopes become 
very nearly identical when we pass from the liquid to 
the solid phase. This is strikingly shown by the plots 
of the specific heats of the hydrogen isotopes that appear 
in the article by Wooley, Scott, and Brickwedde.” It 


*” Wooley, Scott, and Brickwedde, J. Research Natl. Bur 
Standards 41, 379 (1948). 
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seems likely therefore that AF* will decrease sharply 
as the mixture solidifies. 

(g) Equation (3.16) shows that AF* has the same 
dependence on the mole fractions x; as a “regular” 
solution. Our formula differs from that for a regular 
solution in that Q is function both of T and V (or P). 

(h) Finally we note that Eq. (2.30) provides an 
upper bound for AF*. To our degree of approximation 
we find that [6°/;/dA2]};-0 is given by the equation, 


aF, 1 
|—] oe ————[) Fd jF— (As Ay) Fo), 
Ar2Ing<0 AAs(A—Ay) 

(3.5) 


where F; is the free energy of a pure isotope of mass m. 
In principle therefore we can determine the upper 
bound for AF* provided we know the free energies of 
two pure isotopes together with that of the reference 
species. 

The only published data on mixtures of isotopes other 
than helium is that due to Kerr" and Hoge and 
Arnold." Kerr measured the excess molar volume of a 
mixture of T:, DT, and D», and found that it was about 
0.6% of the total volume of the mixture. Unfortunately 
he worked with only one solution at fixed composition 
and we therefore cannot test either the dependence on 
the mole fractions or the approximate law of corre- 
sponding states predicted by the theory. However, the 
fact that the excess molar volume is so small is in good 
agreement with our prediction that isotopic solutions 
should be very nearly ideal. Hoge and Arnold measured 
the dew points pressures for two H:— Dz, mixtures and 
for three H,—HD mixtures. From their data, we can 
calculate the excess free energy of mixing for the solu- 
tions. The results of these calculations are tabulated in 
Table I. First we note that the values of AG* range 
from 2% to 4% of the ideal free energies of mixing and 
are therefore comparitively small—as we have pre- 
dicted. Let us take HD as the reference isotope. Then 
we find that A;:=—4 and A:=}, for Hz and Daz, re- 
spectively. Now solutions 3 and 5 both refer to the 
same temperature and roughly the same pressure. Con- 
sequently, from Eq. (3.1), we find that 


AG¥ (3)/AG* (5) = (2142)3/ (x1%2)5—= 1 si 


which is in satisfactory agreement with experiment. 
Likewise solutions 1 and 3 refer to roughly the same 
temperature and pressure and we find that we should 
have, 


AG*® (3)/AG* (1) =Aj?2 (x2) 3/ (Ay Aa)? (x42) 10.5. 


Again the agreement with experiment is satisfactory. 
Unfortunately this is as far as we can go with this type 
of comparison. 
It is fairly clear from our discussion that the two 
“ E. C. Kerr, J. Am. Chem. Soc. 74, 824 (1952). 


"H. J. Hoge and R. D. Arnold, J. Research Natl. Bur. 
Standards 47, 63 (1951). 
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Taste IL. Excess free energy of mixing for solutions investigated by Hoge and Arnold (reference 12 
ge) g ) eg 








Solution No. i 


3 4 








19.00 

234242 
0.499 
0.004 
0.497 


Temperature (T) °K 
Pressure (P) mm/Hg 
Mole fraction H: 
Mole fraction HD 
Mole fraction D, 
Excess free energy 


“et 1.65+0.8 
ASG® in cal/mole ote 


Zz 


most satisfactory methods of testing the predictions of 
the theory would be (a) to test the dependence of the 
excess molar quantities on the mole fractions of the 
components in the mixture and (b) to test the approxi- 
mate law of corresponding states for mixtures of dif- 
ferent isotopes. To test the dependence of the excess 
molar quantities on the mole fractions we require data, 
at fixed T and P (or V), and for various concentrations. 
On the other hand to test the law of corresponding 
states we require data on a number of solutions of 
different isotopes, again at fixed T and P (or V). Since 
we can form three binary solutions from H:, Ds, and 
HD it is likely that a thorough study of solutions of 
these three isotopes will provide us with sufficient data 
with which to test the theory 


4. He*?—He‘ SOLUTIONS 


rhere is now a variety of evidence which indicates 
that the properties of the two pure isotopes of helium 
He’ and He‘, are to a large extent dependent on the 
type of statistics obeyed by their atoms. For example 
the specific heats and hydrodynamical flow properties 
are very different, at least for all temperatures for 
which measurements are available. The theory that we 
developed in the last two sections was, however, based 
on the assumption that all the particles in the mixture 
under consideration obeyed Boltzmann statistics. We 
therefore cannot expect to apply the theory directly to 
He He‘ 
because of this fact we can say that any deviations of 
He‘ solutions from those pre 


solutions of and IsoLopes However, just 
the properties of He’ 
dicted by the theory are likely to be due to the fact 
that He* and He‘ atoms obey quantum statistics rather 
We must therefore consider 


for He’— He* 


than Boltzmann statistics 


what properties we should predict 
solutions 

The two most important predictions of the theory are 
first, that the excess free energy of mixing depends only 
on second and higher powers of the relative mass dif 
ferences and second, that the excess free energy depends 
on the mole fractions through the factor x,x,. As we 
have already pointed out, the first prediction indicates 
that the excess molar quantities should be small, and 
this prediction was born out by the data we quoted on 
the hydrogen isotopes. Now it is easily seen that the 
excess free energy of a mixture of isotopes whose par- 
ticles obey quantum statistics rather than classical! 


18.00 17.03 
230+ 1 158+1 
0.503 0.503 
0.496 0.686 
0.001 0.001 


0.80+-0.4 0.70+0.3 


0.000 
0.80+0.4 





statistics depends on both zero and first order terms in the 
mass differences. Consequently we should expect that 
the excess molar quantities will be much larger for this 
type of solution. However, as the temperature of the 
solution is raised the influence of the different types of 
quantum statistics will decrease and it is likely that at 
sufficiently high temperatures the excess molar quan- 
tities will become of the same order of magnitude as 
those found in mixtures of hydrogen isotopes. Unfor- 
tunately there appears to be very little data available 
on He’—He* mixtures. The only data that extend to 
temperatures well above the A temperature are those 
due to Weinstock, Osborne, and Abraham.” They found 
that the vapor pressure for a 20% mixture of He’ in 
He* was 6%, 20%, and 80% greater than that for an 
ideal solution at temperatures of 3°K, 2°K, and 1.2°K 
respectively. These values are in good qualitative 
agreement with the ideas presented in the foregoing. 
They seem to indicate that at about 3°K the different 
types of quantum statistics have very little influence on 
the properties of He*® and He‘ mixtures. A much more 
satisfactory method of determining the influence of 
quantum statistics on these solutions would be to test, 
at fixed temperature and pressure (or volume), the 
dependence of some excess molar quantity on the mole 
Unfortunately there is insufficient data to 
enable us to do this satisfactorily. However, Nanda" 
has analyzed the rather scanty data due to Sommers,'® 
on He*— Het solutions above the \ temperature. He as- 
sumed that at these temperatures the solutions obey the 
composition law we have derived in this paper. We should 
note that the theory we have developed definitely 
shows that the nonideality parameter W[ = 4(A,—A2)°0)] 
is a function of both T and V (or P). We consequently 
to fit 
perature independent W’. Unfortunately, Sommer’s data 
does not extend to temperatures above 2.2°K'*® and it 


fractions 


cannot expect the available data with a tem- 


* Weinstock, Osborne, and Abraham, Phys. Rev. 77, 400 
1950 

*V_S. Nanda, Phys. Rev. 97, 571 (1955 

'* H. S. Sommers, Phys. Rev. 88, 113 (1952 

*In a recent issue of Zhur. Eksptl. i Teort. Fiz. 26, No. 6 
(1954). B. Eselson has published a large amoung of data on 
solutions ranging in concentration from 0.4% to 8.08% and from 
temperatures of 1.3°K to 3.2°K. Unfortunately his data disagrees 
both with that due to Sommers and with that due to Weinstock, 
Osborne, and Abraham. In particular he finds large negative 
deviations from ideality above the \ temperature and these 
deviations show no signs of decreasing at 3.0°K. This behavior 
also contradicts our theoretical predictions 
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is doubtful whether our theory is applicable at tem- 
peratures as near the A point as this. Nevertheless 
Nanda, found that the data leads to a fairly consistent 
value of W of 1.8 cals/mole. He also states that this 
value for W will account for the experimental data of 
Daunt and Tseng!’ on a 4% solution of He’ in Het. To 
check Nanda’s calculations we have calculated W from 
Weinstock’s data on a 20% solution and we find that 
this leads to a value of 2.0 cals/mole, at 2.2°K. Con- 
sidering the uncertainty in the experimental measure- 
ments, this value can be considered to be in good 
agreement with Nanda’s value. 

When a He’— He‘ solution is solidified by the appli- 
cation of pressure it is almost certainly correct to 
assume that the atoms become localized on lattice sites. 
Consequently, when we enumerate the states of the 
system it makes no difference whether we apply Fermi- 
Dirac or Bose-Einstein statistics to the particles. For in 
a localized system both methods of enumeration lead 
to the same result as that obtained by the application 
of Boltzmann statistics.*'* Our theory is therefore 
directly applicable to solid solutions of He* and Het. 
Perhaps the best way to test the theory in this instance 
would be to measure some simple property, such as the 
velocity of souad or the specific heat at constant 
pressure. The dependence of both these quantities on 
the mole fractions can easily be calculated from the 
formula we have derived for AF*. The predicted 
dependence can then be compared with that found 
experimentally. 

So far our remarks have been entirely qualitative in 
nature. We shall now show how, in principle at least, a 
quantitative comparison can be made between the 
properties of a helium mixture and the properties of a 
hydrogen mixture. Let us consider Eq. (3.2) 


AF¥ /c(x,)=O(mo,T,V). (4.1) 


We know from De Boer’s work on the law of corre- 
sponding states? that the partition function Z depends 
only on the reduced variables 7*, V*, and the parameter 
A*. Here 7*=kT/e, V*=V/No*® and A*=h/o(me)', 
where ¢, 7, m have the usual significance. If we use the 
same methods as De Boer then we can easily show that 
Q*=Q/Ne, is also a function of 7*, V*, and A®* alone. 
Therefore if we set (AF *)*=AF*/Ne, we can write 
Eq. (4.1) in the form 


(AF #)* c(x.r = ()* (T*,V*,Ao*). (4.2) 
We now consider two different mixtures; (i) a mixture 
of hydrogen isotopes and (ii) a mixture of He’ and Het. 
Let us choose reference masses mo, for the first and mo» 
for the second. Then if we make the assumption that 
the atoms and molecules of all the isotopes in the two 

17 J. G. Daunt and T. P. Tseng (unpublished 

18 This fact suggests that there may be a marked decrease in 
the deviations from ideal behavior of He*’— Het solutions as they 
solidify. It is also likely that the dependence of AF* on the mole 
fractions will change as the solution solidifies 
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mixtures obey Boltzmann statistics we can write down 
two equations similar to Eq. (4.1), namely, 


(AF*);*/c(x,A)=Q*(T*,V*,Ao.*), (4.3) 
and 


(AF*).*/c(x’ d’)=Q*(T*,V*,Aos*), (4.4) 


where x, A refer to the hydrogen mixture, x’, \’ refer to 
the helium mixture, and Ao;* and Ao:* are the appro- 
priate values of A*. Clearly the two functions on the 
right hand sides of Eqs. (4.3) and (4.4) will become 
identical if we chose mo; and mo: so that Ao* = Aos*. This 
implies that mo; and mo: must satisfy the equation, 


Mo ‘mo. = (€2/€1) (oe ‘a;)*o~0.2. (4.5) 


The numerical value was obtained by substituting the 
known” values of €, €, 7), and a2. When this condition 
is fulfilled we can write, 


(AF®),*/c(x,)= (AF*)s*/c(x’,W’), (4.6) 
where of course (AF *),* and (AF*),* are to be regarded 
as a function of the reduced variables 7* and V*. It is 
obvious from this last equation that a similar equation 
must hold between the reduced values of any other 
property of the two mixtures. In fact this equation 
merely expresses a general, though approximate, law 
of corresponding states between the properties of 
mixtures of isotopes of different substances; it can be 
regarded as a generalization of the more restricted law 
that we discussed in the last section. The reason why 
we are able to set up a law of corresponding states 
between the properties of quantum mechanical systems 
is that we have considerable freedom in the choice of 
the reference masses and mo; and mp. As long as we 
chose them so that Eq. (4.5) is satisfied the above law 
will hold. 

We can now use Eq. (4.5) to predict the properties 
of He*— He‘ solutions from those of a hydrogen mixture. 
Let us suppose that we have measured a reduced excess 
quantity, (AX),*, as a function of 7* and P* for a 
hydrogen mixture. Then we have at once that (AX),* 
for a He*— Het solution is given by 


(AN )o* = [e(x’ \’)/e(x,r) (AX),.* (4.7) 


But this prediction is only possible if we assume that 
the atoms or molecules of all the substances obey 
Boltzmann statistics. We can therefore say that any 
departures of (AX),* from that predicted by the above 
equation are almost certain to be due to the different 
types of quantum statics obeyed by the{He’ and Het 
atoms. Equation (4.7) and other similar equations 
therefore enable us to determine, in principal_at least, 
the influence of quantum statistics on the properties of 
He’— He‘ solutions. 

We must now consider whether such a comparison 
can be carried through in practice. There are two points 
to be considered in this connection. Firstly, Eq. (4.1) 


* J. De Boer, Repts. Progr. Phys. 12, 305 (1948) 
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will be an accurate approximation as long as mo, and 
mo. are chosen so that (a) Eq. (4.5) is satisfied and (b) 
so that the relative mass differences \ and }’ for the 
two mixtures are as small as possible. The largest 
value of mo: would therefore appear to be about 5 amu, 
with this value \,’ and ,’ are 3 and }, respectively. If 
Mo, is about 5 amu then mo, must be about 1 amu to 
satisfy Eq. (4.5). We then find that for a H,—-HD 
mixture, A; and A, are —4 and —#, respectively. While 
these values are rather large it is unlikely that they are 
so large as to render the theory inapplicable. Secondly, 
if we wish to make an exact comparison between the 
properties of the two mixtures then the reduced ther- 
modyhamic variables must have the same values. For 
example, if we consider properties under conditions of 
constant pressure and temperature then we must have 
7,*=T,* and p,*= p.*. Using the known values of «,, 
€2, 01, and a, we find that this means that 7,=3.77; 
and ~,;=2.5p2. It should be a simple matter to fulfill 
these two conditions. 


5. COMPARISON WITH PRIGOGINE’S THEORY 


In a series of interesting papers’ (hereafter referred 
to as I, II, and III) Prigogine has developed an approxi- 
mate theory of solutions of isotopes. Papers I and II 
are concerned with the thermodynamic properties of 
mixtures of isotopes at absolute zero. The assumptions 
are made that the particles of the mixture are localized 
on lattice points and that they are coupled by means of 
harmonic forces. It is, of course, impossible to solve 
even this simple problem completely, except in the one 
dimensional case.” Prigogine therefore treats the three- 
dimensional case by means of perturbation theory. He 
finds that the first-order terms in the mass differences 
do not contribute to the energy of mixing and that the 
second order term is always as positive. This latter 
result leads at once to the prediction of a phase sepa- 
ration of the isotopes at some temperature above 
absolute zero. Both of these results are in complete 
agreement with our own; namely (ii) and (iii) of Sec. 
Ill. However, on the basis of these assumptions the 
energy of mixing is found to be only about 107 cal 
mole. That is to say it is about ten times smaller than 


that found in mixtures of hydrogen isotopes. As 


* F. J. Dyson, Phys. Rev. 92, 1331 (1954 
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Prigogine points out, this large discrepancy is almost 
certainly due to the very large anharmonic forces that 
come into play because of the higher zero point energy 
of these substances. 

In paper III, Prigogine introduces a new assumption. 
This is that if by means of suitable external pressures 
we make the molar volumes of the components equal 
to that of the mixture then the free energy of the 
mixture should be equal to that of the components, 
apart from the usual configurational entropy term. 
This means that before we mix the two components 
we must apply a suitable positive pressure to one a 
negative pressure to the other. With this assumption 
the free energy of the mixture, /,,(7,v), is given by the 
equation, 


fm (Tv) = 21 f1(T,v) +x2f2(T,0)—RT ¥ x, logx:, (5.1) 
im1,2 


where f;(7,v) is the free energy of the ith component 
at a temperature T and molar volume v. If we expand 
each of the f; in Eq. (5.1) in a Taylor series in powers 
of (v—»,) and substitute these expansions into the 
above expression for f, then we can easily relate the 
properties of the mixture to those of its components. 
The principal results that follow from this treatment 
are as follows: 

(a) The excess free energy is proportional to (v;— 2)’, 
when terms of order (v—»;)* are neglected, and is always 
positive. Again we should expect a phase separation of 
the isotopes. This result is in agreement with our own 
conclusions. 

(b) The numerical value for the excess free energy is 
in good agreement with the experimental values derived 
from the data due to Hoge and Arnold." 

(c) The excess free energy is not a symmetrical func- 
tion of the mole fractions x; and x2. This result therefore 
is different from our own and consequently can be used 
to compare the two theories experimentally. 
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It is shown, by means of an expansion formula, that Feynman’s partition function for liquid helium 
exhibits a second-order lambda transition. The validity of the expansion is discussed and it is shown that it is 
very likely to be valid for the case under consideration. A discussion is also given of some general properties 


of Feynman’s partition function. 





1. INTRODUCTION 


N a recent publication' Feynman has proposed a 

comparatively simple approach to the problem of 
the phase transition in liquid helium. This approach 
consisted of constructing an alternative, exact, mathe- 
matical form for the partition function for liquid 
helium, and then using a series of intuitive physical 
arguments to derive from it a much simpler approxi- 
mate partition function. We have discussed the deriva- 
tion of this approximate partition function elsewhere* 
and we do not propose to enter into any further dis- 
cussion of this aspect of Feynman’s work in this paper. 
Unfortunately it is probably impossible, at least at 
the moment, to evaluate even this comparatively simple 
partition function. In his original paper' Feynman 
showed, using some rather crude approximations, that 
his partition function could exhibit a third order 
transition under conditions of constant volume. It is 
a simple matter to show that it also exhibits a third- 
order transition under conditions of constant pressure. 
Recently several authors*-* have advanced opinions 
as to whether or not Feynman’s form for the partition 
function can yield a second-order transition. This 
question is of some importance because if the partition 
function does exhibit such a transition then it will at 
least be in qualitative agreement with experiment.® 
Kikuchi has in fact shown, on the basis of a simple 
lattice model, that the partition function can exhibit 
a second order transition. He pointed out, however, 
that this result is not completely rigorous because of 
the unrealistic nature of the lattice model. 

The purpose of this paper is to present what we 
believe is a fairly rigorous proof that Feynman’s par- 
tition function does exhibit a second-order transition. 
Besides doing this we shall, however, discuss some 
general properties of Feynman’s partition function. 

Our proof of the existence of a second-order transition 
is based on an expansion formula for the partition 


* Contribution No. 1283 from the Sterling Chemistry Labora- 
tory 

!R. P. Feynman, Phys. Rev. 91, 1291 (1953). 

2G. V. Chester, Phys. Rev. 93, 1412 (1954). 

? 1D. ter Haar, Phys. Rev. 95, 895 (1954) 

«T. Matsubara, Busseiron Kenyku 72, 78 (1954). 
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*W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
Amsterdam, 1942). 


function, Z. This function can be written as,’ 


2=°™ f... f ext-sv'} 


Xpo(ti::-ty)dr---dry, (1.1) 
where (\’)*=/h®/2xm’'kT, B=1/kT, m’ is the effective 
mass introduced by Feynman and V’(8) is the quasi 
interaction potential of the helium atoms.’ The function 
po(t,---ty) is the probability density, in configuration 
space, for an ideal Bose Einstein gas of particles of 
mass m’. Finally the integral /---/'-++dr,--+-dry 
indicates an integration over all the coordinates r,- + - ry 
of the helium atoms. Now Feynman has pointed out! 
that the essential property of the function exp(—8V’) 
is that it must vanish whenever two or more helium 
atoms approach sufficiently close to one another. This 
simply means that configurations in which two or more 
atoms are very close together must be given zero weight 
in the partition function. Bearing this fact in mind we 
can construct a good approximation to the function 
exp(—8V’) by assuming that V’(8) is the potential 
energy for a system of N perfectly elastic spheres, the 
radii of which are independent of the temperature. 
This assumption does not imply any great loss of 
generality, for it preserves the essential property of 
the function and in addition any weak attractive or 
repulsive terms that may be present in V’(8) can easily 
be taken into account by means of perturbation 
theory.’ With this assumption we can write 


expl—8V'(8)]=TI01+/(r.)], 


(1.2) 
i<j 
where f(r;;)= fi; is given by 
fiz=—-1; rigS2r0 
lt: ali (1.3) 


7In the second reference we showed how Feynman’s partition 
function could be obtained from the full partition function b 
means of the semiclassical expansion in powers of /*. However, if 
the interaction potential is singular over regions of configuration 

ce, as is the case for —_s elastic spheres, this method 
breaks down. This is simply because for this type of potential it 
is impossible to derive the usual expansion in powers of #. A 
very similar difficulty arises in the development of the perturbation 
expansion for the partition function. This has been discussed by 
the author in Phys. Rev. 93, 606 (1954). 
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and ro is the radius of the elastic spheres. The expansion 
of the partition function which we shall construct is 
essentially an expansion in powers of Nro’/V, where 
V/V is the density of the system. It should be pointed 
out that this expansion of Z is not identical with virial 
expansion and is therefore not necessarily divergent for 
a liquid phase. We shall return to this point later. In 
Sec. 2 we shall show how this expansion can be con- 
structed and we shall calculate the first two terms of it 
explicitly. 

In Sec. 3 we study the thermodynami 
of the first two terms in this expansion and show that 
they lead to a second-order transition. Since this result 


propert 1es 


is based on the first two terms in the expansion for Z 
we must try to decide whether or not it is true for the 
exact form for Z. We therefore conclude this section 
with a discussion of (a) the validity of the expansion 
formula itself and (b) the validity of breaking off the 
expansion after only two terms. The essential result 
that emerges from this discussion is that the results we 
have derived by our approximate method are very 
likely to be true for the exact form for Z. We have not, 
however, been able to construct a completely rigorous 
argument to show this. 

Finally in Se 
of Feynman’s partition function. 


4 we discuss some general properties 


2. THE EXPANSION FORMULA 


We first construct an 
po(f:- tw) 
ability density, in configuration space, for a system of 


If the eigen 


explicit expression for 


rhis function is the unnormalized prob- 


V noninteracting particles of mass m’. 
values of Schrédinger’s equation for such a system 
are E, and if @, are the corresponding, correctly sym 


metrized, wave functions then 


C(N’)PY/N I Jpo( 1: ry) > o:*@, expl —BE, 2.1) 
Substituting this expression in Eq. (1.1), we get, 
Z=> | forex IV oid iry 
Xexp(—BE,), 2.1) 
and if we define R,, by the equatio 
R f forew BV’ dr iry. 23 
then 
Z=> RK; exp/ BE, 2.4 
his last equation can be rewritten in the form 
Z=ZR; y B. 
where 
Z y exp BE;), 2.6 
and 
Ri, >; Ru exp(—BE)/L, exp(—BE 2.7 
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It follows at once that the free energy F can be written 
as 
(2.8) 
where 
Fo=—kT logZo; Fi=—kT log(Ru)®. (2.9) 
So far we have made no approximations. We now 
wish to develop an expansion formula for F;. To do 
this we substitute into Eq. (2.3) the expression given 
by Eq. (1.2) for exp(—8V’). Thus, 


Ru= f ; foie II (1+ fijjdr---dry. (2.10) 


The integral on the right hand side of Eq. (2.10) is very 
similar to the configuration integral that arises in the 
classical theory of compressed gases.* In fact if we put 
¢;"¢,=1, then the integrals become identical. This 
suggests that we can probably obtain an expansion for 
F, by using the same techniques® that are used to 
develop the cluster expansion of the classical con- 
figuration integral. This surmise proves to be correct 
and it will clarify our work if we briefly recall the main 
steps in the calculation of the first two terms in the 
classical cluster expansion. 

In the classical case we have to consider the integral 


K fo fat ford dty 


The first step is to expand the product [],<;(1+ /;;) as 
a polynomial, the terms of which are sums of products 
of the FT Thus, 


IT1+/,,) 14+} f+ > ® fisirfieie: + 
<j <j P 


(2.11) 


(2.12) 


We next integrate this expansion over all the coor- 
dinates. The first term is trivial and leads at once to a 
term V*. To obtain the first-order correction to this 
term we simply have to select from each term in the 
polynomial just those terms in which there are no f;,’s 
with common suffices. For example in the first sum, 
> i<;fij, as there are no terms with more than one f;; 
we keep all the terms. In the second sum, however, we 
select terms like /;;/:; but reject terms like f;;fj. In 
the rth sum in the polynomial each term consists of r 
f;;’s multiplied together, and as we only retain terms 
with no common suffices this means that we have 2r 
different coordinates appearing in the /,;;, and V—2r 
that do not appear. Therefore when we integrate over 
2r of these integrations can be 
*r The re- 


all the coordinates, .\ 
carried out at once to yield a factor V* 
maining 2r integrations can also be easily performed 

simply because there are no common suffixes in the 


and yield a factor z’, where 2” is 


product of the f;,’s 


*R. H. Fowler 


Press, Cambridge 


Statistical Mechanics (Cambridge University 
1936), Chap. & 
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=f fle)do, 


and @ is equal to r,—r,;. Consequently from any one 
term in the rth sum we get a contribution V*~"s’. To 
get the complete contribution to K from the sum we 
multiply this typical contribution by the number of 
terms we retain. This number is just the number of 
ways of picking r different pairs of suffixes from a total 
of N suffixes. If this number is denoted by P(r,N), then 
the total contribution to K from the rth sum is 
P(r,N)V*—-"s". We now have to sum this expression 
over all values of r from 0 to V/2 to obtain, to our 
degree of approximation, the complete expression for K, 
namely, 


given by 


(3.13) 


V/2 V/2 
K=>" P(r,N)V*-"s"'= V4 S P(v,N)N-'2'x", (2.14) 


r=) 


‘ 
Lr=— J Horde, (2.15) 
2V +o 


r=) 


where 


and depends on V and V only through the density V/V. 
It is now a fairly simple matter to show® that for suf- 
ficiently large V the sum in Eq. (2.14) is asymptotically 
equal to (1+), to first order in x. Therefore logX is 
is given by, 

logK = N logV+N log(1+x)=N logV+Nx. (2.16) 
This completes the evaluation of logK to the desired 
degree of approximation. We shall now show that a 
very similar cluster expansion can be obtained for 
log(Rn Ps 

The wave functions that appear in the integral, Eq 
(2.10), for Ry, are the correctly symmetrized wave 
functions for NV noninteracting point particles of mass 
m'. They can be written as, 


N 
$:(t1---t~)=Ar>d expl2xiP > ky-r;], (2.17) 

P j=l 
where 4; is a normalization constant, P is a permutation 
operator acting on the V suffixes of the wave vectors k,, 
> p indicates a summation over all distinct permuta- 


tions P and >"; is a sum over all V indices 7. From this 
last equation we have that, 


6°¢:=AASD pe 
P P’ 


N \ 
Xexp[2ri(P S kj-rj;—-P’ ¥ ky-ry)). (2.18) 
j=l j=l 


Substituting this expression into Eq. (2.10) we have 


Rn=AA*>D > Ril P,P), (2.19) 
PP 


~! 
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where 
Ril P,P’) 
N N 
= ff explanier k;-7;-P" >» ky ry) ] 
j~l y= 


XE 1+ fi)dn- ° -dty. 


<<) 


(2.20) 


We now expand the product [],<;(1+ /;;) in the same 
way as before and we again select only those terms from 
the rth sum in the expansion that have no common 
suffices. This procedure yields the following series for 
Ru( P,P’), 


N/2 
Rul P,P) = Pr,NYNTS, APP), (2.21) 


rend) 


where 


TAPP =f ffate- Sue 


\ N 
Xexp[2ri(P ¥ ky-r;-P’ + 
j=l D 


j’=1 


ky-ry)]. (2.22) 


We now substitute this series for Ry(P,P’) into Eq. 


(2.19) and get 


N/2 
Ru= A iA Pe 2 s Pi(r,N )AN ar r\ P,P’). (2.23) 
, # 


A |] 


If we invert the order of summation, this leads to 
V/2 
Ru > Pir,N)N 4: fem (2.24) 
red 
where H/,, is given by 


H ’ AA ¥ JIiAP,P’. 
Pp’ 


P 


(2.25) 


The evaluation of the integrals in Eq. (2.22) and the 
summation in Eq. (2.25) involve elementary but lengthy 
operations. These are carried out in Appendix A where 
it is shown that H,, is given by 


A, = (1,)'=(AN vy | f Herevere] (2.26) 
where 


gi(o)=(1/N)S } nyny exp 2wig- (kh—k’) ]+1, (2.27) 
kek’ 


and the symbols m, that appears in this last equation 
are the set of integers that define the state /; they give 
the number of wave vectors in the wave function ¢, 
that are equal to k, and satisfy the relation >) m= WN. 
We see that the only difference between the integral 
for J; and the corresponding classical integral for x is 
the extra factor g;(p) in the integrand. This function, 
considered as a function of NV and V, is of order unity. 
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We have at once from Eq. (2.24) that 


N/2 
(Ri; p > P(r,N)A ‘i (1,)")*. (2.28) 
rah 
It is shown in Appendix B that to our degree of approxi- 
mation ((J;)’)’ can be replaced by ((/,)°)’; we then 
have 


P(r,N)N~*((T,)")" (2.29) 


and for large N this gives, 


Ry Y~@(l+4d7 yy. (2.30) 


i 


From Eq. (2.9), we have 


Vk7 
I kT log(Ri,)°= if 2.31) 
2 
where 
/ \ 2) ilo) gio lo, 2.32) 
0 
and 
(gi(p) (1/N2)>° > riytiy exp[ 2rip k—k’) ]+1 
kek 2.33) 


In this last equation the ni, are the mean values of the 
since flo 
that (/; 


, and is therefore of exactly the same order of 


integers m, that appeared in Eq. (2.26 

differs from zero only if |o 2ro, we see 
~ Nr P/V 
magnitude as the first term in the classical cluster ex- 
shown that if we include in our 


calculations more complicated products of f;, 


pansion It is easily 
’s then we 
1, that depend on higher 


get terms in the expansion of F 


powers of Nr.?/V. We shall not, however, calculate any 
of these terms as they are unnecessary for our purpose 


3. NATURE OF THE TRANSITION 
If we combine Eq. (2.32) and Eq. (2.31), invert the 


order of integration and summation and then substitute 


i 
x0) we 


the result in Eq. (2 get, 
Fi=4 ST five Lew t+4N*Le, (3.1) 
koe 
where 
1 
Les exp! 2rio- (k—k kT f() do 3.2 
V Jo 
and 
l 
I k7 0 do 3.3 
J ¥ 0 
Now the #, that occur in Eq. (3.1) are, as we have 


pointed out in the previous section, the average values 
of the integers m, that define the state /. Since these 
were BE; 

8E,), the vi, must be identical with the average 
occupation numbers of the single particle energy levels 
of an We summarize the 


averages calculated with weights exp(- 


d exp! 
Bose-Einstein 


ideal gas. 


CHESTER 





properties’ of these occupation numbers, 
all k; 


k>0O; 


2 > % 
T<T,, 


(3.4) 
(3.5) 


fy, =[exp(uk?+a)—1}"', 
fix =[exp(uk?)—1}", 
and 


figo=N— D ry. 
k+0 


T<T, 


Here u=h*/2m’kT, the transition temperature 7) is 
given by 

T= (h?/2m' ke) N/VE(%) jh, (3.6) 
and ¢(}) is the Riemann zerta function of order }. The 
statistical parameter a is given as a function of T and 
N/V by the equation }>yfix(a; T,V)=N, for T>T). 
For 7 <T) a is identically zero.’ It follows from this 
last equation that a and its first order derivatives with 
respect to T and V are continuous at 7, but that all 
the higher order derivatives are discontinuous at this 
temperature. Equations (3.4) and (3.5) define the ny 
as functions of 7, V, and a, and we shall henceforth 
consider F to be given as a function of these variables. 
The term Fp in Eq. (2.7) is very easily evaluated as it 
is the free energy of an idea] Bose-Einstein gas composed 
of particles of mass m’. It is given explicitly by the 
equations 


Fo=—NkTat+hkT 3, logl 1—exp(—uk?—a) J; 
T>T),, (3.7) 
and 
Fem kT Sy logl1—exp(—uk*)]; T<Ts. (3.8) 


Here all the symbols have exactly the same meaning as 
before. If we regard Eq. (3.7) as defining Fo as an 
explicit function of 7, V, and a, then it is easily seen 
that [AF o/da }r , relation is in fact 
equivalent to the equation }>y a.(a,7,V)=N, which 


0; this last 


the vi, must satisfy 

We can now use exactly the same arguments that we 
used in a previous publication” to show that, while Fo 
exhibits a third-order transition at 7), F;, exhibits a 
second order transition at this temperature. We first 
notice that because [ dF, 0, the rth derivatives 
of Fy with respect to T and V only depend on the 
(r—1)th and lower order derivatives of a. Since only 
the second and higher order derivatives of a are discon- 
tinuous at 7, it follows that only the third and higher 
order derivatives of F 
temperature. This result is of course to be expected 
because Fy is merely the free energy of an ideal Bose- 
Einstein gas, and such a system exhibits a third order 
transition under conditions of constant volume. It is 
from Eq. (3.1) that [0F,/da]}r #0. 
Therefore the rt! | depend on the 


Oa TY 


will be discontinuous at this 


easily seen 
derivatives of F, will 
rth derivatives of a. This in turn implies that the 


second-order derivatives of F; will be discontinuous at 


* A. R. Fraser, Phil. Mag. 42, 156, 165 (1951 
G. V. Chester, Phys. Rev. 94, 246 (1954 
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T, and that F; will exhibit a second-order transition 
under conditions of constant volume. To show that it 
exhibits a second-order transition under conditions of 
constant pressure we merely have to show that 
(dp/V)r <0, for T<T),. This inequality also deter- 
mines whether the system is stable for 7 < T,. Because 
(0p/8V)r=0, for T <7), in the London theory this 
theory leads to a first-order transition under conditions 
of constant pressure. It is easily shown" that the first 
term in Eq. (3.1) is linear in V, for <7 ; therefore 
(0p/dV)r is given by” 


(8p/aV)2=(—N/V*) [ [-AT (0) Me. (3.9) 
e 


Consequently (0p/4V)r <0 as long as fol — kT f(e) ldo 
>0. From the definition of f(), Eq. (1.3), we have at 
once the integral=4rMkTr,°/3V*, and is therefore 
positive. We have therefore shown that to our degree 
of approximation the partition function proposed by 
Feynman exhibits a second-order transition both under 
conditions of constant pressure and under conditions of 
constant volume. For the sake of completeness we quote 
the formula for the discontinuity in the specific heat 
at constant volume. If ACy=Cy(7,+0)—Cy(T,—9), 
then 


N T;? Oa 
aCr=4ev_—~( ) f [—kT f(g) 
V & NOT*/ r-7, A 


XS(p)T (9) lp*dp, (3.10) 
where 


S(p) => exp(—ap*/n)/n!, 


n=l 


x 
T (p)=>-[1—exp(—ap?/n) ]/n! 
n=! 
and a=r/)’. 

It is interesting to examine, in a more physical 
manner, the reason why the second term in the ex- 
pansion changed the transition from one of the third 
order to one of the second order. In the first term in the 
series the transition arises because of the existence of 
very large cyclical configurations, or polygons, in the 
integrand of the partition function. This fact has been 
pointed out by Feynmann.' Now it is well known that 
in the type of cluster expansion we have used the 
second term in the expansion always introduces corre- 
lation between the atoms. In particular this means that 
we have introduced correlation between the polygons 
in the integrand of the partition function. It is just the 
introduction of these correlations that changes the 
order of the transition. As long as the polygons are 


"G_ V. Chester, Phys. Rev. 100, 446 (1955). 

# This formula is correct as long as the dependence of m’ on V 
is ignored. If this dependence is taken into account then the 
expression for (8/9V\¢ becomes more complicated. It is easily 
seen, however, that (0p/4V)r+0 and that in consequence the 
transition remains a second order one. 
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uncorrelated we shall have a third-order transition, but 
as soon as we introduce correlation between them the 
transition changes to a second-order one. 

Finally we note that if 7\, as given by Eq. (3.6), is 
to agree with experiment we must have then m’~}m 
at the A temperature. We also note that 87\/dp will 
only have the correct sign if m’ varies with p faster 
than p!. While both these requirements seem to be 
reasonable on physical grounds we cannot see any 
rigorous method of showing that they are satisfied. 

We now turn to a discussion of the validity of these 
results, the point at issue being whether they are true 
for the exact form of Feynman’s partition function or 
whether they are spurious and result from the approxi- 
mations that we have made. The two essential steps 
in our method are (a) the development of the expansion 
formula itself and (b) the approximation of breaking 
off this expansion after only two terms. We shall discuss 
these points in turn. 

The use of an expansion formula for F; could only 
lead to incorrect results if it were divergent. To develop 
the complete series for F; along the lines we have 
suggested would be an extremely tedious task and a 
rigorous proof, or disproof, of the convergence of the 
series would be almost impossible. It would therefore 
seem to be worth while to present a much simpler 
physical argument that suggests that the series for F; 
is convergent at the temperatures and densities we are 
interested in. Our argument is based on the fact that 
if we set ¢:¢;*#1 in the integral for Ry then this 
integral becomes identical with the classical configura- 
tion integral for N perfectly elastic spheres; our ex- 
pansion formula is then identical with the classical 
virial expansion. Now since the coefficients of this 
expansion are independent of the temperature its radius 
of convergence will also be independent of the tem- 
perature. It seems reasonable on physical grounds to 
suppose that this series will be convergent for suffi- 
ciently low densities, and, since the density of liquid 
helium is only about one half the density of a “normal” 
fluid, it is reasonable to suppose that the series will be 
convergent at liquid helium densities. Now the only 
difference between the coefficients in the classical ex- 
pansion and those in the expansion we have proposed 
is that in the integrals that define the coefficients we 
have an extra factor ¢$@,*. This factor is always 
positive, less than unity and, in the region we are 
interested in, is a slowly varying function of the coor- 
dinates. Bearing these facts in mind it seems possible 
that the introduction of this extra factor into the 
integrals will in fact leave the radius of convergence of 
the series almost unaltered. On the basis of this very 
incomplete and unrigorous argument it is plausible 
that the expansion we have proposed for F; is con- 
vergent at the temperatures and densities we are 
interested in. 

If this conclusion is correct then we only have to 
show that the results we have obtained on the basis of 
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the first two terms in the series will not be altered by 
taking into account the behavior of any of the higher 
terms in it. We in fact showed that the second order 
derivatives of the second term in the expansion of F; 
were discontinuous at a temperature 7, given by Eq. 
(3.6). If this result is spurious then the derivatives of 
the higher order terms in the series must also be discon- 
tinuous at this temperature. Moreover these discon- 
tinuities must be just sufficient to ca.scel out those that 
we have found. It is very easily seen that our expansion 
of F, is essentially an expansion in powers of Nr’/V. 
Consequently while the discontinuities in the various 
terms may exactly cancel for one particular value of 
Vro'/V it would seem to be impossible that they should 
do so in general. We can therefore conclude that the 
discontinuities we have found are in fact genuine. On 
the other hand it should be pointed out that there is 
nothing to prevent the first-order derivatives of any of 
the higher order terms in the series exhibiting discon- 
this type of behavior would lead to a first 
order transition. We can therefore conclude that while 
it seems fairly certain that Feynman’s partition function 
cannot rule 
first-order \ 


tinuities ; 


second-order \ transition we 
that it exhibits a 


exhibits a 
out the possibility 
transition. 


4. SOME GENERAL CONSIDERATIONS 


First we wish to draw attention to an important 
theoretical point that must be considered whenever we 
construct a theory of liquid helium. A helium atom 
consists of two electrons that are tightly bound to a 
nucleus, and we normally treat this composite system 
as an individual particle. Moreover since the total spin 
of this system, when it is in the ground state, is zero 
we must apply Bose-Einstein statistics to any assembly 
of them. However, this procedure is only correct as 
long as the two electrons can be considered as being so 
tightly bound to the nucleus that the whole system 
behaves as a rigid particle. This is of course well 
known." Now if in any statistical treatment of a system 
composed of helium atoms we allow configurations to 
occur in which two or more atoms come so close together 
that their charge clouds overlap, then we cannot apply 
Bose-Einstein the atoms in these 
figurations. In other words, in configurations of this 
type we must not symmetrize the total wave function 
with respect to the coordinates of the atoms but we must 
rather antisymmetrize it with respect to the coordinates 
of the individual electrons and nucleons that go to make 
up the atoms. For this reason, it is not possible to regard 
London’s ideal gas theory as an accurate treatment of a 
noninteracting system of helium atoms, although it is 
of course an accurate treatment of a system of noninter- 
acting Bose-Einstein particles. For example, it is clear 
from the Pauli exclusion principle that the probability 
of finding two collections of electrons and nuclei in the 


statistics to con- 


’R.H. Fowler, reference 8, Chap. 2 
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same region of configuration space will be very small. 
London’s treatment, on the other hand, indicates that 
there is a very high probability of this happening. 

Let us now examine Feynman’s partition function 
in the light of these remarks. It follows from Eq. (1.1) 
that Feynman gives each configuration a statistical 
weight po exp(—8V’). Therefore as long as the function 
exp(—8V’) vanishes whenever two or more helium 
atoms approach very close together this configuration 
density will be perfectiy satisfactory. To be more 
precise this means that the function exp(—8V’) must 
vanish, or at least become very small, whenever any of 
the V(N—1)/2 conditions r;,<2ro (where ro is the 
radius of the charge cloud of a helium atom) are satisfied. 
However, we have pointed out that this is an essential 
property of the function exp(—8V’). We can therefore 
conclude that the configurational density that Feynman 
has proposed fulfills the requirements we have discussed 
above. It is easily shown that our approximate method 
of dealing with the partition function is also satisfactory 
in this respect. 

Finally we wish to discuss whether Feynman’s par- 
tition function can exhibit a liquid-gas transition. This 
question is important because the A transition only 
takes place in the liquid phase of helium. Consequently 
any really satisfactory theory of liquid helium must 
(a) show that helium exhibits a liquid-gas transition 
and (b) show that this transition takes place at a tem- 
perature above the theoretical \ transition. It appears 
likely that Feynman’s treatment can fulfill at least the 
first of these requirements. This conclusion rests on the 
following considerations. The function p(r,---ry), that 
occurs in the integrand of the partition function, is of 
the form 1+ f(r,---ry). Here f(r,---ry) is a sum of 
terms each of which contains at least one factor of the 
type exp[— (Sxr?/d)x,7], where xij=1,;/2ro and 
\=h*/2xmkT. Since the other factor in the integrand 
vanishes whenever x,; <1 the smallest value that the 
argument of the exponential can have is 8xr?/A*. This 
in turn implies that the function f(r,---ry) falls very 
rapidly to zero, as any pair of relative coordinates 
increases, as long as 7>>2°K. Thus for temperatures 
above about 6°K the factor pp may be replaced by 
unity. In this region of temperature therefore the par- 
tition function reduces to exactly the same form as the 
partition function for a classical fluid except that the 
actual potential V is replaced by the quasi potential 
V’(8). Now as long as V’’(8) contains a weak attractive 
part this partition function will exhibit a gas-liquid 
transition. Unfortunately we cannot estimate the tem- 
perature at which this will occur unless we know some- 
thing of the form of V’(8), and this means that we 
cannot be sure that even if a transition takes place 
it will occur at a temperature above the \ point. 
However, it is worth noting that if V’ is set equal to the 
true interaction potential, V, then it is almost certain 
that the partition function will exhibit a gas-liquid 
transition at about 13°K. For we know from the law of 
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corresponding states that if helium were a “classical” 
liquid it would liquify at about this temperature. Now 
at 13°K the factors exp(— r*) that occur in the function 
f(ti-++ry) are never greater than 10-*, in the region of 
configuration space of interest, and hence we can 
certainly set f=0 and po =1. The partition function 
then becomes identical with that for a classical fluid, 
with an interaction potential V, and will therefore 
exhibit a gas-liquid transition at about 13°K. This 
shows that this approximation to the partition function 
does not take into account the high zero-point energy 
of liquid helium. To introduce the zero-point energy 
in this approximation we have to assume that the 
quasi potential, V’, is much weaker than the actual 
potential V. On the basis of this assumption it is prob- 
ably fairly simple to construct a realistic “model” 
of liquid helium near the A point; it remains to be 
shown how such a “model” can be derived from first 
principles. As we have already mentioned, the weak 
attractive part of the potential, that is necessary for a 
gas-liquid condensation, can easily be taken account of 
near the \ temperature by means of perturbation 
theory. 

The author wishes to thank the United States Govern- 
ment for the award of an F. O. A. research fellowship. 


APPENDIX A 


In this Appendix, we shall outline the main steps in 
the evaluation of the integral for J; -(P,P’), Eq. (2.22), 
and the sum for H;,, Eq. (2.25). 

We first consider the integral for J, ,(P,P’), 


Ji (P= f+ f 901,2/8)-+- f2s—1, 28 


N 
Xexp[2ri(P Yo kyr 


y 
—-P’> k; ry) \dr,---dry, (A.1) 


where /(i,k) stands for f(r). Let us suppose that ? 
and P’ are a pair of permutations that permute the 
indices (7) on the wave vectors k in the following way, 


P(1- V)= (a: --ay), (A.2) 
and 
P’(1+- +N) = (ay (A.3) 


*"an }. 


These two equations are to be interpreted as meaning 
that when P operates on the indices 1---N it sends 
them into a permutation a;---ay and similarly for P’. 
There are (V—2r) coordinates that do not appear in 
the functions /(i,k). We can therefore integrate over 
these coordinates at once. Because of the orthogonality 
conditions on the single particle wave functions, 
exp[2xik-r]}, the integration over the ith of these 
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coordinates yields a factor Vé(aj,a,’), where 6(a,8) is 
zero if a+8 and unity if a=8. Consequently, J, ,(P,P’) 
will vanish unless a;=a,’, for all i>2s. When these 
conditions are fulfilled the integral reduces to, 


TAPP) = V8" f as f $(1,2),f(3,4)- «- f(2s—1, 2s) 


Xexp[2ri(P > k;-r;-P’ y ky-ry) \dty+++dte,. (A.A) 
j=l 


=k 


Next we introduce center of mass and relative coor- 
dinates for each pair of coordinates that appear together 
in a function f(i, i+1). Thus, 


o«= (ri— Tig) 2; R= (t+ 8 441)/2; 


(¢=1,3,-+-,2s—1). (A.5) 
Solving these equations we get, 
ri=Rit+oi; rigs=Ri-—ei; (i=1,3--+,2s—1), (A.6) 
and the integral now becomes 
Jiri) = YN nf : fio»: , S(O 1) 

2e—1 
Xexp(2ri SRL P(kit+kys)— P’ (ky +k) )} 
im1,8... 


2e—1 


Xexp{2ri Sof P(ki—kid)—P'(ki— ks) )) 
imi ,B+ 


Xdor- . ‘dO dR,- . -dRo,- 1. (A.7) 


If we perform the integrations over the center-of-mass 
coordinates R,;, we find that J,,(P,P’) vanishes unless 
the s conditions, 


k(a)+k(ai.:)=kla/)+k(ay,)’), 


(t=1,3---, 2s—1). (A8) 


are satisfied. Here k(u) stands for k,. These conditions 
can be fulfilled in two ways: (a) by choosing P and P”’ 
so that they are satisfied identically for all values of 
the wave vectors k or (b) by regarding them as condi- 
tions to be imposed on the wave vectors. We ignore this 
second possibility for the moment; we shall show later 
that if one or more of the s conditions are imposed on 
the wave vectors then the contribution to H,, is 
negligible. Let us return to the first possibility. For any 
given P the conditions given by Eq. (A.8) can only be 
satisfied if P’ is such that either a// =a, and ay)’ =ai41, 
or af =ay.; and ay,;'=ay, for all i=1, 3---, 2s—1. Let 
us suppose therefore that P” is a permutation such that 
aj=ayy; and ayi=a/, for 1 <i < p; while agi’ =asys 
and a, =a;, for p<i¢<?2s—1. Then the integral for 
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Ji APP’) bec omes 


Ji & PP) =SIi, 


op, 
y* \f f 0 lo fs Pi 
0 ~ 
> 
x flo.) ¢ {2x1 > o k.—k,1 jdo.-- -do,, 


where we have relabeled the wave vectors for con- 
venience, &, 


Ji. PP’ by 


except that p of the VV in 


k(a,), and we have replaced P’ in 
that P’ is identical with P 
Lic es on the k’s are pe rmuted 


eiy so that a, isnt and ais a,;, lor 


in pairs, nan 

Ee p This last equation is the complete expression 
, : ge 
for J,,(P,P’) when P is any permutation and /’ differs 


from P in the way we have specified. If we were to 
t 


Choose a pair of permutations that 
could not be specified in this way then we could no 


wave vet 


4.10 


Now since the permutation P” is labeled by the number 


of pairs of adjacent indices that it permutes we have 


A.11 


The permutation P is on the other | and labeled by the 
particular wave vectors that are associated with the 


oordinates r;. But J,,(P,p) depends only on the pairs 


associated with 


of wave vectors that are relative coor- 


linates o o,. Therefore all permutations that 
nermute th V indice that the me wave vectors k 
permute the .v indices so that tl Same wave vectors 

are associated with the coordinates 0, 0, will lead 


to the above expression for J;,(P,p). Since we have 


V—2p) wave vectors that do not appear in the ex 
pression I, , Pp and these vectors are equai in groups 
n,.—1 or m,y., according as one of the vectors in the 


group my, appears in J;, or not, the number of per- 


mutations P that lead to the same expression for J;, 


} 
iss 


imply 


V—2p (A.12 


< tw 


I Ny, —1)! II (my;)!. 


Io complete the summation over P we merely have 


n over-all values of the wave vectors in /, ,. After 


ntary reductions we get 
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where we have used the fact that 


A,A;*=V~-* J] (m,)!/N!, 


K= f S(o)do, 
o 


(A.16) 


and ‘ 
L.=> >; matin f f(@) exp[2xip-(k:—k:) }dp. (A.15) 
k, ky o 


Consequently, for large NV, 


H,.=(N/V)*(K+L/N*)}'= (1,)', 


j 


and this is the result quoted in the text. 

We can now easily see why any pairs of permutations 
that are such that not all the s conditions (A.8) are 
fulfilled identically do not contribute significantly to 
H,,,. For if t of these conditions are not satisfied identi- 
cally then they must be imposed as restrictions on the 
values that the wave vectors k can take. Therefore the 
contribution to H,, from a permutation of this type 
will be exactly the same as that given by Eq. (A.16) 
except that there will be / restrictions on the summations 
over the k’s. Now since the nm, obey the condition 
dx m= N each restriction we impose on the summa- 
tions effectively introduces a factor V~ in H,,. If we 
‘ and 
he contribution to H,, will therefore be negligible for 
large NV. 


have { restrictions then we introduce a factor N 


APPENDIX B 


In this Appendix, we shall show that it is permissible 
to replace ((/;)")® by ((J;)°)" in Eq. (2.27). First we 
notice that ((/,)’ ((J,)°)’, if r=0 or 1. Consequently 
the error introduced into F, by this approximation can 
only depend on second and higher powers of the integral 
T,. Let us now write 

(7,)"Y=(Ti (B.1 


Then it 
developed by Fowler," that 


can be easily shown, using the methods 


A,| < (1+6r/N)"-1&(1+))’, (B.2) 


where 6 is a quantity of order unity. From Eqs. (B.1) 
and (B.2 of the 
text, we see that the magnitude of the error, AF,, in F, 


obeys the following inequality 


1, bkT 


together with Eqs. (2.29) and (2.30 


AF,| «KN (B.3) 


and is therefore at most of order V. If we now bear in 
mind that AF, can only depend on second and higher 
written in the 


f(I,) depends only on second and 


powers of 7; then we see that it can be 
form N f(J,), where ; 
higher powers of /;. But any quantity of this order is 
negligible compared with (J, therefore the 
error introduced into F,; by this approximation is 
negligible. 


and 


“RR. H. Fowler 


reference 8, Chap. 20 
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Superconductivity of a Charged Ideal Bose Gas 
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It is shown that an ideal gas of charged bosons exhibits the essential equilibrium features of a supercon 
ductor. The onset of Bose-Einstein condensation marks the transition temperature 7... Below Ta Meissner 
Ochsenfeld effect is exhibited which is described in a very good approximation by London's equation 

The singular nature of the condensed ideal Bose gas exhibits itself in a space dependence of the London 
constant A, determined by the boundary conditions on the wave function. It is shown that the electrostatic 
repulsion between the bosons compensates this effect and leads to a spatially constant A, independently of the 





boundary conditions. 


The critical field H.(T) is determined and found to be related to the penetration depth d(T) by 
H.=he/ed* 


(e being the boson charge). 


The B(H) law is different from the one usually assumed for actual superconductors. Corresponding 


changes occur in the thermodynamical relation. 


A comparison with superconducting metals is made. The main conclusion is that if superconductivity in 
metals is due to the concurrence of bosons, then the number of these bosons must be strongly temperature 


cependent below 7,. 


1. INTRODUCTION 


‘O far, no molecular theory of superconductivity has 
been found. The most successful attempts in this 
direction have been made by Froehlich and Bardeen‘ on 
the assumption that the occurrence of this phenomenon 
is due to the interaction of the conduction electrons 
with lattice vibrations. This assumption led to reason- 
able estimates of the energy values involved and was 
thus able to explain the isotope effect.? However, it has 
so far not been possible to show that a strong enough 
lattice-electron interaction can account for the charac- 
teristic equilibrium phenomena of superconductivity, 
namely the phase transition and the Meissner-Ochsenfeld 
effect. In the weak-coupling approximation employed 
by Froehlich! these effects certainly do not occur.’ 

The effects of the lattice-electron interaction in any 
other than the weak-coupling approximation are very 
complex, and it is difficult to foresee which will be the 
characteristic feature responsible for a transition to the 
superconducting state. This holds especially because 
until recently no simple physical model was known 
which exhibits the equilibrium properties of a supercon- 
ductor and which could serve as a lead in the search for 
the real phenomenon. 

Such a model has recently been pointed out by the 
author'*: it is the ideal gas of charged bosons. The pur- 
pose of this paper is to prove this assertion and to 
discuss the detailed properties of this model. 

The fact that an ideal Bose gas exhibits a thermo- 

* Also supported by the Nuclear Research Foundation within 
the University of Sydney 

1H. Froehlich, Phys. Rev. 79, 845 (1950); J. Bardeen, Revs 
Modern Phys. 23, 261 (1951), and references given there 

?E. Maxwell, Phys. Rev. 7%, 477 (1950); 79, 173 (1950); 
Reynolds, Serin, Wright, and Nesbitt, Phys. Rev. 78, 487 (1950); 
Serin, Reynolds, and Nesbitt, Phys. Rev. 78, 813 (1950). 

7M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951 

‘M. R. Schafroth, Phys. Rev. 96, 1149 (1954 


dynamic transition point of the second kind® is well 

known® and need not be dealt with here. The transition 
temperature 7, is given by 

pn 7 

kT .=44 , 


2mL¢ (}) 


(1.1) 


where m is the mass of the bosons, their density, & the 
Boltzmann constant and 


(1.2) 


is the Riemann ¢ function 

In contrast to real superconductors, the specific heat 
is continuous through the transition temperature, and 
only its derivative exhibits a jump. (Such a transition is 
often called “of the third kind.’’) 

At temperature 7 <7, a finite fraction n, of the total 
boson density is condensed in the ground state, the 
remaining part »,=n—n, forms a normal Bose gas with 
chemical potential 4=0.’ The densities in the two phases 
are given by 

n,=n(T/T.)!, 


n,=n{1—(T/T,)'}. 


(1.3) 
(1.4) 


An indication that at the condensation point an ideal 
charged Bose gas becomes superconducting is found in 
computing its magnetic susceptibility. The magnetic 

‘We call any 
kind.” 

* A. Einstein, Ber 
Phys. Rev. 54, 947 
5, 399 (1938 
_ 7 These statements hold in the limit of infinitely large volume G, 
i.e., neglecting G** compared to n. For finite volumes, w is of the 
order G™', depending on the shape of the volume, and there is no 
sharp transition 


transition without latent heat “of the second 


Berl. Akad. 261 (1924 
(1938); B. Kahn and G. E 


3 (1925); F. London, 
Uhlenbeck, Physica 
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susceptibility is defined by 
M=xH, 


where #/ is the applied field ; what is actually computed, 
however, is a quantity x’ defined by 


M= ,'H’, 


where H’ is the “acting” field. The relation between H 
and H’ requires special attention; 


discussed in Sec. 5. 


this point will be 


For an ideal charged Bose gas, x’ tends to — * on 
approaching condensation. Quite generally, for an ideal 


gas, x’ is given by*® 
hu “nh E 


Bohr’s magneton n=N/} 


density of particles, and (E~'), is the 


where po=eh/2mc 1s 
average of the 
reciprocal kinetic energy of a particle over the distribu 


tion function. For a Bose gas this is 


j Z 
i lee {expla €—p) | 1} 1.6 


kT su chemical potential (yu ) |. For small v1 


2m 


th? 


he order yw ~?; on approaching condensation, 
For a finite volume, yu and x’ 
" 


and (1.5) is no 


u— 0 and therefore x’ 
) 


become volume- and shape dependent, 
longer valid 
the Meissner-Ochsenfeld effect, 


rhe 


density induced by an 
inhom« reneous naygneti "1h hs be be 


lo establis} however 


more is need current 


tudied 


The 
ensuing relation between current and field together with 


Maxwell's equation 


curlH = (4x (1.7 
must then lead to an expulsion of the field from the 
system 

It is advantageous to expand the magnetic field 


terms of a complete orthonormal! set of functions ap 
propriate to the shape of the volume under study. For a 
cubical box of volume G with periodical boundary con- 
volume to work with, these 


the easiest 


* waves 
1.8 


We restrict ourselves to weak fields. 


between field 


so that the relation 
and induced current can be taken as linear 
In view of the translational symmetry of the particular 
volume chosen, this relation bet ween current density 


i(x) and vector potential A(x) takes the simple genera! 


i, (x) E f aK x’)A,(x’) 1.9) 


2 of the present paper 


form 
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In terms of the Fourier transforms [i.e., the coefficients 


in an expansion in terms of (1.8) ], this becomes 


i,(q)= > K,,(q)A,(q) 


Gauge invariance requires® 


K,,(q = (GuQ> —_ Sux” K(¢ (1.11) 


Normal diamagnetism corresponds to a K (g*) regular 
for small values of q: 


K ¢g)=—cx’'t+ O(¢ (1.12 


c is the velocity of light). A pole at g=0 gives a 


Meissner-Ochsenfeld effect; in particular, the form 


K(q*)=1 Acq" (1.13) 


is equivalent to the London’ equation 


\c curli= H. (1.14) 


The main result of this paper is that the ideal Bose 
gas below its condensation point obeys London’s equa- 
tion (1.14) with 

(1.15) 


\ = (e7/m)n,, 


where n, is the density of condensed particles (1.4). 
This holds except for additional terms in A(q’) pro- 
portional to |q 
negligible in all cases. 


which are, however, practically 


Special attention has to be devoted to the influence of 
boson wave functions 
3 are devoted to the 


the boundary condition on the 
The calculations in Secs. 2 and 

simplest case of a cube with periodical boundary condi- 
tion. As, however, the occurrence of 
Ochsenfeld effect is due to the condensed bosons, i.e., to 


the Meissner- 
a finite fraction of the total particle density occupying a 
state which extends over the whole volume, there is no 
that relation current 
density and field is independent of the boundary condi 
tion. A simplified calculation is carried through in Sec 
4; it takes into account only the contribution of the 
condensed bosons, relying on the discussion in Sec. 3 


reason to assume the between 


that the noncondensed particles do not contribute 
significantly. The result is that indeed the London equa- 
tion (1.14) has to be replaced in general by 


c curl(Ai) = H, 1.14 
with 
By 


where now n,(x), the local density of bosons, is in general 
a function of position, depending upon the boundary 
condition. For a cube of volume G=/ 


reflecting walls, 


with perfectly 


Wx Tr) "2 
sin*— sin*— sin 


Se ee iy 
Wilev and 


1.16) 


*F. London. Sons, Inc., New 


York, 1950 
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where n,° is the average density of condensed bosons. 
This marked dependence of the Meissner-Ochsenfeld 
effect on the boundary conditions reflects the fact that 
the ideal Bose gas without any interactions whatsoever 
is a highly idealized system. However, it will be shown 
in Sec. 4 that this arbitrariness can be removed by 
including, in a self-consistent way, the Coulomb inter- 
action between the bosons. In this case, the London 
equation (1.14) is restored. 

What the relation of the present model to the future 
theory of superconductivity will be, is hard to foresee. It 
seems, however, unlikely that there should be no close 
relation between the two, especially in view of the fact 
that the Bose-Einstein condensation of a boson gas— 
which gives the transition to the superconducting state 
of the model—isa very singular and unique phenomenon 
which is responsible also for the other spectacular low- 
temperature phenomenon: superfluidity.” It seems 
therefore reasonable to expect superconductivity in 
metals to be due to the occurrence of charge-carrying 
bosons in the metal. The author has recently suggested" 
that these “bosons” might be resonant two-electron 
states. A crude theory of chemical equilibrium between 
these “bosons” and free electrons then gives results 
which agree qualitatively (although not quantitatively) 
with the observed behavior. No detailed discussion of 
this suggestion, however, will be given in this paper. 


2. INDUCED CURRENT DENSITY 


In order to calculate the current density induced by 
a weak inhomogeneous magnetic field in a charged ideal 
gas, we use perturbation theory on the distribution 
function as developed earlier.*” As we are considering 
inhomogeneous fields, perturbation theory on the mag- 
netic field is here permitted, in contrast to the case of 
homogeneous fields, where arbitrarily small fields pro- 
duce qualitative changes in the wave functions of the 
electrons, as soon as the volume is big enough. Also, 
perturbation theory on the distribution function does 
not suffer from the limitations of perturbation theory on 
the energy levels in the case of complete or near 
degeneracies.'?# 

A function Fo(Ao+eA,) of an operator A= Ao+ eA; is 
expanded in powers of ¢ in the representation in which 
Ao is diagonal 

Ao|n)=,|n), (2.1) 
by 


Mm) = bal o(X» 
+en|A;|m)Fi(AnAm)+O(€), (2.2) 


F. London, Phys. Rev. 54, 947 (1938); S. T. Butler and M. H. 
Friedman, Phys. Rev. 98, 287 (1955); J. M. Blatt and S. T. 
Butler, Phys. Rev. 96, 1149 (1954). 

‘'M. R. Schafroth, Phys. Rev. 96, 1442 (1954); see also C. J. 


(n'| Fo(Ao+ €A,) 


Gorter, Progress in Low Temperature Physics (Interscience Pub- 


Vol. I 


lishers, Inc., New York, 1955), 
R. Schafroth, Prox 


2M. J. Buckingham and M 
(London) A67, 828 (1954) 
%R. Peierls, Z. Physik 80, 763 (1933) 
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where 
i Fo(\.)— FoQ\a) 
F(An,Aw) = —— 
Ee 


(2,3) 


We take Ao to be the Hamiltonian of a free particle 
Ao= Ho= (1/2m)p’, (2.4) 


and ¢A,; to be the perturbation due to a magnetic field 


eA, =H'= — (PAG) +A(x) ‘p}+0O(A*), (2.5) 


mc 


where A(x) is the vector potential of the magnetic field 
in an arbitrary gauge. Fo(H)(H=Ho+H’) is the distri- 
bution function, i.e., for a Bose gas 


Fo(H)=[e#-® —1 


(a=1/kT, «<0 chemical potential). 
The average current density in thermal equilibrium is 
then, up to terms linear in the magnetic field" 


(2.6) 


e 1 
i(x)=— d (p-A(q))p 
mc G p.4 
(p+q/2)? (p—q/2)? 
Kexp(—ia-a) Ff —, 
2m 2m 


” 


e p 
- “ACE Fe -), (2.7) 
mc G 2m 


Here A(q) is the Fourier transform of A(x): 


A(x)=> A(q) exp(—iq-x). (2.8) 
P 


Simplifying (2.7) using 
mee fs 
ps ref _— ) ‘eg N, 
p 2m 


A,(x) 
mc G 


we get 
P ‘ e 
t,(x)=— 


@ 1 


3 
ze — LL J 4+(q)A,(q) exp(— 


mc G r= 4 


iq-x), (2.10) 


where 


apr +q/2) 
t= Lp r(* ve) 


ye 
-F o{ ——- )} (2.11) 
2m 


and where use has been made of (2.3). 
In order to evaluate /,,(q) we exploit the fact that it 
depends only on the vector q, so that it must have the 


“We put 4=1 throughout this section for convenience of 
notation 








466 M. R. SCHAFROTH 
form where the dash indicates differentiation with respect to 
T yo(Q) = 0(9")9.9>4+-O(¢" )G*by>- (2.12) the energy E=p*/2m. The first term gives 
Then: 
L Mus= (a+3b)P =I, P p 
Pi In=2>, - ri( ), 
13 p 2m 2m 


= which in turn, replacing sums by integrals, yields 


where now 


P F{ |r 7 =] (2x)? 2m 2m 
) 


“ G a F ; 
14) 9 if I , - 

: La/D\2 241 = ——2(2m)! dEE'F,! (E) 

BS ada We es re 


and by integration by parts 


I; gives by Straig! tforw ird evaiuation G - ‘ Pp 
loo=- 3(2m)! f dEE‘F ,(E) 3 FE ), 
q q p 43° 0 Pp 2m 
EL (oa (oe Jaleo) . 
p ) 2 2m Io=—3N 2.19) 


Pp 
“ee, ( The remaining terms in (2.18) give similarly 


2m 
I \ 2.15 Toe , £(=) #(=) —N({E-),, (2.20) 
: 12m » \2m 2m 12m 
Using this, one finds from (2.12) and (2.13 
so that 
: Jus \ e \ E ” ie 
I ye(Q)=$(Ulo+N (3. ) Tur; K(¢ +O(¢"), (2.21) 
F 24m G 
and upo erting into (2.10 ‘ ; : - . 
S i.e., we get the usual diamagnetism (1.5) of a gas of 
1 charged particles, but no Meissner effect. 
i, (x > > A,(q) exy iq: x) (2) For a condensed Bose-gas, however, the distribu- 
mc Gs r=l 4 tion function is no longer regular at p?=0 and, therefore, 
1 To4-3A (: ‘ *) 2-16) the above procedure does not apply. The ground state is 
. highly occupied (by NV, particles) and has to be treated 
separately®; for the other states one can use the usual 
which exhibits gauge invariance explicitly. Comparison 30se distribution with u4=0; replacement of sums by 
with (1.10) and (1.11) shows integrals is justified 
2 1 Tet3A We write 
kh 2.17 


he 
to 
i) 


= >\2 4 ))2 2 
einit , | p—a/2)’ — (pta/2 |: (z ) 
re pi(p—q/2)-q (p+q/2)-q 2m 


° 
1) For a noncondensed Bose gas (as well as fora ‘The noncondensed particles contribute 
Fermi gas distribution function is regular at p'=0 
so that for small (q| we may expand the summand in G p—q/2)’ p+q/2 
2.14) in powers of q. We thus write To, ; ap . 
ye 
tel P—@ +) -q (Prq/-)q 


ptq 2 p—q/2 
I ) I ( ) yr , 
2m 2m x expt a —1 . (2.23) 
2m 


Pq /P pPaq (/P ; ; 
I : I Care has to be taken here because, in transforming [9 


2m m Sm 2m from the original form (2.14) to (2.22), singularities in 

, the two terms under the sum which compensated in 

1 i(" *) F | P ) +0100, (2.18) (2.14) have been separated, so that (2.23) contains 
2m 2m singularities. A prescription for integrating over these 
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singularities must therefore be given which ensures the 
equivalence of (2.14) and (2.23). It can be seen that it is 
a correct prescription in this sense to take the principal 
value in the integration over the angles in (2.23). 

Performing the integration over the angles in (2.23) 
then yields 


. 


te gt” (7 Oe 
Ion =4e— - f dpi -{ p-—— 
(2x)8 Jo q 4 
\p—9/2| p > 
X log} |— 2p? || exp{ a— }—-1 
p+q/2} 2m 


rq 
with g= |q|. 


The number of noncondensed bosons is 


, Pp i 
ViaV-N.=E|exn(c )-1] 
pmOL 2m 
G x p’ +i 
J ipp|exn(a )-1] 
(Qxr)' Jo 2m 
G 2 p a gy 
f «i(r-4) 
(2x) - g 4 


so that 


Tont+3N,=44 


1 
p—q/2| 
X log +P] 
prq 2| 


p 1 
x| exr(< )-1] . (2.24) 
2m 


The contribution from the condensed particles is, 
from (2.22), for p=0: 


and 
(2.25) 
Thus finally, inserting (2.24) and (2.25) into (2.17) we 
get 
K(q*)=K,(¢°)+K,(q’), 

at 
K,(q*) = 


mc G ? 


7% 3 " p ¢ 
K,(¢)= —— [ in| (»- ) 
mc 4x* g? Jo -g 4 
werd Gas ol 
+p* ll exp{ a— }—1 
|p+q/2| 2m 


(2.26) 


X log) 


It is seen that the integral in the second term vanishes 
for g—0, so that K,(g*) cannot be compensated by 
K,(¢). K.(q*), the contribution from the condensed 
bosons, has exactly the form (1.13) of London’s equa- 
tion. K,(g*) stems from the uncondensed particles and 
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vanishes at absolute zero so that for 7=0 London’s 
equation holds exactly. At finite temperatures, K,(q*) 
where 


can be written!® 
hq 
a(. ), (2.27) 
2(2mkT)! 
a= f dx 


e? 1 (2mkT)! 
x x—s| 1 
| (a*—s*) log] ——| +2] . (2.28) 
0 2s lx+s| e*—1 


K,(q)= - 
2mc4x* hg? 
It is shown in Appendix I that the expansion of k(s) 
for small |z} is 
rr 


Vr 
k(z) s+—{ (})22+0(s*). (2.29) 
4 : 


3 


The second and higher terms in this expansion give 
simply a normal diamagnetism (1.12), whereas the first 
term still yields a pole of K,(g*) at g=0: 


1 e& 2mkT 
K,(q*)* +O(1). (2.30) 
32 mc hq 
Thus finally, from (2.26) and (2.30): 
ern, 1 1 2mkT 
K (q*) + tO(1)}. = (2.31) 
mLG ¢g 32 h’g 


3. DISCUSSION OF THE KERNEL K(q’) 


As pointed out earlier, the form (2.31) of K(q*) shows 
that the relation between field and induced current does 
not take the simple London form (1.13), but it is rather 
an integral relationship. It will be shown, however, that 
K,(¢*) is in general negligible as compared to K,(q*), 
i.e., that London’s equation holds with a very good 
accuracy for the condensed Bose gas. 

One has to judge the relative importance of the two 
terms in (2.31) for values of g~d~', where d is the 
penetration depth. We take for d the value given by the 
London term K,(g*) alone, which is correct as long as 
K,,(q’) is indeed negligible, i.e., we write’ 


d= (mc?/4rn,e*)'. (3.1) 


K,,(¢@*) is then negligible compared to K,(q*) as long as 
x e& {lmkT\? 
n> ) ; (3.2) 
256m h® 
Using (1.4) this yields: 
1—(7 T.)'> aes n', (3.3) 
16[.¢(3) }** me? 


This shows that the deviation of the magnetic behavior 
of a Bose gas from the pure London equation is negli- 
gible as long as the mean distance between bosons 


We reinsert here for convenience the constant # which was put 
=1 before 
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‘ ’ 


‘classical boson radius’ 
e’/mc*. Fitting, e.g., n through (1.1) to a transition 
temperature of a few degrees Kelvin and taking the 
mass and charge of the bosons to be of the order of the 
mass and charge of electrons, the right-hand side of 

3.3) is of the order 10 

We therefore conclude that for all practical purposes 
the condensed Bose gas obeys London’s equation 


(n~') is large compared to the 


AC « urli -H, 


N= (e/m)n,, 


n, being the number of condensed bosons per unit 


volume. 
The penetration depth d is given by (3.1 


temperature dependence is 


d=d{1—(T/T)}, (3.6 
with 
d mc /4ren)? 3.7 


n being the total boson density 
(3.3) is violated 


In the temperature region in which 
f 


the penetration becomes larger than the value 


(3.6 


i depth 
It can be shown that the definition of the penetra- 
tion depth given, e.g 


by Pippard’* is equivalent to the 


¢ Ki ¢ 


2 . tr /c) f(0) 
f dq , 3.8) 
T 9 gt (4r/c) f q) 


This shows that the 


following definition in terms of f(q¢ 


1/g-term as well as a normal 


} 


diamagnetism [| (1.12) with x’ <0] tend to increase the 
penetration depth. One finds from (3.8) that, as T—7,, 
d a tually becomes infinite like 

{(1—7/T,.) log(1—T/T.)}~, 


instead of the behavior (1— 7/7.)~! which arises out of 


3.6 
4. INFLUENCE OF THE BOUNDARY CONDITION 


2 for the 
periodical boundary conditions 


rhe complete analysis carried out in Sec 
cubical volume with 
becomes very cumbersome if applied to other volumes. 
We are therefore going to use a simplified approach to 
1 the boundary conditions. A 
to use is a cube of volume L' with 
walls at x=0 and x=L,; 
} 


shall apply periodical boundary conditions. This vol- 


study the dependence 0 


convenient volume 
in the y- and s-directions we 
ime, though still artificial, allows a study of the effect of 
walls in a simple way without introducing spurious 
addition, we 
field 
follows that, if 
we exclude a homogeneous component parallel to x, B 
we take B to lie in the 
be described by a vector po 


complications due to corners, etc. In 
restrict ourselves to an inhomogeneous magnetic 
depending on x alone; from divB=0 it 


must be parallel to the wall; 


B can then 


*A. B. Pippard, Proc. Roy. Soc. (London 


y-direction 


A216, 547 


(1953 
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tential A in a gauge where 


divA=0, (4.1) 
and on the surface 
A normal = 9. (4.2) 
This entails 
1.=A,=0; A,=A(x (4.3) 


If we now neglect the contributions of the noncon- 
densed bosons, our problem reduces to calculating the 
first-order perturbation induced by a vector potential 
(4.3) in the current density carried by the ground state. 

The states of the system are given by 

Wkikon(X) 1/L)e*ivt*2® 9, (x), (4.4) 
where k;=(2x/L)s;, s; being integers, and ¢,(x) are 
normalized one-dimensional free-particle wave functions 
in the interval O<x<Z. They are determined by 
boundary conditions at x=0 and x= L. As it is just the 
effect of these boundary conditions that we are inter- 
ested in, we are going to leave them open for the time 
being. 

The ground-state wave function is 


Yooo(x) = (1/L) go(x (4.5 
and the local density of condensed bosons is 
n, (x)= Ln,°| go(x) 
(4.6) 


n°=L fants 


rhe perturbation operation in the Hamiltonian due to 
the field (4.3) is 
eh 0 
= -——(1 1, (4.7) 
mec oz 
The matrix element which determines the perturbation 
of the ground-state wave function is 


(kiken | HH 000), (4.8) 

and this is identically zero, irrespective of the form of 

¢o(x), i.e., for all kinds of boundary conditions at the 
1 

waus. 


The current density 


| eh sn* ow oy | 
eaditined y—y* ——A(x) | (x) | (4.9) 
2mi\ Ox ax mc 
therefore becomes, using (4.6 
i(x)= — (e/mc)A(x)n, (x), (4.10) 


1.15’). 

This is exactly the way in which London’ predicted 
superconductivity to arise: A long-range order (due here 
to the nature of the condensed state) prevents the wave 
function of the superconducting particles from adapting 
itself to the magnetic field. It must, however, be noted 


which obeys (1.14’) and 
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that such an argument is valid only if the expression 
(4.9) for the current density holds, which will in general 
not be true if the long-range order is due to some 
interactions. It has, for example, been shown very 
generally for weak-coupling interactions that any such 
tendency of the wave function to “stiffen” in that way 
will be countered by extra terms in the current density 
which nullify the effect.*:'” In the Bose gas, however, the 
long-range order is a purely statistical effect, so that 
(4.9) holds; and therefore London’s argument goes 
through. 
We now specify boundary conditions: 


(a) For perfectly reflecting walls, 


¥(0)=y(L)=0, (4.11) 
we have 
¢go(x)= (2/L)! sin(xx/L), (4.12) 
and 
n,(x)=no"(2/L) sin? (rx/L). (4.13) 


Inserted into (4.10), this gives a law of penetration 
which depends on the size of the container, in disagree- 
ment with experimental facts. 

(b) The boundary condition 


oy oy 
(- ) = ( . ) =, (4.14) 
OXT smb GBF «at 
or the periodicity condition 
¥(0)=y(L), 
w oy (4.15) 
ahAGe. 
on the other hand yield 
¢o(x) = L-4, (4.16) 
n,(x)=n,°, (4.17) 


i.e., the London equation (1.14) holds. 

As mentioned in the introduction, this strong depend- 
ence of the results on the boundary conditions is due to 
the fact that the ideal Bose gas with no interaction 
whatsoever between particles is physically quite un- 
realistic. It will, however, still provide a useful model of 
a superconductor if one chooses artificially the boundary 
condition (4.14) which yields a uniform local density 
n,(x) of condensed particles for any shape of the 
volume. 

By a qualitative argument we shall now show that 
this is, indeed, the proper procedure if one takes into 
account the Coulomb repulsion between particles. 

In order to include the Coulomb interaction between 
bosons in a self-consistent way, we shall treat the 
particles as moving in a potential V(x). V(x) is related 
by Poisson’s equation to the local charge density of the 
bosons; a uniform background charge has to be sub- 


7 M. R. Schafroth, Nuovo cimento 9, 291 (1952 
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tracted to make the whole system electrically neutral. 
The self-consistent equations for the wave function ¢ of 
the condensed state and the potential V(x) are 
h*? &e 
———+[V (x)— E]g(x)=0, 
2m dx* 
PV 
+4ren,?(L! o(x)!?—1)=0. 
dx* 


(4.18) 


(4.19) 


In (4.19), p,=e'n,°L| ¢|* is the charge density of the 
condensed bosons, whereas p,=—e*m, is the charge 
density of the uniform background and of the non- 
condensed particles.'* £ is the energy shift of the state 
g(x) due to the Coulomb interaction; it is linked with 
the normalization condition 


L 
f dx| o(x)|?=1, 
0 


since the system (4.18), (4.19) is nonlinear. 
The system (4.18), (4.19) has to be solved subject to 
the boundary conditions 


¢(0)= ¢(L)=0, 


V(0)=V(L)=0, 


(4.20) 


(4.21) 


and the normalization condition (4.20). We are only 
interested in the ground-state solution, i.e., the one for 
which g(x) has no nodes. This excludes an oscillatory 
behavior of g(x) and therefore, through (4.19), of V(x). 
Furthermore, g(x) cannot be appreciably different from 
its average value L~' over large regions (i.e., regions 
comparable to L), since this would lead to a building-up 
of V(x) through (4.19), which in turn contradicts 
(4.18). We therefore expect g(x) to be practically equal 
to L~! throughout most of the range 0<x<L, with a 
small region near the boundaries where it drops to its 
boundary value zero. We are now going to estimate this 
region near the boundary and show that the picture of 
the solution we thus get is indeed consistent. 
We therefore put 


g(x)=L-, AX<x<L—n, 
(4.22) 


V (x)= Vo. 
(4.22) is consistent with (4.18), (4.19) if we put B= Vo; 
Vo is, therefore, just the energy shift of the ground-state 
due to the Coulomb repulsion. 
The normalization condition (4.21) now requires that 
the average value of | g(x)|* in the boundary regions 
O<x<d and L—\<x<L be equal to L: 


A 


f dx| g(x)\*=d/L. 
z 0 


Strictly, the charge density of the noncondensed bosons is not 
uniform if V (x) is not constant. However, p, is much less sensitive 
to V(x) than the density p, of condensed bosons, and since, as we 
shall show, the resulting V(x) tends to be smoothed out, the 
approximation p,= constant is sufficient for our purpose, 


(4.23) 
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This means that ¢(x) must rise from its value ¢(0)=0 where G is the volume of the container, wo=eh/2mc 
to a peak and then drop to the value g(A)=Z~, and by Bohr’s magneton, «=the chemical potential, a=1/kT. 
; 


symmetry, similarly near x= L. (4.19) then shows that The number of particles is given by 


V (x) rises from V (0)=0 to a value 
a0 
J V 0A nm, °e--A $.24 \ 
Au 
4.18) now re re it “ 


h*/2m = E—V(0)=V (A V (0) =n,°e*) 1.25 eH’ G = 





‘ 
j Me-N 426 h* “ « 
4 yu bi—1} 5.2) 
1 g (3.1 , en.’ to the pnenetrat p P 2n 
t I { ree energy S 
” I 0+ uN 5.3 
1? 
The chemical potential u is here no longer restricted 
to negative values as in the absence of a magnetic field, 
For . T T ifa f t or r er i t t S 
but can take values up to 
elect r t s yer S i 
» that the layer \ can always be neglected for calcula Heer ™ + poll 5.4 
ibout superconducting ena. For our pur 
es. there e Bose g + Cou h inter 5.1) and (5.2) can be brought into a more tractable 
. hehewe ke an ideal Bose gas with the artificial form by expanding the integrands in powers of 
, 
r exp{ —al uofl’(2v+1)+ (h*x*?/2m)—y |} and interchang- 
‘ Fe aa eee 
, ” $ ation and egration is ylelds 
hl }» {) j 
1 98 ‘ ‘ ect gre state ¥ G~ for ) 1 » e* uoll'y 
y » ! s/E ec 
‘ é ‘ é er ¢ i? ius we (0.0 
' } G& (s s iu H v) 
‘ r ft ) st ms re ) = 
Facted } , » hin Soin . . 
. cv a . 1 o ¢* au H's 
; . i > 5.6) 
| ( ( 1 tne r ] l-state wave Ttunc- G 2 y 5 ap H's 
‘ e | bh rep between particles Here, al 
} { 1} ¢ ¢ smn 
ri r r t. Its e note i , (3 5.7) 
oOccuDs mn of the gro 1 : Ler} 
} . rticle All of ther un testes te 
e potential V(x) acting on any is the maximum density of particles that can be ac- 
single one, and t mulative effect is responsible for commodated outside the ground state in the Bose gas at 
‘ ' ough the factor temperature 7 without magnetic field 
n,°L in front 119 On putting H’=0, (5.5) and (5.6) reduce to well- 
known expressions for the free Bose gas 
5 ) ICs ) s ' , os , 6 4) ; 
THE CRITICAL FIELI However, even arbitrarily s | values of the mag- 
‘ ‘ ; : . 
Le era B 7 ‘ eld H troduce changes. However 
: ; ‘ 
tainer f mogeneous magnetic field H’ small H’, the sum in (5.6) can take arbitrarily large 
¢€i to the um tne yntainer. The grand cano al Vaiues, so that any density of bosons can be accommo- 
partition funct in be worked out ina standard dated outside the ground state at all finite temperatures: 





iv'’® to give The Bose gas does nol condense ai any finite lemperalure 

in a fixed homogeneous magnetic field. 

: . mn imnortant qnection at thic noint i he precise 

oO F < l porta question at this 0 is the precise 
7] 


he 2x? J. ; iture of the “‘acting’’ field H’. The Lorentz relation 





™ It «} he that (5.1). (5.2). (5.5) 5.6 
he? r ss ion that the v e G tends to 
“ 51 at fix A’ is at 
2n e/ooH 2mkT)*/R (A 
WwW oP Solvay-! rt 1930 (Gauthier-Villars, Paris, 1932 ere R is the radius of the cylindrical container. The above 
183-190 a H. A. Bethe a A & erf Handbu er statement therefore | s or for fields fulfilling (4), and 
Verlag | s ger, B 1933), Vol. 24, Part 2 rbitrar small fields” strictly means “fields of the order 











where H is the applied field, M=—02(H’)/0H’ the 
magnetization, cannot be applied here. In fact, an 
estimate (see Appendix II) shows that for all values of 
H’ which need be considered, the diameter of the bosons’ 
orbits are much larger than the mean distance between 
particles, provided that the right-hand side of (3.3) is 
small, i.e., provided that 


n= (e/me)n'!<1. (5.9) 
The field produced by any one such large orbit is 
negligible compared to the average field, and, therefore, 
the “acting” field H’ has to be identified with the 
average microscopic field B.# 
H'=B=H+41rM (5.10) 


It will be shown at the end of this section that, apart 


from negligible corrections, for 7<7T.(1—n): 
H’ 
M(H’) = —n yw 
H’ 
H’ [ T\! 
— Ny /1-( ) (5.11) 
H’ Te 


where uo is the Bohr magneton. In a magnetic field B, 
therefore, the Bose gas exhibits a permanent diamagnetic 
moment, it is a “‘dia-ferromagnet.’’ No condensed phase 
exists. 


From (5.10) and (5.11), it can be seen that the 
B(H)-curve for the Bose-gas is given by 
0 H<Ho 
B(H)=} ; 5.12) 
lH-Hy H>H, 
with 
Ho=4arnyo 1—(T/T.)*). (5.13) 


This means that for H>Hp a field H applied to the 
surface of the cylinder penetrates the Bose gas as a 
homogeneous field, producing a magnetization M and an 
induction B related by (5.10) and (5.11). For H <Ho, 
however, no homogeneous field can penetrate the Bose 
gas; indeed, assuming a homogeneous H < H, leads toa 
contradiction in (5.10) and (5.11). If one applies to the 
surface of the cylinder an H < H» the bosons condense, 
expel the field except for a thin surface layer—inhomo- 
geneous fields are, of course, outside the scope of the 
approach in this section—and the superconducting 
state H.(T) (5.12) is, therefore, the 
critical field. Using (3.6) and (3.7), Ho(T) can be related 
to the penetration depth d: 


is established. 


H.=he/2ed’. (5.14) 
2 From (5.10) one can deduce the following relation between the 
susceptibility x and the quantity x’ of (1.5 
x=x'/(1— 42x’ 


This shows that on approaching condensation, where x/~— «, 
x-~— 1/42 so that the permeability tends to zero, in accordance 
with (5.12). See also H. Frohlich, Nature 168, 280 (1951) 
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The B(H) law (5.12) of the Bose gas differs from the 
one usually assumed for superconductors,” and there- 
fore the thermodynamical relations have to be rein- 
vestigated. 

Calling @(7) the free energy of the Bose gas at 
vanishing field, the thermodynamical potential with 
variables T and H, G(H,T),® is given by 


1 H 
G(H,T)=0(T)— f BdH 
dr “6 
and hence 


G,(H,T)=*(T); (H<H)), 
G,(H,T)=0(T)— (1/8r)(H— Ho)’; 


(5.15) 
(H> Ab). 


From this, one finds for the latent heat of the transi- 
tion in the field 


0 1 OH ~ H)"| 
Q =—T (G,—G,) n=" T . (5.16) 
oT Sar oT | H= Ho 
The jump in the specific heat is, similarly 
i 
C,—-C,=—-T (G,—G,)H=Ho 
oT? 
i 
(H—Hpo)*| =H, (5.17) 
8x OT? 
or 


T (9H? 
C.-C, ( ) , 
8r\ oT 

One sees that the thermodynamic properties of the 
ideal Bose gas are not in agreement with the properties 
of actual superconductors. The transition in the mag- 
netic field is still of the second kind, having no latent 
heat; however, a jump in the specific heat occurs for 
H (0). 

There now remains to calculate M(H’) from the basic 
equations (5.5) and (5.6). We shall do this separately for 
the absolute zero and for higher temperatures. 


(a) Absolule Zero: uoB>>kT 


Here, (5.5) and (5.6) reduce to 


a ! 2 bed exp[ —alpoll’ uv} 
w — nuolT’ ) \ » (5.18) 
T ¢(}) v=! y! 
a(poll’ u)r | 
(5.19) 


7 i 2 ¥ exp[ 
n=n ) apoll’ + 
Re c(#) rol y} 


2 (°. J. Gorter and H. B. G. Casimir, Physica 1, 305 (1934), 

* See reference 9, paragraph 2 

“It should be borne in mind that (5.11) and all subsequent 
equations become invalid near the transition temperature. It 
follows from (5.17) that Ho(T) must have a vanishing derivative 
at 7 =T7,, since there C,=C,=0, 
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S ¢ 
where use has been made of the equation valid for 
r<T.. 

no=n(T/T,)!, 


The factor (7/T.)‘auoH tends to zero as T—0, and 


(5.20 


therefore the sum in (5.19) must tend to infinity as 
T—#, ie 
aluoH’—p)—0 as TO 
At 7=0 therefore, one has 
u= poll’, 


and thus the free energy per unit volume is 


¢(H' 0) 204+ un= nyo 5.21 
The magnetization is 
M=—<d¢/dH ny (5.22 


no great use to make an expansion in powers of 
temperature starting from (5.18) and (5.19), because the 
range of validity of such an expansion is limited to a 


very small interval, viz 


T/T <n kl (5.23 


brine 
and this latter ratio is of the same order of magnitude as 


» (5.9) and thus very small for all reasonable values 


n Appendix III that the 


b) Finile Temperatures 


For ap H< 1, it 


howr 
is shown 1 


expressions (5.5) and (5.6) can be transformed into 
dV 
n—No=n apoll’)\F (s) (5.22) 
¢ > 
2\/ 
w+ pnt — wo = me RT (apsoll’)*4(s), (5.23) 
~/3 


s\2 


where mo is given by (5.7), wo by (5.5) with H’=0, p=0, 


s 1 M/s ip H’ : 
&(s)=ar'G(s)+-(1—s)F(s 5.24 
and 
« ( os! Tins } } 
k 5 . 
* | n’ 
5.25 
- sin{x(ns—} 
ty > 
- al 
An expansion of these functions for small |s| can be 
obtained by using the well-known expansion” 
~ ¢ : = 
Z(2 po 
’ y* sinra Ta) 
“ 1) 
T > C(a—A)x* 5 26) 
we. ih 
sal | E. Robinson, Phys. Rev. 83, 678 (1951): M. R. Schafroth 
Proc. Phys. Soc. (London) A67, 33 (1953); J. Clunie, Proc. Phys 


A67, 682 (1954 
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valid for nonintegral a, Re(x)>0, and |x| <2x. One 
finds 
£(3) #f(—4) 
F(s)=s-'+ - s+-O(s5*), 
v2 v2 
(5.27) 
(3 fi 
£(3) wo(3) 
Gis) - + 2rsi+ s+O(s*) 
v2 v2 
Introducing the dimensionless variables 
h=H'/4anue, t=T/T-. 
5.24) and (5.25) read 
2/r ft ‘ 
| (hn’)'F(s), (5.50) 
(3) 1-2 
¢(H’,T)—¢(0,T) @AW/e 
t(n’)hid(s). (5.31) 
4rrn-u 2 4 3) 


From (5.30) it follows that for n/!<<1—/! we can restrict 
ourselves to the first terms in the expansion (5.29), so 


that &(s)~F(s). Then, (5.31) yields “ 


¢(H’, T)— 9(0, T) 


fern? (1—U)h=npo(1—)H’, (5.32) 
/ 
ind 
d¢(\H’, T) 
M(H’, T)=-— —npo(1—t), 
aH’ (5 33) 
M(H',17 — 1.0, 
which proves our earlier statement. (5.33) is valid as 


long as 
T.)'>(n’)!. (5.34) 


6. CONCLUSION AND OUTLOOK 


As shown in the preceding sections, an ideal gas of 
charged bosons at low temperatures exhibits qualita- 
same magnetic and thermodynamic prop- 
erties as a superconductor. The only differences are the 


tively the 


continuity of the specific heat through the transition 
the the B(H) curve. The 
equilibrium properties (e.g., the vanishing of electrical 
resistance) are clearly outside the scope of the model, 
since it does not provide any mechanism for electrical 


point and form of non- 


resistance even above the transition temperature. 

In view of the fact that the Bose gas is the only known 
system with superconducting properties, it is tempting 
to assume that the occurrence of superconductivity in 
metals is due to the formation of some kind of charged 
bosons at low temperatures. Without prejudicing the 
nature of these bosons, one may get some insight about 
them by trying to fit experimental data to the ideal- 
gas model. 

The model contains three parameters, the mass m, the 
charge e and the density m of the bosons. These can be 
fitted to three experimental data: the transition temper- 
ature 7T., the penetration depth d) at T=0, and the 
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critical field H.(0) at T7=0O. If one tries this, one gets 
utterly implausible results (n~ 10"? cm~*, m= 108 elec- 
tron masses). Only the charge falls into the reasonable 
order of magnitude of a few elementary charges. This 
fact may give a clue for the understanding of the actual 
situation if one notices that the charge is determined 
through (5.14) by H.(0) and dp alone, i.e., by two 
quantities at zero temperature, whereas m and n require 
comparison of properties at 7=0 and T=T-.. It seems, 
therefore, that one will have to consider a creation of 
more bosons with decreasing temperature. If one allows 
for this and assumes a reasonable boson mass of the 
order of the electron mass, one can compute the density 
n of bosons at 7=7, from (1.1) and at T=0 from (3.7), 
and one finds 
n(T).~10" cm, 


n(Q)= 10" cm~, 


i.e., a considerable increase. On the other hand, this 
picture does not affect the relation (5.14) between 
H,(0) and dy which shows that the charge of the bosons 
is of the order of a few electron charges eo. For tin, e.g., 
taking dy= 5.2 10~* cm and H,.(0) = 300 gauss one gets 
e= 4e. 

This picture has the further consequence that 1’ 
(5.23) and » (5.9) are no longer of the same order of 
magnitude, since the former now involves n(0)/[n(T.) }!, 
and the latter [(7.) }'. The temperature interval in 
which K,,(g*) is important and (5.11) fails, thus remains 
small ((7.—T)/T>>10-"), whereas 9! =puoH.(0)/kT, 
~10-? 

It is also interesting to note that the relation (5.14), 
as.a function of temperature, holds approximately in 
actual superconductors, the product of d?Ho varying 
only by about 50% over the range 0<7T<T., whereas 
the temperature dependence (3.6) of d alone is quite 
different from the one in superconducting metals. This 
seems to corroborate the assumption that actual] super- 
conductivity is related to the properties of a Bose gas 
whose total particle number depends on temperature. 

A theoretical picture which accounts for a tempera- 
ture-dependent density of bosons has been proposed by 
the author" on the assumption that the bosons are 
resonant two-electron states. However, a rough treat- 
ment which neglected the width of the resonance 
altogether was not sufficient to fit the facts quanti- 
tatively, mainly because the increase in the density of 
bosons between the transition point and absolute zero 
could not be made large enough. It is, however, expected 
that a more refined elaboration of the same picture 
would lead to appreciable improvement. 

The author is deeply indebted to Dr. J. M. Blatt and 
Dr. S. T. Butler for numerous valuable discussions and 
criticisms. Their stimulating influence was vital to the 
development of this work. His thanks are also due to 
Professor W. Pauli for a very interesting correspondence 
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over this work which reshaped important parts of it. 
Helpful criticism by Professor H. Froehlich is also 
gratefully acknowledged. 


APPENDIX I. EXPANSION OF &(z) 


We wish to expand 


xe x 
R(o)= f as -(x*— z*) 
0 2s 


x— 2} 
| ” 


|lx+s exp(x*+.¢)—1 





X log (1.1) 





in powers of s in the limit e—0. First we notice that the 
integrand is even in x, so that 


x—3| 1 
X log | +2] (1.1’) 


\x+2] exp(?+e)—1, 


This can be expressed in the complex x-plane, with a cut 
from —z to +2, in which log(x—sz) is real for real 
x—2>0. 


x 
k.(z)=4 Re fe (x22?) 
c 22 
x—2 1 
xoe( )+~| ——— 
x+2 exp(x?+«)—1 


where Re denotes “real part’’ and C is the path shown in 
Fig. 1. (2) can then be reduced to an integral over a 
path C’ on which everywhere | x! >z and a residue at the 
pole xo= +e’. 

The residue contributes 


(1.2) 


x 
R(e, z)=} Re| 2ri residue(| (x?—z*) 


r=20 de 
<2 


x—2 1 
xog( ) + “) 
r+2 exp(x*+6)—1 


iet 
= +7 Re{i (—e— 2") 


ieh—z 1 
xiox( -)-¢| . . (1.3) 
iel+-z die! 


In the limit «0, we have 


iel—z 
log{ - ) >1T, 
iel+z 


R(O,z) = (#*/4)z. 


and thus 
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APPENDIX II. ESTIMATE OF RADII OF ORBITS 
IN MAGNETIC FIELD 


The radius of the classical orbit of a particle moving 
with energy E in a field H’ is given by 


p= (c/eH’)(2mE)'. (11.1) 


As long as yuoll’<kT, we may replace E by the 
average kinetic energy of a free partic le, i.€., 


2mI 


nwh 
The maximum value for H’ we need is 


H,(0) = 4rnuo. 


Therefe re 


1.7 
(IT.4) 


ndependent integral can be reduced 

to the well-known integral Where ro=e*/mc*, « =mean distance between 
’ ’ f » particles 
Riemann’s zeta function®™® { parucie 


+ This estimate breaks down near 7=0. Here we have 


~ 
y 


to assume uoll’>>kT, and to take for E the ground-state 
energy of a particle in a magnetic field: 


E= oll’, (I1.5) 


> result (2.29 


p>d>a, (11.6) 


hittaker and G. N. Watson, Modern Analysi 


rsity Press, Cambridge, 1946), fourth edition, p where dp is the penetration depth at absolute zero, (5.7). 
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(11.4) and (II.6) establish the required estimate 


p/a>| (11.7) 


for the whole range of temperature and fields of interest. 


APPENDIX III. REDUCTION OF (5.5) AND (5.6) 
TO (5.24) AND (5.25 
In the case of auofl’<1, it is convenient to consider 
instead of w and m the following linear combinations 


No— Nn o | xy 
¢(¥)—=4=5 —|1-e 


No rl yp 


| (III.1) 


sinh (xv) 


_ Wt EN— wo o | 
af (}) Lv 
No vel y 


xy 
x| 1 


sinh (xr) 


1 ow)| (111.2) 


with x=ayucH’<1. These are the physical quantities 
actually required and are also mathematically con- 
venient for the following reason: Due to our assumption 
x1 and the ensuing one au<1 (in view of 0 <u < oll’), 
we can replace the sums over v by integrals, provided 
these converge at the lower limit. The combinations 
(I1I.1) and (II1.2) are just such that this holds, and we 


therefore write 
(IIT.3) 
(1—aw)| [II.4) 
xy) 


These integrals can be evaluated by expanding their 
integrands into partial fractions, using the theorem of 
Mittag-Leffler. One finds that 


1 xv 
1—e 
Vv sinh xv) 
ay 
exp imn 
) 


So (—1)—-1 


**¥T) 
¢ A} ( 
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1 xv 
- [1—er 1a) 
yv sinh (xv) 


au 
exp) rn ) 
id a au x 
= > (-—1)""4 (1 ine ) 
n=l | nat x 


au 
exp —t7n 


x 


(IIT.6) 


x au 
1+inr 
nei x 
The integration in A and B then gives 


2 | 1)*" au 
cos] r{ n—+4} } I, 
x 


{1=2(rx)' > 
n=] ni 


(111.7) 


» (—1)*" ap 
> sil x( + :) | 
nmi owt! x 
« (—1)*"'! ay 
—2(xx)'ap > con x(n +4)| (IIT1.8) 
n n! x 


Putting s=1—ayu/x=1—p/(uoH’) these expressions 


become 
2 1 


2\/2(apoll’)) 
nein? 


Cos| r( ns +) | 


—2y w(cpioll’)'F (s), (II1.9) 


sin[ x(ns—}) | 


coll’)! Zz 
net mi 


V7 
o | 
+2(m)*(ayoll’)'ap >> — cos{x(ns—}) } 
n=l 1 
—(capoll’)'{G(s)+2(1—s)F(s)}, (111.10) 
Jr 

with F(s) and G(s) defined by (5.27). Inserting (III.9) 
and (111.10) into (III.1) and (III.2) readily gives (5.24) 
and (5.25). 
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temperature is shown to | 


between angular momentum and 


il. INTRODUCTION he initial slope of the curve of L vs w, evaluated 
‘ ms tle: demeleds welees This is ou 
I ONDON! first proposed that the liar pha at w=0, is | nt lassical value J». This is our 


requiremen 
transition (A point) in , , + a ; : 7 
tains this nonclassical slope for a finite 
of values of the circumferential velocity 1= Rw; 


asthe 
however, this range may become smaller and smaller as 
| the vessel increases. This is the sugges- 
ho expects an upper limit to superfluid 
P » 

Sh/ MR ' 
ae nt he nonclassical siope ior values of 
experime tee: 

theory the circumferential velocity less than some “¢ ritical 

f ae ter being independent of the radius 
requirement is 
two-fluid model of 


ideal Bose-Einstein gas 

is an equilibrium super- 
second requirements 
e, but does not satisfy the third requirement. The 
lassical slope of Z is maintained until the angular 
ty w reaches the value w given by 


4.45h/ MR’. 


however, the picture changes sud 
au in @ conta . w= wh, angular momentum L(w) has a discon- 
ilar velocity w. We shall further inuity, du he fact that the condensed particles 
superfluid as a su y from the state with angular momentum 
» classical moment of with m= 1. Thermo- 
tte "Ins om ted in the usual way; in a cylu 


© ia } 


y nis isa phase transition of the first kind, 
lrical vessel of radius R, filled with \V particles each ot 


mass M, / 


‘ a latent heat. Similar phase transitions occur at 
w. We shall show that a conventional 
LVMR measurement of the moment of inertia of an ideal Bose- 
. Einstein gas in thermal equilibrium would yield an 
3 different wavs of defining equilibrium averaged value /.4_ which is larger than the classical 
in increasing order of stringen the value Jo, i.e., the gas would appear to be an “‘infra- 


Aric ratherthanas iperfluid. T nus, although the ideal 


Bose-Einstein gas is an equilibrium superfluid in the 
++ 


sense of London,'-* it fails to exhibit the kind of equi- 


Nuclear Research | 6 
$7 (1038 librium superfluidity postulated by Landau‘ and Tisza.’ 


Report, 48, 1946 
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Nevertheless, the Bose-Einstein gas can be used as 
a model of a superfluid if we drop the requirement of 
thermal! equilibrium; the nonequilibrium superfluid be- 
havior which results is highly suggestive, and we be- 
lieve contains the essence of the superfluid properties 
observed in actual liquid helium. 


2. MOMENT OF INERTIA OF AN IDEAL 
BOSE-EINSTEIN GAS 


The Hamiltonian of an ideal Bose-Einstein gas in a 
stationary container is 


y 


N 
Ho=> p2/2M=> ha. 


im! i=] 


(2.1) 


In order to discuss thermal equilibrium of the gas 
inside a rotating container, it is necessary® to use a 
system of coordinates rotating along with the container. 
The operator for the z component of the angular mo- 
mentum of particle number 7 is 


é 0 
l= —ih{ x——)- ), 
Ov; Ox; 


where xj, ¥i, 2; are the coordinates of particle i meas- 
ured in the rotating frame of reference. It can be shown, 
however,® that the expectation value of /,; is the angular 
momentum of particle i with respect to the stationary 
frame of reference. The z-component of the total angular 
momentum of all the particles will be denoted by L: 


L=> i, 


1 


(2.3) 


y 
cee 


The canonical transformation to the rotating system of 
coordinates leads to the new Hamiltonian 


N 
H’ => (he:—wl,) 


Ho—wL. (2.4) 


This Hamiltonian determines the properties of the gas 
in statistical equilibrium within the rotating container, 
in the usual way. We shall be particularly interested in 
the statistical average value of L, given by 


Tracel_L exp(—8H’)} 
L(w) . 


Trace[exp(—8H’)] 


where 8=(k7T)~', and the trace is to be taken over all 
permissible quantum states of the \-particle system 
(all states with symmetric wave functions for Bose- 
Einstein statistics). 

Since there are no interactions between the particles, 
the calculation of L can be simplified. We define the 
symbol “trace” to mean a trace over all quantum states 


* For detailed arguments see the following paper, Blatt, Butler, 
and Schafroth, Phys. Rev. 100, 481 (1955 
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of a single particle in the container (rather than over 
quantum states of the full \-particle system). The 
chemical potential u is then defined by the relation: 


1 


trace = NV, (2.6) 


exp[3( hy— wl —p) }— 1 
where .V is the total number of particles. By reflection 
symmetry (6’=—@) uw is a symmetric function of w. The 
equilibrium value of LZ, (2.5) is then given by 


| 


exp[_B( ho— wl — pn] —|1 


L(w)= trace 


In a noncylindrical container, 4o and / fail to com- 
mute, and so do Hy and L for the \-particle system. 
In the .V-particle formulation (2.5) the error made by 
assuming that AZ) and L commute is of order V™ and 
hence unimportant. The corresponding error in the 
) is very significant for 


one-particle formulation (2.7 
temperatures below the condensation point of the 
Bose-Einstein gas. Since these complications add noth- 
ing to the argument, we shall consider cylindrically 
symmetric containers. 

We label the common eigenstates of io and / by the 
two indices m and y, where fim is the eigenvalue of / 
and + stands for the two additional quantum numbers 
necessary to specify the quantum state uniquely. The 
eigenvalue of Ao in the quantum state (m,y) will be 
called én,; the lowest €m, for a given value of m will 
be called €m0- 

We first evaluate the initial slope of L as a function 
of w; that is, we differentiate (2.7) with respect to w 
and then set w=0. In the range of w for which the 
differentiation is permitted, the chemical potential y is 
also a differentiable function of w; furthermore, since u 
is an even function of w, the derivative du/dw vanishes 
at w=0. We therefore obtain the following expression 
for the moment of inertia 7: 

dL | exp[ 8 (ho— uo) | 
I ( ) 8 trace; P 
da) | 


= (exp[8(ho— uo) ]—1)? 
2 exp/ 3 émy— to) | 
By > m'* 


(2.8) 


ym fexp[B(eny— so) }~ 1}? 

The sum in (2.8) is rather awkward to handle since 
€my iS a complicated expression for a cylindrical con- 
tainer. However, we can simplify the evaluation of 
(2.8) tremendously provided that the main contribution 
to the trace comes from quantum states with de Broglie 
wavelengths much smaller than the dimensions of the 
bucket. This is obviously so above the Bose-Einstein 
condensation point; it is also true below the condensa- 
tion point, because the ground state of the single par- 
ticle spectrum is the state ¢, which has m=0 and 
therefore contributes nothing to (2.8). If the de Broglie 
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wavelength is small compared to the linear dimensions 
of the bucket, the boundary condition y=0 at the wall 
container is unimportant. We can work with 
functions exp(ip-r/#) which form a com- 


lit 


fail to satisfy the boundary condition 


\/£ where X is the de Broglie 


linear dimension of the con- 


i order 
iveler h and £& is the 
tainer. We then get 
p 2M 7 
25°" r 7 
a> ‘(pil 
p’/2M 
prime on the sum indicate 
h/p~L 


nt of the 
ol the 


are to be excl 
operator 


olume of the container 


consider quantum 
comparable to 
+} 
2.10 
states p by an integ 
term proportional! to 


integration by 


actor p* in the volume element d*9, 
l ies of p make no signif 
gral, even if uo is very 


tly represents 


Abe ve tne 
2.12) represents the 


2.13 


get 
represents 
the primed sum (2.9), and hence the trace (2.8 
is no longer simply related 
the ground state « 
but is excluded from 
] ] ’ 


contributes appreciably 
{9 1 > The 


represents the number of 


integral 


side of 
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particles, V’. The well-known expression for N’ is 
N’=N(T/T))i, (2.14) 


and hence the moment of inertia of the ideal Bose- 
Einstein gas below the condensation point is 
T=N'M(2+¥)= (T/T))'Io. (2.15) 

his concludes the proof that the ideal Bose-Einstein 
gas in thermal equilibrium has a moment of inertia less 
than the classically expected value, i.e., the ideal Bose- 
Einstein gas is an equilibrium superfluid. As far as we 
this is the only system known which exhibits 


know, 
equilibrium superfluidity. 

There have been many attempts in the literature to 
derive equilibrium superfluidity from the assumption 
of an energy gap between the ground state of the .V- 
particle system and some or all of the excited states. 
For example, Landau‘ assumes that the only states 
ontiguous to the ground state in energy are phonon 

the circulation vector ¥ Xv vanishes. 
has been able to demonstrate the 


states in whicl 
However, no one 
existence of sucl 

Thus the only system known at present to be an equi- 


an energy gap from first principles. 
librium superfluid does nof have an energy gap 


3. ANGULAR MOMENTUM OF AN IDEAL 
BOSE-EINSTEIN GAS 
Che definition (1.1) of the moment of inertia J in 
thermal equilibrium is reasonable from a theoretical 
f view. Experimentally, however, the angular 
annot be made smaller than some minimum 
‘rmined by the sensitivity of the measuring 


Thus the experimentalist determines not 


tive 0L/dw but rather a difference quotient 


T ett =-AL/Aw (3.1) 


propose to study the angular momentum * 
ideal Bose-Einstein gas in thermal equi- 


function of the angular velocity w, rather 


merely the derivative 0L/dw at w=0. This will 


than Ww 
enable us to find the quantity J.¢, of (3.1). 


According to (2.7), L(w) is given by 


hm 
» (3.2) 


m=—« exp[ 3(emy—hwm—p) |—1 


1s now see what happens as w is increased slowly 
ly, the macroscopic number of par- 


does not contribute to (3.2), since 
these particles. Thus initially Z is a linear 


: , ’ 7 } 
function of 


with the nonclassical slope (2.15 


However, this behavior does not persist. As w in- 
creases smoothly, a point is reached at which the lowest 


energy level with m=1, i.e., €:, fulfills the equation 


(3.3) 


€) —hy= € 


At this value of w the thermal equilibrium distribution 


changes abruptly. A macroscopic number of particles 
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shifts from state €o9 to state €19. Correspondingly, there 
occurs a finite jump in the value of the equilibrium 
angular momentum L; the discontinuity sg is equal 
to Vogt where Vo=.V—N’ is the number of condensed 
particles. There is also a discontinuous shift in the 
internal energy of the system. 

Thus, thermodynamically speaking, we have a phase 
transition of the first kind. The chemical potential yu is 
continuous with discontinuous derivative du/dw; the 
same is true of the free energy. The internal energy and 
the angular momentum have discontinuities, and there 
is therefore a latent heat. 

Let us determine the value of w at which the transi- 
tion occurs. The energy €éno of the lowest state with 
angular momentum quantum number mm is given by 


€mo= 1? X_,?/2M R? (3.4) 


where x,, is the first zero of the Bessel function /,, (x). 
We therefore get 


w= (€:9— €00)/h=4.45h8/MR?. (3.5) 

An upper limit to the angular velocities at which 
equilibrium superfluidity can occur, of precisely this 
order of magnitude, was predicted on qualitative 
grounds by London.® Thus the ideal Bose-Einstein gas 
is a model of an equilibrium superfluid in London’s 
sense, as well as in the sense of our definition (which 
refers only to the initial slope of Z as a function of w). 
However, not too much stress should be laid on this 
point, since the ideal Bose-Einstein gas is a very artifi- 
cial system, and we shall see (in subsequent papers) 
that real physical systems do not show equilibrium 
superfluidity, no matter how small the angular velocity. 

Consider a vessel of radius 1 cm and height 1 cm 
filled with an ideal gas of particles, each of mass equal 
to the mass of a helium atom. Then w, is of the order of 
10-* radian/sec, and the discontinuity in L is of the 
order of 10~ erg-sec. It is clear that these values are 
much too small for most experimental work. 

The phase transition at w=w, is not the only one, but 
is the first of an infinite sequence. The next phase 
transition occurs when the lowest level with m=2 
becomes the center of condensation, i.e., when 


(3.6) 


€29— 2hw = €; —his. 


In order to estimate the value of w at which the mth 
phase transition occurs, we need an estimate for the 


* An objection may be raised against this terminology on the 
grounds that the critical value of w, (3.3) and (3.4), depends on 
the radius R of the vessel, and approaches 0 as the radius of the 
vessel is increased. Phase transitions have a meaning only in the 
limit as the number of particles in the system approaches infinity, 
and this means a vessel of infinite volume, other things being 
equal. However, the volume of the vessel can be increased in 
definitely without changing the radius R, merely by increasing 
the height. More physically, we can estimate the range Aw of 
angular velocities over which the transition occurs for a vessel 
of finite height. For a typical vessel (radius= height =1 cm) dw 
is of order 10-* radian/sec compared to a critical value w; of order 
10~* radian/sec. Thus the transition is already almost perfectly 


sharp. 
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Fic. 1. Thermal equilibrium value of the angular momentum 
of an idea! Bose gas in a rotating container, os the angular velocity 
of the container. The portion of the curve near w=0 has a slope 
less than the classically expected value, corresponding to super 
fluid behavior. Asymptotically, for large w, the mean slope becomes 
larger than the classically expected value, corresponding to 
“infra-fluid” behavior, i.e., an abnormally high moment of in 
ertia. The sharp breaks in the curve are thermodynamic transi 
tions of the first kind, due to a macroscopic number of particles 
shifting from one quantum state to another. If this change-over 
takes a time much longer than the time in which the experiment 
is carried out, the angular momentum is given by the dashed 
curve, and exhibits superfluid behavior throughout. 


first zero x,, of J,,(x). We use the asymptotic formula” 


Xm = m+ 1.856m'+0(m-*), (3.7) 


and the definition 
(3.8) 


Nie, = €m0~~ Em—1, 0 


to get the following value for the angular velocity at 
which the mth phase transition occurs: 


wm = (m+ 2.474m'—}+-order m=!) (h/MR*). (3.9) 


At each critical point w, the angular momentum L 
increases suddenly by Not, where No is the number of 
condensed particles." The over-all curve of L against w 
is shown in Fig. 1. 


” G. N. Watson, Bessel Functions (Cambridge University Press, 
London, 1948), p. 516. 

" Strictly speaking, No is itself a function of w, since the number 
of particles which can be accommodated in the normal fluid part 
of the Bose-Einstein distribution changes as a result of the cen- 
trifugal force. This effect, however, can be shown to be quite 
negligible mathematically; the physical reason is that for typical 
containers (radius= 1 cm) filled with particles of the mass of a 
helium atom, and rotating with angular velocities of the order of 
1 rad/sec, the kinetic energy due to the rotating motion, of order 
M R%?, is many orders of magnitude less than AT (T being of 
order 1°K). 
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4. IDEAL BOSE-EINSTEIN GAS AS A MODEL OF A 
NONEQUILIBRIUM SUPERFLUID 

rhe preceding section has shown that the ideal Bose- 
Einstein gas, in spite of its nonclassical moment of 
inertia J, is not an adequate model of an equilibrium 
superfluid. Unless abnormally small angular velocities 
are used (their size depending upon the radius of the 
the ideal Bose-Einstein gas would show equi- 
librium infrafluidity, not superfluidity. 

However, the calculation is instructive in that it 
gives us a clue to the nature of a possible nonequilibrium 
superfluid state. Let us suppose that equilibrium is 
reached quickly for the highly excited states (excitation 
energy of order kT) but that the phase transitions dis- 

3, in which macroscopic numbers of par- 
ticles shift from one very low-lying state to another, 


bucket 


cussed in Sec 
take a very long time to complete, a time much longer 
than the duration of usual experiments. Under these 
conditions, we get superfluid behavior of the ideal 
This 


nonequilibrium value of Z as a function of w is shown 


> 
Bose-Einstein gas below its transition point. 


in Fig. 1 by the dashed line. 

In this sense, therefore, the ideal Bose-Einstein gas 
can be used as a model of a superfluid: there is normal 
fluid behavior above the transition point, then a thermo- 
dynamic transition to a state in which superfluidity can 
transport (nonequilibrium) phe- 
nomenon. Of course, the assumption of no interaction 


show itself as a 
between the particles is not adequate to encompass 
transport phenomena; the concept of a mean free path 
has to be introduced, and the relaxation times for vari- 
ous kinds of momentum transfer must be studied in 
detail. Such a theory has been developed, following the 
suggestions made here, by Klemens." 

rhe results of this analysis of the ideal Bose-Einstein 
gas suggest strongly that the superfluid phenomena 


observed in actual liquid helium are also nonequilibrium 
phenomena; that the superfluid state is only metastable, 
not thermodynamically stable. The proof that this is 
indeed the case will be given in subsequent papers. 
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A system in temperature equilibrium is enclosed in a container and this container is set rotating. We 
show that the effective moment of inertia is the same as what one would compute in the usual way, for 
both classical and quantum statistical mechanics. This apparently trivial theorem has applications for 


the theories of superfluidity of liquid helium and of superconductivity of metals. 


1, INTRODUCTION 


N° one doubts that a bucket of water, set rotating 
in such a way that thermal equilibrium is main- 
tained at all times (e.g., no turbulent currents are set 
up), would show the conventional relation between 
angular momentum L and angular velocity w: 


L = Iw, (1.1) 


where J, the moment of inertia, has the classical value 


T=Ip=NM((x°+4")) wm. (1.2) 


Here N is the number of molecules, M the mass of each 
molecule, x and y are coordinates measured from the 
axis of rotation (the z-axis), and the braces denote an 
average over the volume of the bucket occupied by the 
fluid. 

Yet no one, to our knowledge, has proved this theorem 
under general conditions, and it is the purpose of this 
paper to do so. Contrary to one’s first impression, the 
proof is by no means trivially easy, and the theorem 
has important applications for the theory of super- 
fluidity of liquid helium and the theory of supercon- 
ductivity. These applications will be discussed in 
subsequent papers. 

In Sec. 2, we consider a statistical system set in 
linear motion; the method of discussing the statistical 
mechanics of such a system is developed in some detail ; 
the fact that the apparent mass of the system is equal 
to the actual mass VM is a trivial consequence of 
Galilean invariance, but our discussion allows us to 
derive a nontrivial equipartition theorem for the kinetic 
energy associated with the bulk motion of the fluid. 
In Sec. 3, we develop the statistical mechanics of a 
statistical assembly inside a rotating container, and we 
define the moment of inertia. Section 4 contains a proof 
that this moment of inertia is equal to (1.2) in classical 
statistical mechanics. Before we go on to quantum 
statistical mechanics, we develop, in Sec. 5, the concept 
of a “correlation length,” which turns out to be of 
crucial importance for all the subsequent work. Sections 
6 and 7 contain a proof of (1.2) in quantum statistical 
mechanics; this proof is more restricted than the 
classical one, and exceptional systems (in particular, 


* Also supported by the Nuclear Research Foundation within 
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the ideal Bose-Einstein gas below its condensation 
point) exist which violate (1.2). Some discussion and 
conclusions are given in Sec. 8, but the important 
applications of this theorem are given in subsequent 


papers. 


2. LINEAR MOTION AND THE EQUIPARTITION 
THEOREM 


We consider a box of volume V filled with an as- 
sembly of N identical particles, each of mass M. We 
intend to develop the formalism of statistical mechanics 
appropriate to discuss linear motion of the whole 
system with constant linear velocity ». The fact that 
the linear momentum contributed by the fluid is NM» 
is of course a trivial consequence of Galilean invariance ; 
but our formal approach will enable us to deduce a 
nontrivial equipartition theorem from this fact. 

Let us first consider the statistical mechanics of the 
box at rest, paying special attention to the method of 
including the effect of the walls of the box. The Hamil- 
tonian of the system is 


\ 


H=>0'p2/2M+-V (11,82, ° + - tw). (2.1) 


The conventional procedure is the following: the po- 
tential energy V includes the effects of all forces 
between the particles of the fluid, but does not include 
the effects of forces between particles of the fluid and 
the walls of the box. These latter effects are taken into 
account approximately by replacing the actual, rough 
walls of the box by perfectly reflecting mirrors, or, 
in quantum-mechanical terms, by boundary conditions 
on the admissible wave functions. All wave functions 
must vanish whenever any one of the coordinates r; 
lies on or outside the walls of the container. The free 
nergy F of the system is then given by (6=1/kT) 
exp(—BF) = Trace[_exp(—8H) ], (2.2) 
where the trace is to be taken over any complete set of 
wave functions which satisfy these particular boundary 
conditions. It is important to realize that the trace (2.2) 
is not even defined unless the boundary conditions on 
the wave functions are specified. Furthermore, in order 
to define thermodynamic quantities such as the free 
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energy which remain constant with time (in thermal 
equilibrium), it is necessary that the boundary condi- 
tions imposed on the wave functions be themselves 
time-independent. 

Let us now return to the boundary conditions for 
the box at rest; what is the justification for replacing 
the actual rough walls of the box by perfectly reflecting 
mirrors? Consider a typical collision between a molecule 
of the fluid and the actual wall: the collision results in 
molecule back into the fluid, but 
this reflection is not specular. The transverse component 


a reflection of the 


of momentum is not preserved, because the wall is 
rough and can take up transverse momentum ; similarly 
the normal component of the momentum is not merely 
changed in sign. Furthermore the wall itself is in heat 
motion, so that collision between a molecule and the 


1} 


will in general result in an exchange of energy as 


well as in an exchange of momentum. However, once 
thermal equilibrium has been established within the 
system the over-all, average effect of collisions between 
were 


molecules and the wall is the same as if the wall 


a perfectly reflecting mirror surface without heat 
motion. For any one wall collision in which a molecule 
whic 


loses energy, there is another wall collision in 


some other molecule gains energy; for any one wall 
collision in which a molecule loses transverse momen 
tum, another molecule gains transverse momentum by 
a wall collision, etc. Thus it is a good approximation, 
in thermal equilibrium, to replace the actual rough 
walls by perfectly reflecting mirror surfaces. On the 
other hand, t 


the approac h 


| 
} 


1is method is quite useless in considering 
to thermal equilibrium after the wall of 
the box has been heated up slightly, to a temperature 
higher than the temperature of the fluid. For by re 
placing the wall by a perfect mirror, we have lost the 
very mechanism by which equilibrium is established in 
this case 

One may object: Why can one not dispense with all 
this, and simply include the coordinates and momenta 
of the molecules making up the wall into the Hamil 
tonian H? This proc edure is contrary to the spirit of 
statistical mechanics, and is in principle impossible 
rhe difficulty is merely removed one step, not over- 
come. The wall has an outside surface, and this outside 
If we 
wish to make approximations, the surroundings must 
now be included in the Hamiltonian as well, until we 
finally include the whole universe into the Hamiltonian 
No matter 


surface interacts with its surroundings do not 


This is of course an impossible program 
how we do it, at a certain point we must make a cut 
between particles included in our system, and the rest 
of the world 
schematically, in some approximation, not precisely by 
including it in the Hamiltonian. Once we realize that 
approximations of this kind are in principle necessary, 
there is no‘reason against making the simplest sensible 
approximation, namely the replacement of the walls by 
perfect mirrors. 


This rest of the world mus! be treated 
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Let us now consider the thermal equilibrium state 
of the fluid in a box moving with a constant linear 
velocity » in the x-direction. We again replace the 
walls of the box by perfectly reflecting mirrors, and 
write the effect of these mirror surfaces as boundary 
conditions on admissible wave functions. We observed 
before that, in order to do statistical mechanics, it is 
necessary that the boundary conditions imposed on 
the wave functions be independent of time. Since the 
boundary conditions refer to the walls of the container, 
the only way to fulfill this requirement is to use a set 
of coordinates in which the walls of the container 
correspond to time-independent values of the coordi- 
nates; i.e., in order to do statistical mechanics at all, 
we are forced to transform to a system of coordinates 
moving along with the container. This transformation 
is not one of convenience, which could be avoided, but 
is a necessary step in order to do statistical mechanics 
at all. 

The transformation to the moving coordinate system 
is a canonical transformation; we obtain it most simply 
by writing down the Lagrangian corresponding to 

2.1), and making the substitutions: 


x{=x,—u, y=, 2) =%). (2.3) 


Transforming back to the Hamiltonian formalism, we 
get the following expressions for the canonical mo- 
menta : 

pei’ =Priy Pui =Pyir Poi = Pri 
We note that the momentum variable p,,’ represents 
the linear momentum of particle number 7 with respect 
to the stationary coordinate system, not with respect 
to the moving coordinate system. The transformed 


(2.4) 


Hamiltonian is 


4 


H’=H-v¥ pa=H—P, 


where P is the x-component of the total linear mo- 
mentum of all particles. The Hamiltonian H’ is not 
numerically equal to the original Hamiltonian H; this 
is a consequence of the fact that the transformation 
(2.3), (2.4) involves the time explicitly. 

We now determine the linear momentum of the fluid 
in our moving box, in thermal equilibrium. This is 
given by 

Trace[ P exp(—8H’) } 


Trace[ exp(—8H’) ] 


Trace{ P exp[ —8(H—»vP)}} 
(2.6) 


Trace{expl —8(H—+P) }} 


The trace is to be taken over all wave functions of the 
desired symmetry (symmetric for Bose-Einstein sta- 
tistics, antisymmetric for Fermi-Dirac statistics) which 
satisfy the boundary conditions at the walls of the box. 
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In classical statistical mechanics the trace represents 
an integral over the 6-dimensional phase space. 

We evaluate (2.6) by making a second canonical 
transformation : 


Pui’ = Pui’ 
The fact that it ts a canonical transformation can be 
seen by writing down the commutators; the additional 
term Mv commutes with everything. When we substi- 
tute (2.7) into the effective Hamiltonian H’, (2.5), 
we obtain the new Hamiltonian H”: 


pz’ — M2, 


\ 
H'= H” => (p/’)? 2M f.. V (ry 72"",- ’ 


ad | 


ty" )—3NM? 


== (pig) —-4 NM, (2.8) 
where now H(p,’’,q;") is formally the same function of 
its variables as the initial Hamiltonian H, (2.1), was of 
the variables p; and g;. This invariance of form is the 
expression of the Galilean invariance of the underlying 
physical problem. If we did not have Galilean invari- 
ance, it would be impossible to find a canonical transfor- 
mation which brings the transformed Hamiltonian 
back to its original form [except for an irrelevant 
added constant in (2.8) }. The formulation in terms of 
the once-primed coordinates and momenta is definitely 
not Galilean invariant, since we had to choose one 
preferred (moving) system of coordinates. It will be 
essential that a canonical transformation akin to (2.7) 
is mot possible for uniform angular motion of the 
container. 

We now substitute (2.7) into the definition (2.5) of 
P, the total linear momentum, to get 


N 
P=NMovt+) p.i’=NMv+P", 


i= 


(2.9) 


where P”’ is the same function of the p,’’ as P was of 
the p;. P’”’ is clearly the linear momentum of the fluid 
as measured by an observer at rest with respect to the 
box. Substituting (2.8) and (2.9) into (2.6) we get 


exp(—4.V Mo") Trace{ (P’""+.V Mr) 
Xexpl —8H(p’,q’’) }} 
P(e) = 


exp(—4.V M**) Trace{expl—8H(p",q”) }} 


=NM>, (2.10) 
where the last result follows from the fact that the 
trace of P” is zero as a result of the formal invariance: 
the trace of P’”’ exp[ —8H(p’',q’) } is formally identical 
with the trace of P exp[ —8H(p,q) |, and this latter 
trace is just the expectation value of the total linear 
momentum in a stationary box, which is zero. 

So far, we seem to have done no mere than to prove 
a well-known result by a long and tedious method. 
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However, this trivial result has nontrivial consequences. 
Let us evaluate the “effective mass” of the fluid in 
the container, i.e., the derivative of P(») with respect 
to v, in the limit »-0. According to (2.10) this deriva- 
tive is equal to NM. But we can also evaluate the 
derivative directly from Eq. (2.6). The denominator 
of (2.6) does not contain a term linear in », in spite of 
appearances. This can be seen by observing that motion 
to the left and motion to the right must be equivalent 
in their effect on the partition function (the denomi- 
nator); or else it can be seen directly from (2.8): the 
additional term is of order v*. Hence we get' 


= 6(P? Av; vmd- 


) Trace[ P? exp(—8H) } 
* =3 = 
r= Trace[exp(—8H)] 


dt 
(2.11) 


When we equate this value to the result NM obtained 
from (2.10), we get an equipartition theorem for the 
degree of freedom associated with bulk motion of the 
fluid : 
((P?#/2NM)) m= 4kT. (2.12) 
Hence we see that the degrees of freedom associated 
with bulk linear motion have the equipartition value 
of energy, even in quantum statistical mechanics. Yet 
we know that the equipartition theorem itself fails in 
quantum statistical mechanics. What, then, is the 
relationship between (2.12) and the equipartition 
theorem in general? To see this, we take the definition 
of P as the sum of all the p,; and substitute it into 
(2.12). Since the particles are all identical, all square 
terms give the same result, and all cross terms are 
equal to each other; hence we get 


(P?/2NM) m = (per*/2M) 
+(N—1)(PeiPer/2M) m= HRT. 


In classical] statistical mechanics, there is no correlation 
between momenta of different particles. That is, 
(peiPs2)w=0 and the equipartition theorem is a conse 
quence of (2.13). In quantum statistical mechanics, 
even an ideal gas of identical particles exhibits corre- 
lations between momenta of different particles, as a 
result of the Bose-Einstein (or Fermi-Dirac) statistics, 
1.e., as a result of the fact that the wave functions must 
satisfy special symmetry conditions. If we could take 
our trace over all wave functions, rather than over all 
symmetric (or antisymmetric) wave functions, the ideal 
(noninteracting) gas would obey the equipartition 
theorem even in quantum mechanics. The presence of 
interactions does not lead to correlations between 
momenta of different particles in classical statistical 
mechanics. In quantum statistical mechanics, the inter- 
particle forces can produce momentum correlations, 


(2.13) 


' Strictly speaking, an error is made here, since the operator P 
does not commute with the Hamiltonian H in the presence of 
walls. A more detailed consideration shows that the error is of 
order 1/N (N=number of particles) and must therefore be 
ignored in statistical mechanics. 
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for example by producing bound states of pairs of 


particles which then form “molecules 
2.13) is the quantum-mechanical general- 
ization of the equipartition theorem for a gas of identical 
particles. We can solve for the correlation function of 


Equation 


particles 


: 
Mki 


momenta of different 


V—1)(perPer) nv Pet) 2.14 


The deviations from classicai equipartition are in 
opposite directions for Fermi-Dirac and Bose-Einstein 
statistics; the correlation coefficient (p.122)s 1s negative 


for Fermi-Dirac statistics, positive for Bose-Einstein 


tat 


Std 


ISLICS 
A very ing feature of 
of Pp: Prr)m On the number of parti les 


ret 


interest 2.14) is the dependence 
V. We shall 
irn to this point in Sec. 5 


An equation 


aetan, in 


rial theorem in classical 





statistical me cs can also be derived, and again 
differs lassical equation by the presence of 


correlation 


Finally, we can generalize to systems taining 
different kinds of particles Let us take two kinds of 
particles, of masses M and M’, respectively ere are 
V particles of the first kind, V’ of the second kind 
Then the generalization of (2.12) is 

P¥ ny VM+N'M')kT 2.15 
The corresponding generalization of (2.14) is not very 


involves three different types of corre- 


3. DEFINITION OF THE MOMENT OF INERTIA 
We 


} } 7 } 
now pertorm a similar analysis tor rotational 


1 


motion. Unlike the translational case, the result is not 
a consequence of Galilean invariance; the transfor 
mation to a rotating system of coordinates is not a 
Galilean transformation 

The same arguments w! led us before to trans 
form to a system of coordinates moving along with the 
box, now lead us to transform to a system of coordi 


nates rotating along with the box Just as before, the 


condition 


f the problem force us to use this transfor- 


mation, since otherwise we could not replace the actual 


mirror 





walls of the container by perfectly reflecting 
lity 


surfaces (boundary conditions on wave functions 


The canonical 


is similar to the 


transformation to rotating coordinates 


ion discussed in Sec. 2 


transformat 


We use cylindrical coordinates r, 6, z. The new coordi 


nates are 











6/=0,—wl, ri=F7;, 32 g 3.1 
*1t i Serve t ke he transiat nal 
tion of t x exists a SI ase here | which the 
roughness of the wa e DOX Is essential t he attai ent of 
‘ al « sice i x Ww 1 al s 
set in rotation about its s ci ux If ¢ wails of the 
perfectly reflecting mi . the fluid inside the box is 
into rotation at all. However, even one small irregularity on 
inside surface of the box is enough to make the thermal equilibri 
state unique. This small surface irregularity takes the place of 
the “dust particle” in the theory of blackbody radiation 
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Substitution into the Lagrangean corresponding to the 
Hamiltonian (2.1), and transformation back to the 
Hamiltonian formalism gives the transformed momenta 


Poi, Pri =Pri, Pai = Pai 5 te 
The canonical variable representing the transformed 
angular momentum is physically the angular momen- 
tum with respect to the rest frame, not with respect to 
the moving coordinate system. The transformed Hamil- 
tonian is 


pei’ = 


H'’=H-—w> pui=H 


a 


wl 3.3) 


where L is the total angular momentum of all particles 
around the z-axis. Again the transformed Hamiltonian 
is mot numerically equal to the original Hamiltonian, 
] 


nor is it equal to the Hamiltonian as written down by 


an observer moving 

It is instructive to write down this latter Hamil- 
The observer moving along with the box would 
first of all introduce a term in the potential energy to 
describe the centrifugal force, i.e., he would write down 


along with the box. 


Lonian. 


the provisional Hamiltonian 


De 
H,=(2M)"* SX [ p,2+p.2+- 
™ rT 


This Hamiltonian fails to give the correct equations of 
motion because the Coriolis force is not included. The 
Coriolis force is a velecity-dependent force at right 
es to the velocity vector, and is therefore entirely 
to the magnetic force on a charged particle 


moving in a 


angl 
analogous 


constant ic field (this is of course 


magne 
the basis of the Larmor theorem). Hence our moving 


observer would introduce a “vector potential” to de- 


scribe the Coriolis force; the final Hamiltonian becomes 


Poi 7 MrZw) 


H" = (2M) 


. ¥ p.2+ p,24 


N 
—~IMo2Dor?. (3.5 


—_ 


It is easily seen that this Hamiltonian does give the 
correct equations of motion. However, H”’ is formally 
different from the Hamiltonian of the observer in the 
rest system, i.e., from H, Eq. (2.1). That is, H”’ is not 
the same function of its variables as H is of its variables 
The differences are twofold: there is the additional 
potential energy the centrifugal force, and the 
the kinetic energy associated with the 
Coriolis force. The centrifugal force is proportional to 
w* and can therefore be ignored for smal] values of w. 
One might think that we could introduce the momentum 


of 


alteration in 
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variables 
poi’ = pei Mr?7w, (3.6) 

which correspond to the angular momentum relative 
to the moving system, and thereby make the Hamil- 
tonian H” formally identical to H, (2.1), except for 
terms of order w (which are of no interest for the 
moment of inertia). However, unlike the corresponding 
Galilean transformation (2.7), (3.6) is not a canonical 
transformation. The new angular momenta introduced 
by (3.6) fail to commute with the radial momentum 
variables p,,, and the commutators are of order w, not 
w*.* This shows the essential difference between the 
rotational motion and the much simpler translational 
motion of the box. 

The thermal equilibrium value of the angular mo- 
mentum of the fluid in the rotating box is given by 


P Trace[ L exp(— BH’) 
L(w)= - 
Tracel exp(— 8H’) 
Trace{ L expl —8(H—wL) }} 
Mae fb 
Trace{exp[ —8(H—wL) }} 
The denominator of (3.7) is the partition function of 
the rotating fluid, and is an even function of the angular 
velocity w, by symmetry. We are interested in the 
moment of inertia, which is defined by 
dL 
r=(=) 
dia T ond 
Unlike the translational case, where P is a linear 
function of » as long as » is small compared to the 
velocity of light, the angular momentum L is not a 
purely linear function of w; as the angular velocity 
increases, centrifugal forces come into play, particles 
tend to be forced outward, and L increases more 
rapidly ; that is, the effective moment of inertia is itself 
a function of w. However, these effects are not involved 
in the definition (3.8) since we go to the limit w—0. 
We now differentiate (3.7) with respect to w, and 
then set w equal to 0. The denominator is an even 
function of w, and therefore its derivative with respect 
to w is zero at w= 0. We then get the following definition 
of the moment of inertia of a fluid in thermal equi- 
librium : 


(3.8) 


Trace{_L* exp(—8H) } 
8 . (3.9) 
Trace[exp(—8H) ] 


where H, Eq. (2.1), is the Hamiltonian of the fluid in 
a stationary container. 

The following sections contain a proof, in classical 
and then quantum statistical mechanics, that J defined 


#An expansion in powers of this commutator is possible, 
however, as has been shown by R. Peierls, Z. Physik 80, 763 
(1933 
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by (3.9) is equal to the conventional expression for the 
moment of inertia, Eq. (1.2). 


4. THE MOMENT OF INERTIA IN CLASSICAL 
STATISTICAL MECHANICS 


We first prove a lemma which is itself of some interest 
since it represents a considerable generalization of the 
equipartition theorem. To save writing, we introduce 
coordinates ¢;=%\, @2=¥1, ***, Gav=y, and we label 
the corresponding momentum components accordingly. 
Then the folowing lemma holds: 

Lemma: Let f(q1,-**,¢sw) be any function of the 
coordinates only. Then 


(Peper f= Sex MikTUY bys (4.1) 


The proof of the lemma is patterned along the 
conventional proof of the equipartition theorem. The 
average value on the left side of (4.1) is given by 


forafars exp(- BH) 


The Hamiltonian is a diagonal quadratic form in the 
momentum components, i.e., 


(Pepe fm (4.2) 


aN pe : 
H= > + V (q1,°* + ,Gaw). (4.3) 
k= 2M, 
Hence we have the identity 
pr= MOH Ope. (4.4) 
Substitution into the numerator of (4.2) gives 
Numerator 
0 exp(— BH) 
=—(M, a) fara f arp fp 
Op. 
+ bine (My a) f ary faxp fexp(—B8H), (4.5) 


where the second step comes from an integration by 
parts on p, together with the observation that the 
function f is independent of p,. Combination of (4.5) 
and (4.2) proves the lemma. 

We are now in a position to prove the main theorem. 
We need the average value of L’, and we therefore write 


[2 (x 


2 


N 
> (XPyi- ViP ci) (Xj Pyji— Vi Pzs)- (4.6) 
j=l 


eiPyi- 
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Each term of (4.6) is of the form appropriate for use 
of our lemma (4.1). When we employ the lemma, all 


nondiagonal terms drop out identically, and we get 


1=6(L?)e=¥ Md(x2+y2))n 4.7 


which is what we set out to prove. 

At first sight it may seem as if we have proved too 
much; for consider the following counter example: a 
cylindrical, closed container is filled partially with 
water and is mounted with its axis horizontal. The 
water settles in the lower part of the container. We 
now start rotating the container about its horizontal 
axis. The water stays near the bottom, and the observed 
angular momentum is not equal to Jw with J given by 
(4.7). The answer is that under these conditions thermal 
equilibrium is never reached. As the container rotates, 
the layer of water in contact with the wall moves along 
with the wall, and closed currents are set up in the 
water. These currents maintain themselves as long as 
the container is kept rotating. The viscous forces then 
produce heat in the water, and the temperature in- 
creases. Thus our theorem is not in contradiction to 
this case, simply because the theorem starts from the 
assumption of thermal equilibrium and is therefore not 
applicable to this case. 

One condition of applicability of our theorem, i.e., 
the condition for the existence of a rotating motion of 
the fluid in thermal equilibrium, is that the potential 
energy V must be invariant under rotations.‘ 

This is true, for example, for a rotating bucket of 
water with the axis of rotation parallel to the direction 
of the gravitational force, and is not true for a bucket 
of water mounted with the axis horizontal 


5. CORRELATION LENGTH 


Unlike classical statistical mechanics, Eq. (4.7) does 
not hold exactly in quantum statistical mechanics. For 
normal systems, we shall show that (4.7) is approxi- 
mately correct, the approximation becoming better and 
better as the size of the container is increased. However, 
there exists at least one exceptional system (the ideal 
Bose-Einstein gas below its condensation point) in 
which (4.7) is violated, no matter how big the size of 
the container.® It is clear, therefore, that some physical 
assumption about the fluid is necessary in order to 
prove (4.7) in quantum statistical mechanics. Thermal 


equilibrium alone is not enough. 

* There are two kinds of “rotational invariance”: (1) Invariance 
of the form of the Hamiltonian under change of the origin of the 
angle variable @, i.c., under the transformation @ =@—a, and (2 
Invariance of the form of the Hamiltonian under a transformatior 
ates, & =<@—wt. The first invariance is the one 
is frequently fulfilled in practice. The secon« 
This differs from linear motion, where 
Galilean invariance are ol 


to rotating coordi 
we need here, and 
invariance ms never true 
both translational invariance and 
served 

‘J. M. Blatt and S. T 
100, 476 (1955)) 
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We shall restrict ourselves to fluids (gases and 
liquids), and ignore solids. The moment of inertia of a 
solid is equal to the classical value immediately, as a 
result of the solidity, so we do not lose much in general- 
ity by restricting ourselves to fluids from the start. 
We point out, however, that our considerations can be 
applied to the electron gas in a metal, thereby enabling 
us to deduce some statements of interest for the theory 
of superconductivity (this will form the subject of a 
separate paper). 

Let us consider two particles in our field, separated by 
a distance 7}. The correlation coefficient between their 
momentum components pz: and pz2, say, is defined by 


Qaz(712) = (PerPz2)m/((Pzr”) me (Pz2”)) ae! 


with similar equations for Q.,, etc. We assert that these 
correlation functions depend on the distance 712 between 
the two particles in the fluid, and in particular there 
must exist in any physical fluid a “correlation distance” 
A such that the correlations 0 become negligibly small 
for r;.>A. Since this correlation distance forms the 
starting point of the entire subsequent discussion, we 
shall now devote some time to clarifying its meaning. 

First of all, the correlations Q are identically zero in 
classical statistical mechanics. That is, two different 
particles of the fluid always have uncorrelated momen- 
tum components in thermal equilibrium, no matter how 
close together the particles are. Thus the correlation 
length A in classical statistical mechanics is zero. One 
might think a priori that momentum components of 
different particles should show a correlation if the 
particles are within one mean free path of each other, 
but the formalism of classical statistical mechanics 
shows that this is not so. The mean free path is a 
nonequilibrium concept, whereas the correlation length 
is an equilibrium quantity, and in classical statistical 
mechanics there is no relation between the two. 

In quantum statistical mechanics, one may at first 
object to our definition of the correlation coefficierits, 
on the grounds that the momenta and coordinates of 
the part les don’t commute. However, it is still possible 
to define a quantity analogous to a probability ‘of 
finding one particle at r; with momentum hk, and 
another particle at r. with momentum /ik:. This is 
done in the next section, Eq. (6.20). The analogy is 
imperfect, since the quantum mechanical expression is 
not only not positive definite, but even fails to be real. 
However, this does not affect the possibility of defining 
a correlation length, since the correlation coefficient Q 
can become small without being real or positive. 

It was pointed out in Sec. 2 that there are two ways 
n which quantum mechanics leads to momentum corre- 
lations between particles of the fluid. First, there is the 
possibility of the formation of discrete bound states 
(molecules) in which the momenta of the atoms making 
up one molecule are strongly correlated. Second, the 
requirements of Bose-Einstein or Fermi-Dirac sta- 
tistics entail momentum correlations even in an ideal 
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gas. Let us make a very rough first estimate of the 
correlation lengths we can expect from these two effects: 
the first effect gives rise to momentum correlations 
over distances of the order of magnitude of interatomic 
distances within molecules (we exclude solids from this 
discussion), the second effect can be estimated to give 
momentum correlations of significance over distances 
of the order of a de Broglie wavelength of a particle 
with energy E=kT. 

These rough estimates are probably adequate for 
most systems, but they fail for some special systems. 
The most conspicuous failure occurs for the ideal Bose- 
Einstein gas below its condensation point. This system 
contains a macroscopic number of particles (comparable 
to the total number N) in a single-particle state of 
de Broglie wavelength comparable to the size of the 
box. Thus this de Broglie wavelength, rather than the 
de Broglie wavelength of a particle with energy E=&T, 
gives the most far-reaching momentum correlations, 
and momenta of different particles in the gas are 
correlated even when the particles are at opposite ends 
of the box, no matter how big we make the box. That 
is, the ideal Bose-Einstein gas below its condensation 
point does not have a finite correlation length (a 
correlation length independent of the size of the 
container). 

The other ideal gases (Bose-Einstein gas above the 
condensation point, Fermi-Dirac gas) have in principle 
the possibility of infinite-range momentum correlations, 
because the same quantum state which is responsible 
for the long-range correlation effects in the condensed 
Bose gas exists in these other gases and can be occupied 
by particles of the gas. However, in the other ideal 
gases this quantum state, as well as all the other very 
long wavelength states, has such a small occupation 
probability that no significant correlation results from it. 

When we turn from ideal gases (no interactions 
between the particles) to real physical fluids, one 
significant difference appears immediately: the inter- 
actions between the particles make correlations of 
infinile range (range as large as the container) im- 
possible. For suppose the opposite were true; we could 
then take a volume of fluid as large as the interior of 
the sun, and would have to expect to find individual 
atoms with appreciably correlated momenta at opposite 
ends of this volume, in thermal equilibrium; if this be 
admitted as a possibility, let us make the container as 
large as the interior of a red giant star, or as large as 
the whole galaxy. It is clear that, no matter how weak 
the interactions between the particles are, they must 
eventually wash out correlation effects between very 
distant atoms of the fluid. 

As a rough first approximation, applicable to dilute 
gases, we may assume that an upper limit to the 
correlation distance A is given by a few times the mean 
free path of a particle. That is, we assume that two 
particles which are many mean free paths away from 
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each other have statistically uncorrelated momenta.* 
Of course, this upper limit may be much too high (as 
is shown by the example of classical statistical me- 
chanics, where A=0 no matter how large the mean free 
path) and is not applicable to liquids, since the mean 
free path is not a useful concept in the liquid state. 
An upper limit to A for liquid helium will be established 
by special arguments in a subsequent paper. For the 
moment, we need not estimate the value of A; all we 
need is that a correlation distance A exists (i.e., is 
independent of the volume of the container) for any 
physical fluid. 

There is then a significant qualitative difference 
between real fluids, no matter how weakly the particles 
interact with each other, and ideal, noninteracting 
gases. Real fluids always possess a correlation length A, 
and:two particles in a real fluid are statistically uncor- 
related when they are apart by a distance r>A; ideal 
gases may show long range correlations, and the ideal 
Bose-Einstein gas below its condensation point actually 
does so.’ 

It should be pointed out that the correlation length 
A is a quantity defined in the thermodynamic equi- 
librium state, not a transfer property. It is of course 
well known that the mean free path is of great im- 
portance in transfer phenomena; for example the flow 
of the fluid through a pipe of dimensions large compared 
to the mean free path is qualitatively different from 
the flow through a narrow pipe of diameter less than 
the mean free path (Knudsen regime). We are nol 
concerned with this, but are pointing out qualitative 
differences between a “Knudsen gas” and a normal gas 
in thermodynamic equilibrium. 

The ideal Bose-Einstein gas below its condensation 
point has a nonclassical moment of inertia’; we know 
from experience that most ordinary fluids have the 
classical moment of inertia. The discussion above has 
shown that there exists another property of fluids, the 
correlation length, which distinguishes the ideal Bose- 
Einstein gas below condensation from all other fluids. 
It is reasonable, therefore, to suppose that there is a 
connection between the moment of inertia and the 
correlation length. We shall show in the subsequent 

* A single mean free path may not be enough, since significant 
momentum correlations might be maintained as the result of 
smal] chains of collisions. In principle, the correlation coefficient 
never becomes identically zero; however, the residual correlation 
coefficient at large distances decreases very rapidly with the 
distance (presumably exponentially) and therefore becomes negli- 
gible very quickly. 

7 The dangers of ignoring the infinite correlation length can be 
seen for example in the paper of P. R. Zilsel, Phys. Rev. 92, 1106 
(1953). Zilsel attempts to impose an external condition (prescribed 
value of the total linear momentum P) on a part of the volume of 
a container filled with an ideal Bose-Einstein gas below its 
condensation point. He then obtains results inconsistent with 
Galilean invariance (see Sec. 2 of this paper). The existence of a 
correlation length A in a real Bose-Einstein fluid implies important 
qualitative changes in the nature of the Bose-Einstein conden- 
sation phenomenon itself. However these qualitative changes are 
not of experimental importance provided the correlation length A 


is much larger than the mean distance between particles in the 
fluid 
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mathematical sections that this is indeed the case. To 
be precise, let J be the actual moment of inertia defined 
by (3.9), and let J» be the classical moment of inertia, 
4}NMR°’ for a cylindrical bucket of radius R. We shall 
show that’ 

I =I] 1+order(AS/V) 5.1 


where S is the surface area of the container and V is 


its If the fluid is normal, i.e., possesses a 
definite correlation length A, the correction term can 
arbitrarily small simply by increasing all 
linear dimensions of the container. But in the ideal 
A is of 


the same order as the linear dimensions of the container, 


volume 
be made 
Bose-Einstein gas below its condensation point, 


and the correction term remains important no matter 


how big we make the container. 
In the later application, we shall need a somewhat 
stronger form of (5.1) for the special case that the 


container has the form of a cylinder of radius R and 
height D. We shall show in Appendix A that for such a 


cylinder the height D is unimportant, and hence 
I =I 1+-order(A/R) }. 5.2 


The 


formalisn 


prool 1s relegated to an appendix because the 
li 


near dimensions of the 


container, including the height, are large compared to 


is simpler if all 


he correlation length. 
described continue 


the 


Having our program, we 


correlation length. As soon as the 
Zz 


discussion of 


fluid interact with each other, it is 


he wave functions of the 


particles in the 
impossible to write t actual 


Alias 
fluid 


Thus we can no lor 


as products of single-particle wave functions 
wer talk 


of “occupation numbers” of 


single-particle states, and the free energy of the fluid 


cannot be written as a sum of contributions from 


single-particle states. However, it is still possible to 


define a quantity analogous to a probability of finding 
momentum equal to hk.’ 


a particle at the point r with 


It will be important in our subsequent mathematical 
| 


* This the t. and wi € prove » be ym th 
issu] t irticies have intrinsic spin whict 
r for heli ‘ If the particles do have intrinsic s 
this spin may « tribute to the total angular momentum of t 

t g fluid, as a resuit of spin-orbit coupling. A more detaile 

sideration shows that this contribution is of order w 


xt perhaps ferromagnets; a contmbutior 


he angular momentum is of no importance tor the 





ertia, I 3.8). More important, however, is the fac 
angular mentum contributed by the spins is at 1 
where N is the number of particles. (This value is obtained whe 
spins are lined up parallel to each other.) As the radius of the 
wket is increased, the orbital contribution to the anguiar 
mentum is proportional to VX’, hence for large enough buckets 


tribution is always negligible compared to the orbital 
bution. Since the spins are of no importance for the final 





t, we shall ignore spins from now on 
quantity W (k,.2,) defined in The analogy 
xt perfect because W can assume negative values. However, 


the expectation value of any operator F which is a sum of single 
‘ 


* This is the sec, 6 


, v 
nartic le } « F;, can be expressed in terms of 


s=t 


operators 
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work to use plane waves as our basic set of functions. 
Since the plane wave functions fail to satisfy the 
correct boundary conditions at the walls of the con- 
tainer, an error is made by this procedure, and this 
error is of the order of \..S/V, where X,, is the largest 
de Broglie wavelength of importance in the partition 
function, S is the surface area of the container, and V 
is the volume of the container. This error estimate is 
the ratio of the volume in which the error is made, to 
the total volume. We shall now give arguments to prove 
that A», the maximum de-Broglie wavelength of im- 
portance, is less than the correlation distance A. 

We have mentioned two sources of momentum corre- 
lations in quantum statistical mechanics. One of these 
was the requirement of symmetry or antisymmetry of 
the wave functions. This requirement imposes momen- 
tum correlations of particles within one de Broglie 
wavelength of each other. Thus the correlation distance 
A must be at least as large as the maximum de Broglie 
wavelength of importance, i.e., Aw <A. Of course, the 
correlation distance A may be much larger than this in 
special systems, but this does not concern us here. 

Finally, we return to formula (2.14); since the 
average (pz:*)» is an intensive quantity the correlation 
coefficient (psiPz2)» is seen to be inversely proportional 
to the number of particles in the system. In a fluid 
with correlation length A, this dependence is easily 
understood: when the two particles are farther apart 
than A, their momenta are uncorrelated, and the contri- 
bution to (Pz:Pz2)% Vanishes. Thus the only regions of 
the two-particle configuration space (1,%) which con- 
tribute significantly to (p.ipz2)» are such that | m—f 
<A. The contributing volume is therefore A’V rather 
Pupz2 Ay is 


i.e., inversely proportional to the 


than V*, and the correlation coefficient 
proportional to A*/V, 
volume and hence also inversely proportional to the 
number of particles V, in agreement with (2.14). 
While (2.14 


correlation length, we emphasize that 


understood in terms of the 
(2.14 


when no correlation length can be defined, for example, 
2.14) holds for the ideal Bose-Einstein gas below its 


can be 


holds even 


condensation point. The reason is that correlations, 
even over large distances, between very small momenta 
pi and p: make no effective contribution either to 
Pi*)m OF to (Piped. Since long-range correlations are 
important only for states with long de Broglie wave- 


2.14 


not depend for its validity upon the existence of a 


lengths, and hence with small momenta, does 
finite correlation length, and conversely the validity of 
(2.14) cannot be used to prove the existence of a finite 


correlation length for any particular fluid 


6. AVERAGES OF ONE-PARTICLE AND 
TWO-PARTICLE OPERATORS 


In this section, we develop some general methods 
necessary to carry through the proof of (4.7) in quantum 
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statistical mechanics. These methods are not without 
some interest apart from this particular problem.” 
Let F be a sum of single-particle operators 
N 
F=> F, 


(6.1) 


where each F; acts only on the coordinates of the ith 
particle. We are interested in the expectation value of 
F in thermal equilibrium: 
7 Trace[F exp(—8H)]} 
Tracefexp(—8H) } 

Trace[ F, exp(—8H) } 

V ‘ serectaiteomene 
Trace[_exp(—8H) } 


4 


= (6.2) 


’ 


where the trace is to be taken over all symmetric wave 
functions for Bose-Einstein statistics, over all anti- 
symmetric wave functions for Fermi-Dirac statistics. 

We shall attempt to simplify the evaluation of this 
trace under the assumption that there exists a correlation 
distance A, of the kind discussed in Sec. 5. Let S be the 
surface area of the volume V in which our system is 
enclosed. We define the function G(k,r) by 


G(k,r) =} exp(—ik-r)F; exp(+ik-r) 


+complex conj. (6.3) 


We assert that there exists a real function W(k*) such 
that 
d*r; 
Trace[ FP, exp( _ BH) ] = =f G| kyr, W( k,*) 
k; 


+-terms of order AS/V. (6.4) 


The sum over k; is a sum over plane wave states in the 
volume V; it can often be replaced by an integral over 
k, space. The function W is the same for all operators 
F, and it is therefore in some sense a probability density 
for finding the wave vector k in an interval dk. How- 
ever, W is not necessarily positive. 

The proof of (6.4) proceeds in several stages. First 
of all, we have shown in Sec. 5 that the existence of a 
correlation distance allows us to perform the trace by 
summing over all plane wave functions. 

Next we introduce notation. We let R stand for the 
ordered set of coordinate vectors 


R= (r,,r2,---,tw), (6.5) 
and K for the ordered set of wave vectors 
K= (kiko, _ sky), (6.6) 


*” Similar methods have been used elsewhere: E. P. Wigner, 
Phys. Rev. 44, 31 (1931); J. E. Moyal, Proc. Cambridge Phil. 
Soc. 45, 99 (1949); J. E. Mayer and W. Band, J. Chem. Phys. 
15, 141 (1947); H. S. Green, Proc. Roy. Soc. (London) A194, 
244 (1948); J. Chem. Phys. 19, 955 (1951). Our main interest 
here is in the symmetry properties of the functions W and U 
defined in this section, rather than in an explicit evaluation of 
these functions. 
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and we use the short-hand notation 
exp(iK- R) =exp[i(ki-t+ka- tet >> +ky-ty)). 


Let II be the permutation which replaces 1 by s:, 
2 by se, ---, N by sy. Then the vector R® is defined by 


(6.8) 


(6.7) 


R" _ (T.1,8e2, ir Ten). 


The permutation operator II applied to the plane wave 
exp(iK-R) gives 


Il exp(iK- R) =exp(iK- R"). 


We define en to equal +1 for Bose-Einstein sta- 
tistics, to equal (—1)" for Fermi-Dirac statistics. 
Furthermore, we define the symbol TRACE to mean 
a trace over all states, irrespective of symmetry; the 
symbol Trace refers to a trace over symmetric (Bose- 
Einstein statistics) or antisymmetric (Fermi-Dirac 
statistics) states only. We then get" 


(6.9) 


Trace[ F; exp(—8H) } 
(V7 ¥ en TRACE[F, exp(—8H)I1] 
n 


=}(NV!)" ¥ en TRACE[F, exp(—SH)N 
Il 


+Ilexp(—8H)F,], (6.10) 


where the sum extends over all possible permutations 
II, and the symmetrized form is preferable to exhibit 
manifest reality of the final quantities. 

We now write down the trace in completely explicit 
form. There is a sum over all plane wave states, i.e., 
over all sets of vectors k;, ky, ---, kw. Furthermore, 
there is an integration over 3N dimensional configura- 
tion space to obtain the diagonal matrix elements for 
the trace. Thus we get, using the Hermitean properties 
of F;, H, and I 
Trace[ F, exp(—8H)J=4(N)" DS en | 

ll K 


dy 
y*% 


x {LF : exp(iK- R) }* exp(—8H) exp(iK- R®) 


+[exp(—8H) exp(iK-R") }*F, exp(iK-R)}. (6.11) 
We define the function G;(ky,r;) by the relation 
G, (kyr) = exp(—iK-R)F;, exp(iK- R) 
=exp(—ik,-1)F; exp(tk,-1,). (6.12) 


The second form follows because the operator F; acts 
upon the coordinates of particle 1 only, by assumption. 
We then get 


Tracef F; exp(—6H)J=4(N)" 3 en rf 
fl Kw 


d’*r 
~ 
 [G:* (k,n) exp(—iK- R) exp(—6H) 


= ome x exp(iK-R")+compl. conj. }. 
4B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). 


(6.13) 
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We now observe that the integrations over fo, fs, 
-, fw do not involve the function G; at all. The 

same holds true of the sums over kz, k:, ---, kw, and 

of the sum over permutations II. Thus all these oper- 
ations can be performed once and for all, independently 

of the form of Gy, i.c., independently of the operator F; 

We define a function W (k,,r;) by 


pda: + Bry 
i k J N fp a €r » BP f 
n k2-- ky yr-1 


iK- R) exp(—8H) exp(+iK-R") 


This is a definite function of k,; and 1, nol a formal 
quantity which still involves operators acting on 13. 
For exp(—8H) exp(iK-R" 
the variables ry, fro, ‘+, ry, and this is multiplied by 
exp(—iK-R) and integrated over rm, ---, ry, thereby 
yielding a definite function of r;. W(k,,1;) is very hard 


to evaluate explicitly; but we shall not need to do so 


xX exp 6.14) 


is a definite function of 


in this paper 
We also observe that we have not replaced sums over 
wave vectors k by integrals over a continuous k-space 


when the particles in the system can form bound states, 


that th 1 


well known that this procedure leads to difficulties 
and results in an incorrect omission of the contributions 
of the bound states to the trace. But as long as we keep 


to sums over discrete wave vectors k, we are summing 


over a complete set of functions, and no states are 
omitted 
With this definition, we get 
a’yv 
Pracel F; exp 3H =f Gi* (kyr) W (kyr 
k J 
+ W* (ky Gy (kyr)) 6.15 


We 
involved in neglecting terms of order AS 
W(ky,r;) is depends on k, only 
tl rough k 


now proceed to show that, to the approximation 
V, the function 
independent of ry, 
» and is real 

To show this, we observe that the existence of the 
correlation distance A allows us, in the calculation of W, 
(6.14), to replace the true volume first of all by a cube 
of the same total volume, and then to replace the correct 
conditions at the surfaces of the cube by the 
Both 


operations introduce errors of order AS/V, and are 


boundary 
condition of periodicity of all wave functions 


therefore allowed to us 

We now show that W (k,,r,) is independent of r, in the 
periodicity cube, provided only that the Hamiltonian 
operator H is invariant under all translations.” Let us 


? For our later use of these theorems, this condition is stronger 
than necessary, and is not always satisfied. For example, the 
Hamiltonian of water in a bucket under the action of gravity is 
not invariant under translations parallel to the force of gravity 


We shall need only invariance under translations perpendicular 
to the axis of rotation of the bucket, and hence can allow W (k;.r 
to depend upon 2, but not The modifications of 
the proof introduced by the possibility of these weaker conditions 
are rather trivial, and we shall indicate them in the Appendix 
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consider the function W (k,, r:+a) where a is a constant 
vector. In the definition (6.14) of W, we introduce new 
variables of integration: r2’=r2—a, fr; =f3—Aa, 
ry’=ry—a. Since we have imposed periodic boundary 
conditions, we do not need to change the limits of 
integration. The function exp(—iK- R) is then changed 
into 


exp| —i > k;-a] exp(—iK-R), 
and the function exp(+iK-R®") is changed into 
exp] +i > kj-a] exp(+iK-R®"). 


The additional factors are just constants as far as the 
integrations over rf», f3, ---, fy are concerned, and also 
as far as the operator exp(—8H) is concerned. Thus 
these factors cancel, and we conclude that W(k,,r:) is 
independent of r;. Furthermore, W is a scalar function 
of the vector k, only (it is independent of r;), and this 
means it must be a function of k,’ only.” 

Finally, we observe that an additional integration of 
6.14) over r; makes the integral in (6.14) into an 
integration over the full 3.V-dimensional configuration 
space. We conclude from the Hermitian property of 
the operator exp(—@H) and of the operator }on enIl 


that 
fesiv ky.1r;) fo 


Since W is independent of 7;, we conclude that W is a 
real function of k,?. This finishes the proof of the 
statements made in connection with Eq. (6.4). 

We now turn to expectation values of operators 


W* (kr 6.16) 


involving the coordinates of two particles. Let F be an 
operator of type 


F= > F 


~ 


(6.17) 


t,j=l 
ij 


where F,; involves the coordinates of particles i and 7 
only. We have 
Trace[ F exp(—8H) | 

N(N—1) Trac ef Fi: exp( — 8H) }. (6.18) 


4 The this is so 
trivial it needs no the proof is incorrect since the first 
he replacement of the actual volume by a cube of the 
same volume content, already assumed that W was independent 
of r:, ie., we have assumed at the start what we tried to prove. 
Objection (a) can be countered by observing that it is not obvious 
a priori that W(k,,r;) might not be complex with a phase factor 
exp (ik; r:); this has been excluded by our proof. Objection (b) 
is incorrect : the correlation distance A assures us that W (ky,r;) is 
a “local” property, 1.e., W depends only on conditions within a 
neighborhood of size A around the point r;; but a local property 
need not be independent of the locality. The replacement of the 
actual volume by a cube is possible because W is a local property, 
and does sof presume that W is independent of position. 


reader may object on one of two grounds: (a 
proof: (b 


step, i.e., 
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We define the function G(k;,ko,r:,r:) by an equation 

analogous to (6.12): 

G(k,,ke,r1,r2) = exp(—iK- R)F i: exp(iK- R) 
=exp{ —i(k,-1+ke- re Fiz 

: Xexp[+i(ki-r:+ke-r2)], (6.19) 


and a function U (k),ke,r,r2) by an equation analogous 
to (6.14): 


U (ky,ko,41,12) ‘ 
d*7 34°74: - 


=(N!)" > en 2. = 
Il 


ks, ky KN ys 


-d rx 


Xexp(—iK- R) exp(—8H) exp(+iK-R"®). (6.20) 
Comparison of (6.14) and (6.20) gives the relation 


a 


Xe 
W (ky,4r;) ef U (ky ke,r;,re). (6.21) 
Vy 


k2 


By writing down the trace in (6.18) explicitly, we see 
that 


Trace F 2 exp(—8H) 
d®r,d*r2 
pe (Gt*U+U*G). 


“ey ke i 


(6.22) 


We now establish certain properties of the function 
U which we shall need in the next section. First of all, 
the definition of U, (6.20), together with the assumption 
of a correlation distance A independent of the volume 
of the container, allows us to assert that U is invariant 
under translations of r,; and ry simultaneously. The 
detailed argument is exactly the same as for W and 
needs no repetition. Next, by our fundamental assump- 
tion of a correlation distance A, U becomes separable 
if the distance |r,;—r» That is 


U (ky ke,r,,12) W (hk) Wk for 


exceeds A 


m—fre| >A. (6.23 


The fact that the factors are just W(k,’) follows from 
separability together with Eq. (6.21). From the trans- 
lation symmetry we conclude that 


U (ky ke.r),12) = U (ky, ke,t12) 


[except near the boundaries]. (6.24) 


When r; and r, are well separated, (6.23) applies and 
U is real since W is real. When /r;.! is of order A or 
smaller, U’ need not be real. However, U has additional 
symmetries as a result of being a “local” property: U 
is invariant under rotations of the set of vectors 
k,, ke, r12 simultaneously, and it is also invariant under 
the inversion operation: 


U (—k,,— ke, — 12) = U (ky ke, ri). (6.25 


This finishes our general analysis of expectation 
values of one- and two-particle operators. A word of 
caution is perhaps in order. The theorems may look 
more impressive than they really are. For most practical 
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problems we need to know the temperature dependence 
of physical quantities in thermal equilibrium. This 
temperature dependence is contained in the functions 
W and U, and the symmetry properties of W and U 
give absolutely no clue to the temperature dependence 
of either. However, for our special purpose these 
symmetry properties are enough: we wish to prove a 
theorem true at all temperatures [Eq. (1.2)], and 
hence the proof need not involve the temperature 
explicitly. 


7. MOMENT OF INERTIA IN QUANTUM 
STATISTICAL MECHANICS 

Since the classical proof given in Sec. 4 is based upon 
a generalization of the equipartition theorem, and the 
equipartition theorem fails to hold in quantum sta- 
tistical mechanics, our method of proof must be altered. 
We shall establish the following relation between the 
average value of L? and the mean square total linear 
momentum (in the x-direction, say) : 


(DL?) y= ((x+ yy") ww PP?) ny 


<[1+terms of order(AS/V)}. (7.1) 


The additional terms are not evaluated but tend to 
zero as the volume is made infinitely large in such a 
way that the ratio of surface area to volume becomes 
vanishingly small." The proof depends upon the ‘“‘cor- 
relation distance” A introduced in Sec. 5, and the surface 
terms are of relative order AS/V where S is the surface 
area and V is the volume. 

Once relation (7.1) is established, the result we want 
follows from (2.11), i.e., from the equipartition theorem 
for the center-of-gravity motion; this latter has been 
shown to hold in quantum statistical mechanics as 
well as in classical statistical mechanics. 

Let us therefore proceed to prove (7.1). We write 


l= poi/h= —i(x,0/dy,— y,0/0x,), (7.2) 
and we use the permutation symmetry in order to write 
Trace(L%e-84) = Nh® Trace(1,e°8*) 
+-N(N—1)h? Trace(ilge"). (7.3) 
The traces are understood to be over all symmetric 
wave functions for Bose-Einstein statistics, over all 
antisymmetric wave functions for Fermi-Dirac sta- 
tistics. We now use the results of the preceding section. 
We have from (6.4): 


Trace[ 1, exp{—8H) } 


2 d*r; 
:> ~G (k;,1,) W (ky*)+ terms of order AS/V 
ki 


a'r, 
xf (xP hy + yPke— 2xyikaskys)W (Ry) 
k V 
eee +order AS/V, (7.4) 
4 We should note that this condition excludes the possibility of 


making a cylindrical volume infinitely large by increasing the 
height of the cylinder without increasing its radius. 
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where the second line follows from the definition (6.3 over k vectors, and get zero: 
of the function G. We introduce the notations 


pyiky2U (Ki,ke,r1,8e 


~(F ky W (ke 


We now introduce, in (7.11), the difference vector 
fo—r; as a variable of integration. Because of 
large values of r;. make no contribution, hence 
uverages, not averages over canonical ensembles. The we can extend the integration over the variable r;. over 
geometrical averages arise because W is independent 4 yo V 


of position. Wit! 


It should be noted that these averages are geometrical 


centered at rj2=0 (at r;=4r2), rather than 

correct volume (which depends on 1); this 

procedure is correct except within a distance A of the 

Prace| fi’ ex , ills, and hence the error made is of order AS/V. We 
is write for the quantity A, (7.11 


U (ky, ke,112) 7.13) 


We assert that the second term in the parenthesis 
gives zero upon integration. This follows from the 
inversion symmetry of U, Eq ; for consider the 
contribution made by k;, ‘ rio: the factor xy. 

anges sign, the factor k,,ky2 is unchanged, and so is 

he integral over 7:2 and the sums over k, 


cellation of terms. 


nar 


roo! 


7.14 
is a result of rotational invariance 
tion carried out on the second term 
» same as (7.14) but with (2°), replaced 
two terms of (7.10) make no contri- 

the third term of (7.10). We first 
the real nart of / ntributes ; S 
the real part of U contribu ~ ; ace X1V2 v,y; and use the inversion symmetry of 
4.10); 11 ntribt n : : < 


is already real, Ex 


Consider now the first term of ,; : 
onmder nO correction vanishes. Next we use 


y in order to write 


>. neon ool (ky keri 


k, ker 


In order to simplify this expression, we first use the ay 
separability property (6.23). Consider values of r, and 


" y kos Ri rkeol (ky, Ko,rrs). 
r, such that /r;—r.|>A; we then perform the sum V 
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To show that this is zero, we perform a simultaneous 
rotation of the vectors k;, ks, and ry’ around the 
x-direction, through 180 degrees. The factor ky; changes 
sign, the factor kz. is unchanged, and U is also un- 
changed. Since the operation “sum over kj, k: and 
integrate over rf.” is invariant under such a rotation 
of dummy variables, we conclude that the result 
vanishes. 

Thus we finally have, up to terms of relative order 
AS/V, 
N(N—1)#? Trace[l,/, exp(—8H) ]=N(N—1) 


(7.15) 


X((2°+-y*))w Trace! psipe2 exp(—8H) }. 


Combining (7.3), (7.9), and (7.15), we obtain the 
desired result (7.1). This concludes our proof. 

It should be noted that the proof given here applies 
to systems composed of identical particles. The exten- 
sion to systems containing particles of several types is 
trivial and we shall not give it here. The crucial condi- 
tion is the existence of a correlation length A which is 
independent of the volume of the container. The 
identity of the particles and the type of statistics 
obeyed by the particles is unessential ; assuming parti- 
cles of one kind only simplifies the mechanics of writing 
down the proof, and this is why we made this assump- 
tion. 

8. CONCLUSION 


We have now shown that the moment of inertia of a 
system in thermal equilibrium is equal to the usually 
computed quantity, both in classical statistical me- 
chanics and in quantum statistical mechanics. There 
is, however, a the 
conditions of applicability of the two proofs. The 


considerable difference between 
classical proof is applicable to an arbitrary system in 
thermal equilibrium, with the only proviso being that 
the rotating motion must allow thermal equilibrium 
also, i.e., that the potential energy V of the system 
(excluding wall forces) is invariant under rotations 
about the axis which is being used as an axis of rotation. 

The quantum mechanical proof, on the other hand, 
‘correlation 


depended crucially upon the existence of a ‘ 
distance” A between particles with correlated momen- 
tum vectors. The reader may feel that this restriction 
is not essential, and is merely necessary for our partic- 
ular proof. This is not so: there exists a system (the 
ideal Bose-Einstein gas below its condensation point) 
for which the moment of inertia J, defined by (3.9), is 
not equal to the usual value (1.2).° The ideal Bose- 
Einstein gas below the condensation point is character- 
ized by a correlation distance equal to the linear 
dimensions of the This because a 
macroscopic number of particles are condensed into a 
state with wavelength equal to the dimensions of the 


container. is so 


container. Thus not only have we proved the theorem 
about the moment of inertia for finite A, but we can 
also produce a counter-example to show that no similar 
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proof is possible if A can become infinite (i.e., as large 
as the container). 

There are peculiar systems other than the ideal 
Bose-Einstein gas in which the correlation distance A 
is comparable to the linear dimensions of the container. 
For example, consider a pipe in the shape of a torus, 
filled with water, and assume that the water is flowing 
steadily in a clockwise direction. Then the momenta 
of particles in different parts of the pipe are correlated 
by the drift motion, and A is as large as the linear 
dimensions of the torus. Such a system is excluded for 
our purposes by the fact that it is not in thermal 
equilibrium if the walls of the pipe are at rest. We 
recall that the definition (3.9) of the moment of inertia 
involves averages over the thermal equilibrium distri- 
bution in a container at rest. 

However, there are also some equilibrium systems 
with large correlation distances. For example, consider 
a container partially filled with water, in the complete 
absence of a gravitational field. This is a two-phase 
system, consisting of water and water vapor. Let us 
assume that the walls of the container are perfectly 
reflecting, so that the water does not adhere to the 
walls. In thermal equilibrium we then have one very 
large ball of water, with volume proportional to the 
volume of the container,'* and this ball of water executes 
Brownian motion inside the container. This Brownian 
motion has a kinetic energy equal to 3k7/2, and thus 
becomes slower and slower as the size of the system is 
increased. Nevertheless, there is then a correlation 
between momenta of particles anywhere within the 
ball of water, and the radius of the ball is proportional 
to the linear dimensions of the container. It is clear, 
also, that this system has very peculiar properties 
when it is set into rotation. Already at very low rota- 
tional velocities, the water ball breaks up and a sheath 
of water forms next to the walls, as a consequence of 
the centrifugal force. We have neglected the centrifugal 
force throughout (since we have always restricted 
ourselves to terms of order w, and have ignored terms 
of order w*), and thus our whole analysis becomes 
unphysical for this case. 

This is a fairly general property of many-phase 
systems in which the different phases can be separated 
in space by the centrifugal force. However we are 
primarily interested in applying our theorem to liquid 
helium, which is a single-phase system in which such 
things cannot happen. 

These exceptional systems show that one must be 
careful to establish, in any particular case, that the 
conditions of validity of our theorem are satisfied. That 
is, one must show that a finite correlation distance A, 
independent of the volume of the container, does indeed 
exist. We shall do so for liquid helium, and we shall 
discuss the consequences of this theorem for the theory 


* It is understood, of course, that the number of particles N 
is increased whenever the volume is increased, in such a way 
that the number density V/V stays constant 
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of liquid helium, in the following paper. Our theorem 
also has some interesting applications for the theory of 
superconductivity, and these will be discussed sepa- 
rately 
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far we have assumed th: 


> large 


, re Spe 


Howeve r 


W(K.R)=[] vik. 


ordered ensemble 


and R Lhe 


In order to 


betore 
the projections ot all 
We shall use 
symbol fr, is the proj 

vector fy 
write (A.3 


Gothic lett 


three dimensi ynal 


T,,V1,0 


AND SCHAFROTH 

We arrive at Eq. (6.11) just as before, but with 
exp(iK-R) replaced by W¥(K,R). At this stage, we 
restrict outselves to operators F; which do not act on 
the coordinate z, at all. We can therefore write 


*W(K,R)=T] sin(2,.2,) Fi exp(ti&-®R 


¥(K,R) exp(—ifi-t,)F: exp(ifi-t;) 
¥(K,R)G,(f,,t)). (A.5) 


A.5 


defined by 


The function G,; introduced by is the analog 
of the three-dimensional G,(ky,r; 6.12). 
With this definition of G;, (6.13) is again correct (with 
the obvious replacement of exp(iK-R) by ¥(K,R) 
throughout). But in order to get a useful form, we now 
perform not only all the sums and integrations indicated 
in (6.14), but also a sum over ,,; and an integral over 
z;. The 
(6.14) is 


dz Pre: --d ry 
W(f,,r ee > eee f f 
0 ket ke x D yr-1 


v*(K,R) exp(—3)¥(K,R") 


two-dimensional analog of the function W, 


A.6) 


6.15) is then replaced by 


W (£,,t1) 


+G1(f,,0:)W*(f,,:) ]. (A.7) 
The subsequent proof that W fr, is invariant 
f the two-dimensional vector f, 

nly through f,?=.;°+,,’, and is real, 

The function G(f,,t;) 
of G,(f,,t; 
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is replaced by 
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nvariance yd , and inversion 
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also rotation invariance under joint rotations of f,, f:, 
and fy. about the z-direction. However, one invariance 
property is no longer possible we make a 
180 degrees around the x-axis. Such a 


cannot 
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rotation leaves x-components invariant, and changes y- 
and z-components into their negatives. Since s-compo- 
nents are involved, there is no direct two-dimensional 
analog. However, we did not really need the change of 
sign of z-components for the proof. The two-dimensional 
symmetry operation which is needed is a mirroring in 
the x-z plane, which leaves x-components invariant, 
and changes y-components into their negatives. The 
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two-dimensional U-function, U(f,,0:,ti2), is invariant 
under this mirror operation. 

From hereon the proof given in Sec. 7 goes through 
without change (except for the replacement of the 180 
degree rotation about x by the mirroring operation). 
We thus obtain the desired result (A.1), in which the 
height of the cylinder does not enter into the estimate 
of error. 
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We show that the result of the preceding paper is directly applicable to liquid helium, i.e. 


, ho superfluid 


state can exist in liquid helium under conditions of thermodynamic equilibrium. The observed superfluid 
properties of liquid helium must therefore be due to a nonequilibrium (metastable) superfluid state. Previous 
theoretical arguments for equilibrium superfluidity are examined, and an experimental test of nonequi- 


librium superfluidity is suggested. 


1. INTRODUCTION 


IQUID helium below the A point has superfluid 

properties, and many widely different theories 
have been advanced to account for this behavior. There 
is practically universal agreement in the theoretical 
literature, however, that the superfluid state of liquid 
helium is a state of thermal equilibrium.' The position 
is stated very clearly by Zilsel*: “The superflow is truly 
reversible; it is maintained not by the absence of colli- 
sions, but is the thermo- 
dynamic equilibrium state established by the colli- 
sions.” Or, as Landau’ puts it: “It is most essential that 


under the given conditions 


there is no friction between these two liquids moving 


through each other. ... We get this relative motion 


when considering the statistical equilibrium in a uni- 
formly rotating vessel. But if there can be some sort of 
relative motion in the state of statistical equilibrium, it 
means that it cannot be accompanied by friction.” 
London‘ remarks that this point is still open to question 
as far as experimental confirmation is concerned, but 


* Also supported by the Nuclear Research Foundation within 
the University of Sydney 

1 The nearest we could find to the contrary is in a paper by 
N. F. Mott, Phil. Mag. 40, 61 (1949). Mott first reviews argu- 
ments for an energy gap between the ground state and all excited 
states of an interacting Bose-Einstein gas, and then goes on to 
discuss superfluidity in terms of a metastable state. However, if 
there really were an energy gap, the superfluid state would be 
thermodynamically stable. Thus Mott’s discussion of the rotating 
toroid is inconsistent with his earlier arguments for an energy gap 

2P. R. Zilsel, Phys. Rev. 92, 1106 (1953) 

*L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941) 

‘F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1954), Vol. 2 


considers the evidence for truly reversible (i.e., equi- 
librium) superflow extremely strong. 

We have shown’ that the ideal Bose-Einstein gas 
below its transition point does indeed have a peculiar 
relationship between the thermal equilibrium value 
L(w) of the angular momentum and the angular ve- 
locity w of the container. In particular, the moment of 
inertia J, defined by 


T=lim(aL Ow) 


ee 


(1.1) 


is less than the classical value, in spite of the fact that 
the system is in thermal equilibrium. However, a more 
detailed discussion showed* that the system would 
appear to be “‘infrafluid” in actual experiments, because 
the experiments average over rather wide ranges of the 
angular velocity w. It was proposed that the weakly 
interacting Bose-Einstein gas might serve as a model 
of a nonequilibrium superfluid, that is, under certain 
reasonable assumptions about collision cross sections, 
the superfluid state would be metastable with a life- 
time longer than the times used in the relevant experi- 
ments. This idea has been elaborated since by Klemens.° 

The investigation of the behavior of the ideal Bose- 
Einstein gas suggested strongly that the superfluid 
state of liquid helium is not an equilibrium state, that 
it is maintained by the absence (or rather, the scarcity) 
of collisions, rather than being the thermodynami 
equilibrium state established by the collisions, How 


5 J. M. Blatt and S. T. Butler, this issue [Phys. Rev. 100, 476 
(1955) ]. See also Phys. Rev. 96, 1149 (1954) 
* P. G. Klemens (to be published 
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ever, this is no proof for actual liquid helium, which is 
very far from being an ideal Bose-Einstein gas. After 
some attempts to estimate relaxation times for actual 
actual helium,’ we decided upon the opposite course of 
proving that the equilibrium state must have a normal 
moment of inertia. Assuming this has been proved, the 
logic is: since the equilibrium state has the normal 
liquid helium shows an 
of inertia, the super- 
an equilibrium 

general proof 


moment of inertia, and since 
superfluid) moment 
of liquid } 
state. The preceding paper* 
that a physical fluid inside a rotating bucket of radius 
R in thermal equilibrium has the classical relation 
and velocity, 


abnormal 
fluid state 


elium cannot be 


contains a 


between angular momentum angular 
provided that R is very much larger than a length 
characteristic of the fluid, the so-called “correlation 
The abnormal moment of inertia of the ideal 
not in contradiction to this 
ideal Bose- 


with an in 


length’ 
sose-Einstein gas is 
theorem, but 
Einstein gas is an unphy 


merely indicates that the 


rsical abstraction, 
oth 


finite correlation length. 


rhis paper contains the application of the rotating 


bucket first we derive an 


theorem to liquid helium; 


ipper limit for the correlation length A in liquid helium 


from experiments on second sound; we next sh 


some experiments act performed on liquid hel 
measuring the 
rotating 
than the dimensions 


are essentially equivalent to angular 


momentum of the liquid inside a bucket; 


finally the upper limit on A is less 
can therefore apply the 


and conclude that the super 
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If one 
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Our proof that the superfluid state is metastable is 


not a complete theory of superfluidity; but it is the 


first necessary step in such a theory, since it shows what 


one must look for. The second step is a thorough under 


starting from first principles, of the thermo 


standing, 


dynamic (equilibrium) properties of liquid helium. Thi 


carried through successfully by 
will be published 


second step has been 


is, and soon. The third step, 1.e 


the construction of a kinetic theory of the superfluid 


properties of liquid helium, 


j les 
is likely to take consider 
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able time, since at present no general theory of 
nonequilibrium processes exists which could be applied 
directly to a system as complicated as actual liquid 
helium. 


2. CORRELATION LENGTH OF LIQUID HELIUM 


In his fundamental paper, Landau’® was the first to 
discuss the thermal equilibrium of liquid helium inside 
a rotating container. He predicted that the angular 
momentum L, though proportional to the angular 
velocity w, would be less than expected classically. 
The derivative 0L,/dw is the moment of inertia of the 

fluid. If the fluid splits into two components, a “super- 
fui 1” which remains stationary and a “normal fluid” 
which rotates along with the container, the ratio J/I» 
between the observed moment of inertia and the classi- 
cally expected value is equal to the concentration of 
normal fluid: 


pxr/p=1/Io, (2.1) 


where p, is the density of the normal fluid component, 
and p is the total density of liquid helium. Equation 
(2.1) may be considered the definition of p,/p 

We have shown® that the thermal equilibrium mo- 
ment of inertia J of any physical fluid in a cylinder of 
radius R is given by 


I=1f 


(2.2) 


1+order (A/R) | 


is the classical moment of inertia, and A is a 
fluid, the ‘“‘correlation 


where J 
length characteristic of the 
length.” 

The correlation length A is defined in terms of the 
correlation between momenta p; and p, of two different 
as a function of their distance rj. 
Two atoms which are close together have highly cor- 
related momenta, the correlation being due, for example, 
ty of collisions between them, or of chains 
of collisions in which our two atoms are the first and 
last links, respectively. On the other hand, when two 
atoms are separated by a sufficiently large distance, we 
expect that their momenta p; and p» are essentially 
uncorrelated, i.e., the correlation function decreases 
rapidly once 7,2 exceeds some minimum distance A. 
e is the correlation length. 
tempted to argue from first principles 


atoms of the fluid, 


} 


to the possibili 


This distanc 
One may be 


interacting Bose-Einstein gas and actual liquid helium found by 
Klemens, reference 6, was thus probably somewhat accidental 
Ihe mean free path 1 Klemens is of the order of 10-* 
cm, which is less than the average spacing between helium atoms. 
Thus the ap proxit nation of weak interactions is inconsistent in 
this model. We believe that a more detailed theory of the kinetic 
properties of liquid helium may well turn out to reduce to an 
equivalent teracting Bose-Einstein gas; however, it is 
very likely that the equivalent gas has a different relation between 
and momentum than E= p?/2M and has peculiar collision__ 
for example, might depend on the energy 
of the relative between the particle considered and the 
mean motion of the fluid, rather than merely on the relative 
velocity of the two colliding particles). Until these matters are 
better understood, it is hard to say to what extent the partial 
agreement between the simpleminded weakly interacting Bose 
Einstein gas model* and experiment is significant 
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that atoms of helium are bound to collide with each 
other so frequently, and with such a short mean free 
path, that the correlation length is necessarily of the 
order of interatomic distance, i.e., of the order of 10~? 
cm. Such an argument, while presumably correct for 
ordinary liquids, ignores the fact that liquid helium is 
known to be peculiar in other ways; hence the argument 
fails to carry conviction, and we even believe it to be 
wrong objectively; i.e., we suspect that the actual 
correlation length in liquid helium is appreciably larger 
than the mean interatomic distance." The source of 
this long-range correlation is presumably connected 
with the Bose-Einstein statistics. 

Rather, we must base our argument upon some 
property characteristic of superfluid liquid helium. We 
shall choose second sound for this purpose. As is well 
known?” second sound is a “temperature wave” in 
which the total density p of the fluid does not vary 
appreciably from point to point. The densities p, of 
the normal and p, of the superfluid vary periodically in 
such a way that the total density 


p=PatDs (2.3) 


remains constant. Furthermore, with each fluid com- 
ponent is associated a velocity field, v, and v, for the 
normal and superfluid, respectively. These velocities 
also vary periodically in space and time, in such a way 
that the net mass motion vanishes: 


PaVantpsV.=0. (2.4) 


Second sound was predicted by Landau® and Tisza® 
independently ; the observed properties of second sound 
(sound velocity as function of the temperature, thermal 
Rayleigh disk experiments, etc.) leave no doubt that 
the mathematical expressions used by the two-fluid 
theory represent the data quite accurately, that the 
division into two fluids is reasonable, and that in par- 
ticular Eqs. (2.3) and (2.4) hold in a good approxima- 
tion. Of course, the experiments on second sound cannot 
decide whether the division into normal and superfluid 
flow is possible in complete thermodynamic equilibrium, 
or only in a state of “hindered” equilibrium, i.e., a 
metastable state of lifetime long compared to the 
period of the second sound. 

It may appear doubtful to use a nonequilibrium 


phenomenon, such as second sound, in order to put an 
upper limit on an equilibrium quantity such as the 
correlation length A. However, it is well known that the 
usual two-fluid theory of liquid helium describes second 
sound motion in terms of thermodynamic quantities 
(such as the entropy and the specific heat of the liquid) 


" Otherwise it would be difficult to understand why the sharp 
thermodynamic phase transition of the idea] Bose-Einstein gas is 
not washed out altogether in actual liquid helium; experimentally, 
the phase transition at the \ point is perfectly sharp 

2 J. G. Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 
(1954) 

“LL. Tisza, Compt. rend. 206, 
radium 1, 165, 350 (1940 


1035, 1186 (1938); J. phys 
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and arrives at an experimentally correct relation for the 
velocity of second sound. That is, the usual two-fluid 
theory assumes that thermodynamic equilibrium is 
established within volumes small compared to A*, where 
is the wavelength of second sound. A similar assump- 
tion is commonly made for the description of ordinary 
sound as well. Since the two-fluid theory works well 
for actual second sound, we can use second sound to 
infer properties of the state of thermodynamic equi- 
librium. This is true even if the local equilibrium 
established in second sound motion is not a full 
thermodynamic equilibrium, but rather a “hindered” 
equilibrium. 

Equation (2.4) shows that the superfluid component 
is not merely a passive substrate in second sound, but 
plays an active role. The equation makes sense only if 
it is possible to define a /ocal supertluid velocity », 
which varies in space and time so as to satisfy (2.4). 
“Local” here means over volumes of the fluid small 
compared to \*, where A is the wavelength of second 
sound. Since the superfluid component is actively 
involved in second sound propagation, an estimate of 
the correlation length A based on second sound is 
permissible. 

We now use the observed properties of second sound, 
in particular the absence of dispersion in second sound 
propagation, to put an upper limit on the correlation 
length. We shall establish that dispersion of second 
sound (i.e., a nonlinear relation between frequency and 
wavelength) must be expected as soon as the wavelength 
of second sound becomes smaller than the correlation 
length A. For particles which are closer together than 
A have strongly correlated momenta, so that a change 
in the mean momentum of one of them automatically 
entails a change in the mean momentum of the second 
one. This statistical coupling between separated par- 
ticles makes the equations for sound propagation non- 
local (integral rather than differential equations) and 
dependent on detailed statistical correlations (rather 
than merely local thermodynamic quantities) as soon 
as the wavelength becomes comparable to, or smaller 
than, the correlation length. Such effects are well- 
known in ordinary sound propagation when the wave- 
length of the sound wave becomes comparable to the 
mean free path of atoms in the gas.'® For wavelengths 
much smaller than the correlation length the statistical 
correlations tend to “stiffen” the superfluid, and hence 
lead to strong dispersion of second sound. No such 
effects have been observed at temperatures above 0.4°K. 
We therefore conclude that the correlation length A in 


“ This incidentally shows immediately that the extreme ideal 
Bose-Einstein gas picture is not a possible model for actual liquid 
helium ; in the ideal Bose-Einstein gas model the superfluid com- 
ponent is identified with the condensed phase, ie., with the par- 
ticles in the ground state. The ground state wave function has a 
de Broglie wavelength comparable to the linear dimensions of the 
container, so that a local superfluid density or superfluid velocity 
does not exist. 

fod. Bergmann, Ultrasonics (G. Bell and Sons, Ltd., London; 
). 
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liquid helium is appreciably smaller than the smallest 
wavelength of second sound used in the experiments.” 
This upper limit on A is at present about 10~* cm. It 
would be highly interesting to push the measurements 
to higher frequencies; presumably dispersion of second 
sound should become important at wavelengths of the 
order of 10° to 10~° 
order of magnitude for the correlation length. 


cm, which would be a reasonable 


3. PROOF OF NONEQUILIBRIUM SUPERFLUIDITY 


We recall that Landau’ predicted an abnormally low 
value of the moment of inertia of liquid helium in a 
rotating bucket. After the war, Andronikashvili'® set 
out to test Landau’s prediction experimentally. An- 
dronikashvili’s experimental] setup was designed to be as 
close as practicable to Landau’s rotating bucket. It 
consisted of a pile of closely spaced aluminum disks 
hung in a bath of liquid helium from a torsion fiber. 
The period of oscillation of the pile of disks depended 
on the elastic constant of the torsion fiber and on the 
effective moment of inertia of the system of disks plus 
attached fluid. The spacings between the disks were 
small enough so that a fluid with the viscosity of liquid 
helium above the A point would be completely carried 
along with the disks (at the periods of oscillation em- 
ployed), and the disks were light enough so that the 
moment of inertia of this dragged along fluid was a 
measurable fraction of the total moment of inertia. 
There were of course edge effects arising from the con- 
tinuous transition between the rotation of the fluid in 
between the disks and the resting fiuid outside. An- 
dronikashvili showed that these edge effects were only 
small corrections, and was therefore able to infer the 
moment of inertia of the fluid between the disks from 
his measurements. In accordance with Landau’s pre- 
diction, this moment of inertia J turned out to be 
smaller than the classical value Jo, the ratio between 
them depending on temperature; as the temperature 
was lowered, more and more of the helium became 
superfluid, and eventually the concentration of normal 
fluid became so low that the moment of inertia of the 
dragged along fluid was immeasurably small compared 
to the moment of inertia of the pile of disks. In the 
region where the ratio (2.1) could be measured, the 
results were in excellent agreement with the normal 
fluid concentration inferred from measurements of the 
velocity of second sound 

Andronikashvili’s experiment was designed from the 
start to be as close as possible to the idealized “rotating 
bucket” experiment of Landau; the latter consists in 
setting a bucket filled with liquid helium in steady rota- 
tion, in a slow, isothermal manner, so that thermal! 
equilibrium is maintained throughout the process, and 
measuring the torque necessary to bring about the 
final state. The time integral of the torque is the angular 
momentum of the final state, and the ratio of the angu- 


* FE. L. Andronikashvili J Phys. (U.S.S.R.) 10, 201 (1946 
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lar momentum to the final angular velocity is the 
equilibrium moment of inertia. There is little doubt 
that Andronikashvili’s pile of disks is equivalent to a 
set of very flat cylindrical containers, and that the 
height of the cylindrical “bucket” is of no great 
consequence, except insofar as it determines the time 
required before a normal fluid gets dragged along com- 
pletely. The question is purely whether complete 
thermal equilibrium was attained. If we were to in- 
terpret Andronikashvili’s result in terms of the Landau 
(or any other equilibrium) theory of superfluidity, we 
would say that thermal equilibrium was indeed es- 
tablished, and the superfluid did not move with the 
set of disks because the collisions which establish ther- 
mal equilibrium and maintain it act in such a way as to 
prevent the superfluid component from acquiring a 
vortex motion, i.e., 

curlv,=0 (3.1) 


in thermal equilibrium. 

However, we are now in a position to prove that this 
interpretation is incorrect. The radius of the disks used 
by Andronikashvili was 1.72 cm, and we know from 
Sec. 2 that the correlation length A of liquid helium is 
less than 10-* cm. The moment of inertia J of the liquid 
in thermal equilibrium is given by Eq. (2.2). Hence, if 
thermal equilibrium had been established in Androni- 
kashvili’s experiment, his measured moment of inertia 
would have had to be within one percent of the classical 
value Jo. The fact that Andronikashvili found an ap- 
parent moment of inertia J appreciably less than J» thus 
proves that thermal equilibrium was nof attained in 
his experiment, in spite of the fact that no frictional 
effects could be seen at the speeds used by him. The 
division of liquid helium into normal and superfluid 
according to (2.3) is therefore not possible in thermal 
equilibrium, but refers to a nonequilibrium state. 


4. DISCUSSION OF OTHER THEORIES 


Having proved that the superfluid state cannot be 
thermodynamically stable, let us now examine the 
arguments in the literature designed to prove the 
opposite. The London-Tisza school of thought give few 
detailed arguments, if any; equilibrium is assumed 
because no frictional effects have been observed between 
superfluid and normal fluid, at least at small relative 
velocities ,—v,. Another argument is based on a sup- 
posed analogy between superfluidity and supercon- 
ductivity; since the superconducting state is known to 
be an equilibrium state, and since the two phenomena 
are in some sense analogous, it is concluded that the 
superfluid state must also be an equilibrium state. 
While analogies between superfluidity and super- 
conductivity do exist,'’ the relationship is by no means 
that simple. Zilsel? attempts to prove equilibrium 
superfluidity on the Bose-Einstein gas model. The 
extent to which an ideal Bose-Einstein gas may be 


17 M. R. Schafroth, this issue [Phys. Rev. 100, 502 (1955)]. 
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considered a superfluid has been discussed by us*; the 
discrepancy between our conclusions and Zilsel’s stem 
from the fact that Zilsel attempts to impose a “macro- 
scopic boundary condition” (fixed linear momentum 
per unit volume of the fluid) on a part of the fluid. This 
is inconsistent with the infinite correlation length of the 
idea] Bose-Einstein gas arising from the long wavelength 
of the condensed state. It is understandable, therefore, 
that Zilsel arrives at results inconsistent with ele- 
mentary Galilean invariance; a discussion of linear 
motion of a container filled with fluid is possible*® and 
shows that the fluid in thermal equilibrium always has 
the normal inertia with respect to such motions, inde- 
pendent of the statistics or any other detailed properties. 

Landau’s argument? for equilibrium superfluidity is 
more elaborate. He observes that creation of a single 
phonon at the wall of a container is forbidden by 
conservation laws unless the bulk velocity of the fluid 
exceeds the velocity of sound; creation of rotons at the 
wall is inhibited by the energy gap which Landau 
assumes to exist for vortex motions. Assuming these 
arguments to be correct, for the moment, what do 
they show? They indicate that the superflow is main- 
tained by the absence of collisions, mot that it is the 
thermodynamic equilibrium state established and main- 
tained by the collisions. The conservation laws which 
prevent single phonon emission at a wall do not prevent 
double phonon emission, and this would lead to an 
eventual damping out of the superflow even on Landau’s 
own theory. But as this is a second-order effect, 
Landau’s arguments do lead us to expect a metastable 
superfluid state, and his subsequent calculation of the 
moment of inertia of the fluid in a rotating bucket is 
presumably applicable to this metastable state. 

The separation of liquid helium into normal fluid 
and superfluid components must be understood as a 
division according to relaxation times. Certain fluid 
motions have relaxation times fast compared to the 
duration of usual experiments; these modes are com- 
bined into the “normal fluid’; other fluid motions, 
namely the bulk motions of semimacroscopic numbers 
of strongly correlated particles, have long relaxation 
times for exchange of momentum with the normal fluid 
or with walls; these motions are combined into the 
“superfluid.” The argument between Landau'*® and 
Tisza’ whether phonons should be considered part of 
the normal fluid or of the superfluid has since been 
decided experimentally in favor of including the pho- 
nons into the normal fluid.’* We conclude that the 
phonon gas has fast relaxation times compared to the 
relaxation times of the modes of bulk motion of the 
fluid. This is consistent with theoretical estimates of 
mean free paths of phonons.” Tisza’s argument was’: 
“only elementary excitations associated with definite 


* L. Landau, Phys. Rev. 75, 884 (1949) 

"LL. Tisza, Phys. Rev. 75, 885 (1949). 

* L. Landau and I. M. Khalatnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 19, 637, 709 (1947 
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masses can make it understandable that the liquid 
breaks up into two components.”’ It is indeed hard to 
see how phonons, which can be created or destroyed 
with arbitrarily small amounts of energy, could be 
separated in equilibrium from the bulk motions of the 
fluid, But since the true separation is according to 
relaxation times, and does not persist in equilibrium, 
this argument is irrelevant. 


5. DISCUSSION OF AN EXPERIMENT 


London” has suggested a crucial experiment to decide 
whether the superfluid state is thermodynamically 
stable, or merely metastable. This experiment consists 
in setting the bucket into rotation above the \ point, 
and then cooling the helium below the A point while the 
bucket is left in free rotation. If the superfluid state is 
the thermodynamical equilibrium state, the superfluid 
component which is created during the cooling has no 
angular momentum, and the excess angular momentum 
is imparted to the bucket. Thus as one cools down, the 
angular velocity of the bucket must increase. If, on 
the other hand, the superfluid state is only metastable, 
no change in the angular velocity of the bucket is 
expected. 

This experiment is very difficult to perform, espe- 
cially since the required angular velocities are very small 
indeed. According to the ideas of H. and F. London, 
pure equilibrium superflow is expected only in that 
region of angular velocities in which we showed it to 
occur® for the ideal Bose-Einstein gas. These angular 
velocities are much too small for practical measure- 
ments. In view of our earlier arguments, there is no 
reason to expect equilibrium superfluidity even within 
these limits. But even if we allow appreciably larger 
angular velocities (e.g., similar to the ones used by 
Andronikashvili in his first experiment'*®) the experi- 
ment is still very difficult to perform. 

In the experiments of Hollis-Hallett® and Osborne™ 
with rotating buckets or sets of vanes frictional effects 
between superfluid and normal fluid were observed; 
however, the angular velocities involved were so large 
that these results are not necessarily in contradiction 
to equilibrium superfluidity at small values of »,—»,. 
These experiments have been discussed recently by 
Klemens.*:"° 

We shall devote our attention mainly to an experi- 
ment carried out by Andronikashvili.* A set of cylin- 
drical vanes, similar to the one used in Andronikashvili’s 
other experiment,'® was suspended in liquid helium. 


" H. London, Phys. Soc. Camb. Conference Report, 48, 1946 
(Physical Society, London, 1947). The same experiment was sug 
gested by us in our earlier Letter to the Editor, J. M. Blatt and 
S. T. Butler, Phys. Rev. 96, 1149 (1954), in ignorance of the prior 
suggestion of London. 

( # A.C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 
1952). 

* 1). V. Osborne, Proc. Phys. Soc. (London) A63, 909 (1950), 

*E. L. Andronikashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 62 (1952) 
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Initially both the helium and the vanes were at rest, 
and the temperature was slightly below the A point. 
The system of vanes was then set into forced rotation 
and kept rotating at constant speed while the helium 
was cooled down to 1.5°K. At this temperature the 
vanes were stopped suddenly. The normal fluid con- 
centration at this temperature is known (e.g., from the 
first Andronikashvili experiment) to be 12%. The 
system of vanes was then allowed to move freely, and 
the helium was warmed up quickly (in 15 seconds) to 
a temperature of 1.65°K, where the normal fluid con- 
centration is 22 percent. Andronikashvili looked for a 
sudden deflection of the vanes, but failed to observe 
such an effect. 

Assume first that the superfluid had been rotating 
along with the vanes during the cooling down period. 
When the vanes were stopped at 1.5°K, the normal fluid 
came to rest quickly. If the superfluid kept rotating for 
the next 15 seconds, while the system was warmed up 
to 1.65°K, then part of the (still rotating) superfluid 
would be transformed into normal fluid during the 
warming up, and this normal fluid would interact with 
the vanes, producing a deflection. Since no deflection 
was observed, one or more of the assumptions just 
made must have been wrong 

The but unacceptable, explanation of 
Andronikashvili’s negative result is in terms of equi- 
librium superfluidity. If Eq. (3.1) holds, the superfluid 
is never set into motion at all. However, we know from 


simplest, 


general theoretical arguments that equilibrium super 
fluidity does not exist in liquid helium. We also know 
from other experiments” that the velocities used by 
Andronikashvili are so high that the superfluid is 
dragged along with the normal fluid quite quickly. 
The most likely explanation of Andronikashvili’s 
result is due to Klemens,”* who points out that the 
relaxation time for exchange of momentum between 
superfluid and 
Andronikashvili, is probably considerably less than the 


15 seconds taken for warming up. Thus the superfluid 
£ Uj | 


normal fluid, at the speeds used by 


did rotate along with the normal fluid during the 
cooling down period, but came very nearly to rest at 
the very beginning of the warming up period. 

We shall now discuss what would happen if the same 
experiment were carried out at appreciably lower 


velocities. This turns out to be interesting because 
specific effects of the Bose-Einstein statistics come into 
play. Thus we feel that it would be very desirable to 
carry out the experiment, in spite of the great difficulties, 
in order to see to what extent simple arguments based 


fatict 


on Bose-Einstein statistics are applicable to actual 
liquid helium. 

In Bose-Einstein statistics of a weakly interacting 
gas, the probability of a transition /o a single particle 
state ¢ is proportional to .V,+1, where .V,; is the number 
of particles already in state 4. We shall discuss the 


* P. G. Klemens (private communication 


AND J. M. 


BLATT 


limitation of working with single-particle states below; 
for the moment let us follow through the argument. 

Suppose the experiment is started at a temperature 
below the point. Then there are already a macro- 
scopic number of particles in the (nonrotating) ground 
state. Now we start rotating the vanes; another state 
(m#0) becomes thermodynamically stable and if we 
wait long enough, the condensed particles transfer into 
that state. But by assumption the rate of rotation is 
slow enough so that thermal equilibrium is not reached, 
and the condensed particles stay in the m=O state 
during the time of the experiment. However, what 
about the additional particles which drop from the 
normai fluid into the superfluid during the process of 
cooling down? In thermal equilibrium, these particles 
would condense into the most stable (m0) state in 
the rotating bucket. But the m=O state has many more 
particles already in it than the true stable state. 
Hence, as other particles cascade down during the 
cooling, preferential condensation occurs into the m=0 
state rather than into the true stable state. As more 
and more particles are attracted to the m=O state, the 
preference for additional particles to go into it also 
increases. Hence we predict that the second Androni- 
kashvili experiment, carried out under these conditions, 
would again show a negative result (no deflection of the 
vanes), this time because the superfluid would not be 
set into motion during the time of the experiment.”* 

On the other hand, no such argument applies if the 
experiment is started at a temperature above the \ 
point. Then the superfluid would be created for the 
first time during the cooling down of the already rotat- 
ing bucket. The superfluid would be rotating all along, 
and (under conditions of low velocities and hence long 
relaxation times) the subsequent warming up would - 
result in a deflection of the set of vanes. 

If this analysis is correct, we have here one of the few 
experiments which could provide a clear experimental 
proof that the superfluidity of liquid helium (even at 
low velocities) is not an equilibrium phenomenon. For 
we have constructed two different states (superfluid 
rotating, and superfluid not rotating) at the same 
temperature and under the same external conditions 
(angular velocity of the vanes). Since the equilibrium 
state is unique, at least one of these states cannot be the 
equilibrium state, and it is then clear that long relaxa- 
tion times play a dominant role in superfluid phe- 
nomena. This is contrary to the usual interpretation of 
the two-fluid theory, which assumes not only that the 
superfluid state is in thermodynamic equilibrium, but 
also that this thermodynamic equilibrium is reached 
quickly (compared to the times involved in experiments 


*In our earlier Letter to the Editor, J. M. Blatt and S. T. 
Butler, Phys. Rev. 96, 1149 (1954), this argument was erroneously 
given as an explanation for Andronikashvili’s actual experimental 
result, rather than as a prediction of a future experiment carried 
out at much lower velocities. We thank Dr. Klemens for calling 
our attention to the shortness of the relaxation time under 
Andronikashvili’s actual experimental conditions 
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with sets of vanes). It should be noted that this ex- 
periment does not involve a measurement of the actual 
relaxation time, and is hence feasible even if the re- 
laxation time (at the velocities used) turns out to be 
very large indeed. 

It remains to discuss the validity of working with 
single-particle states of the interacting Bose-Einstein 
gas. We have pointed out already” that a straight- 
forward application of this model to actual liquid helium 
is not valid. However, there is reason to believe that a 
description of liquid helium in terms of equivalent 
“particles” (which obey Bose-Einstein statistics) is at 
least a good first approximation. The deviations from 
the simple-minded interacting Bose-Einstein gas model 
arise in two ways: the energy of these “particles” is no 
longer proportional to the square of the momentum, 
and the collision cross sections are modified consider- 
ably. The argument which we have given above has 
used neither the energy spectrum nor the values of 
collision cross sections, but merely the statistical factor 
V ,+1 for transitions into state 7. Hence we believe that 
this particular application of the simple interacting 
Bose-Einstein gas model is valid, in spite of the fact 
that more detailed consideration based on this same 
model are open to grave doubt. 


6. CONCLUSION 


We have shown that the correlation length in actual 
liquid helium is shorter than the radius of the rotating 
“bucket” used in the Andronikashvili 
experiment.'® We could therefore apply the argument 
of a previous paper® on statistical mechanics of rotating 
buckets directly to liquid helium, the result being that 
no thermodynamically stable superfluid state can exist 


(set of vanes 


in that liquid. Since superfluid phenomena are in fact 


observed, the conclusion is that a superfluid non- 
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equilibrium state with a long relaxation time is re- 
sponsible for the observations. 

A discussion of theoretical arguments given by others 
for an equilibrium superfluid state has shown that these 
arguments are invalid. The experimental situation is 
less satisfactory, in the sense that no unequivocal ex 
perimental test has been performed so far. The only 
available experiments have been carried out at ve- 
locities so high that frictional effects between super- 
fluid and normal fluid could be expected even on an 
equilibrium theory of superfluidity. We have suggested 
a modification of a second experiment of Androni- 
kashvili* which would allow a clear experimental de- 
cision between equilibrium and nonequilibrium super- 
fluidity, as well as testing the validity of certain simple 
arguments based directly on the Bose-Einstein statistics. 

No estimates of the relaxation time of the metastable 
superfluid state are contained in this paper, nor have 
we given any details about the nature of this state. 
We believe that it is too early to attempt a kinetic 
theory of liquid helium; the equilibrium properties of 
this substance should be understood first, and work 
along that line will be reported shortly. 
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A general connection between equilibrium superfluidity and superconductivity is established. This con- 
nection allows us to apply to superconductivity a previously established theorem on the nonexistence of 
brium superfluidity in ial physical systems. It follows that London’s equations can only be approxi 
valid and have to be modified. An alternative equation proposed by Pippard is also in contradiction 


he theoren 


1, INTRODUCTION system of interacting particles) at a finite temperature 
suspected that there » there exists a “correlation length A” such that the 
between the two low-temperature ™omentum correlations of two particles farther apart 
iperfluidity and superconductivity.'? than A decrease very rapidly. It was then proved® that 
a connection has become more ap- no system with finite A, i.e., no real physical system, 
he exhibition of a common model for can show equilibrium superfluidity. In conjunction with 
na: the perfect Bose-gas. It was sl 
below condensation is a ing metal can be a “perfect superconductor.” It will be 
shown in Sec. 2 that a system obeying London’s phe- 


6 


own the present theorem this entails that no superconduct- 


: , 
harged bosons 


it has been shown that for a small pomenological equations 


ir velocities, the perfect Bose gas also 


of superconductivity is a 
_— : : perfect superconductor. We can, therefore, conclude 
Hwid properties.’ It is the purpose of this that the London equations are incompatible with the 

establish the va mr of the connection be finiteness of the correlation length and can, therefore, 
the two pnenomena Dé 


-yond the range of the 


, only be approximately valid. Similarly, it can be shown 
del and to show that the two phenomena aa cole wart ’ as " 
° a , that the modified equations proposed by Pippard’ are 

te generally , cifically, we sha ; eA . ! ; ; 
“s 4. hl inadmissible for the same reason. A more detailed dis- 
superconductivity” and “equilibrium 


of a physical avetem os bene those prop cussion of this point will be given in a subsequent 
ictually ex! ibited by the Bose gas and public ation. 
or a system of identical spinless par 

properties entails the other. For tion of how far one is justified in drawing from our 
1] particles cancellations can occur theorem any conclusions about the behavior of actual 


A word must be added at this stage about the ques- 


» effect, and therefore exceptions to supert onduc tors. The possibility of accidental cancella- 


t 
possible. Similar cancellations may tions mentioned earlier presents no difficulty here, 
particles with spin, namely when the because the proof that the London equations are in- 
I compatible with the existence of a finite correlation 

length is independent of the actual occurrence of such 

cancellations. Apart, therefore, from the remote possi- 

bility that superconductivity be an effect of the spins 

for the exis rather than orbital motions—which seems to be 

r the two pnem excluded both by the existence of charge-carrying super- 
at isormation currents and by the essentially diamagnetic nature of 
the Meissner-Ochsenfeld effect—our theorem can be 


applied to actual superconductors 


2. DEFINITIONS 


We first define our terms precisely 
150. 604 (1942 A. Consider a system in thermal equilibrium rotating 
1 Sons, Inc., New with angular velocity w around the z-axis and denote 
ngular momentum by L(w). The quantity 


Ss issue 


100, 476 I= (dL/dw).. 


100. 481 * See reference 2, paragraph 8 
7A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953 





SUPERFLUIDITY AND 
is the moment of inertia. Its classical value is, for a 
system of V identical particles with mass M 


Ih=NM (2+), 


(2) 


where ( ) denotes the average in thermal equilibrium. 
Definition I: We call “equilibrium superfluid” a sys- 
tem for which (I—J»)/Jo does not decrease indefiniteiy 
as (x°+-y*) is increased, i.e., 
(I—I)/Io>n>0 for all 


e+y). (3) 


Note 1: It is known‘ that the ideal Bose gas is an equilibrium 
superfluid in this sense. It is also known‘ that equilibrium super- 
fluidity is not enough to ensure actual superfluid behavior. 


B. Perfect Superconductivity 


Consider a system of charged particles in a fixed 
cylindrical volume V in a homogeneous magnetic field 
H parallel to the axis of the cylinder. Denote the total 
magnetic moment this system acquires in thermal equi- 
librium by M(H). We shall define a quantity 


1 0M 
x’ (V)=- ( ) : 
V\ 0H woo 


For any system with paramagnetic or diamagnetic 


(4) 


behavior, x’ is independent of V. 


Note 2: The quantity x’ here is not necessarily identical with 


the magnetic susceptibility x as usually defined. The latter is 
1 AM 
x= lim lim lim |— —}, 
H-~) SH-~) Ve \V AH 
for large volumes 


1 
tim (+ tim tim “*) 6) 
V0 \V H-~0 AH AH 


whereas (4) means 


The limiting processes are not necessarily interchangeable, and so 
However, we are not con- 
only ask 


, whether 


be different 


x’ and x may turn out to 


cerned here with the value of the susceptibility; we 


whether the last limiting process in (6) exists or not; ie 
whether it increases indefinitely 
This question, however, 


, - 
x’ approaches a finite limit or 
with the dimensions of the container 


makes clearly no sense in relation to the susceptibility x 


Definition IT: A system for which 


(a) x’ <0 


(b) —x’ 
increases indefinitely, « R?, with the radius R of the 
cylinder, shall be called a “perfect superconductor.” 
Definition IIa: A system for which 
(a) x’>0 
(b x’ x R? 
shall be called a “perfect ferromagnet.” 
Theorem I: A system for which London’s equation 
for the current density® 


—Xc curli=B (7) 


* See reference 2, paragraph 3 
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holds, is a perfect superconductor. In actual super- 
conductors, the only source of B is the supercurrent i 
itself, so that in Maxwell’s equation 


curlH = (4x/c)i (8) 


one has to put H= B. (7) and (8) together, then, do not 
allow any homogeneous field to penetrate. However, as 
has been pointed out earlier,’ it is a consistent 
“gedanken-experiment” to allow for a magnetic po- 
larization P(x) inside the superconductor (arising e.g., 
out of a polarization of the nuclear moments) which 
has no other interaction with the superconducting 
particles than the magnetic one. The result is that, since 
now B=H+42P, a homogeneous B is possible, and (8) 
can be disregarded, its only function being to determine 
the necessary polarization P. 
For a cylindrical container with B parallel to the axis 
(7) at once yields 
lr 
~ B. 
de 2 


1 
M= few rXi), 
? 


(9) 


Therefore, 


which yields 
M,=M,=0, 
and 
M,=— (1/8\c) BV R?, 
and therefore, 
x’ = — (1/8Ac)R®. 


This proves our assertion. 


3. CONNECTION THEOREM 


We wish now to prove the following theorem, which 
forms the main body of this paper: 

Theorem II. If a system of identical spinless particles 
is an equilibrium superfluid, then the same system, 
when the particles are given a test charge «¢, is also a 
perfect superconductor; and, conversely, any perfect 
superconductor consisting of identical spinless particles, 
is an equilibrium superfluid. 

More in detail, we shall show that the moment of 
inertia J (1) and the quantity x’ (4) are related by 


2’ Me 
I 1o(1 + amas ) 
nx+y) ¢ 


where n is the density of particles. (Note that x’ is 
proportional to ¢, so that the test charge « actually 
drops out.) 


(13) 


Note 3: The restriction to spinless particles may easily be 
removed, at least as long as one neglects any spin-orbit coupling. 
One can then define uniquely an orbital part of x’, x:' and a spin 


*M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951) 





SCHAFROTH 
On the other hand, the angular momentum in 
thermal] equilibrium of the same system without mag- 


netic field, but rotating with angular velocity wo, is 


given by taking the average of the angular momentum 


operator 
L=) are XB 


— 


(19) 


over a canonical ensemble with Hamilt 


(23) 


the equilibrium distribu- 
with respect to wo and 
is readily gives (13). 

his proof is the expansion of 
n powers of wo, keeping only linear terms. 
stified by our particular definition of J, (2 
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4. DISCUSSION 


It has been shown that no real physical system can 
be an equilibrium superfluid. The reason for this is that 
for all systems of interacting particles there exists a 
correlation length A which is an intrinsic property of 
the system, independent of the size of the volume, such 
that particles which are apart by a distance >A have 
strongly decreasing momentum correlations. 

The theorem of Sec. 3 together with the above 
statement that no equilibrium superfluid exists yields 
at once: 

Theorem III: No perfect superconductors exist in 
nature. 

In conjunction with the result of Sec. 2 that a system 
obeying London’s equation is a perfect superconductor, 
this implies: 

Corollary: No physical system can obey London’s 
equation (7) exactly. 

The ideal Bose-Einstein gas is not a physical system, 
since it does have an infinite correlation length‘; indeed, 
it obeys London’s equation.’ 


Note 5: The theorem of reference 5 is restricted to particles 
without spin and does, therefore, not exclude an anomalous mo- 
ment of inertia J which is larger than the classical value J»; this 
means that we cannot make a statement about ferromagnets 
similar to the one about superconductors. 


Theorem II therefore leads us to the conclusion that 
London’s equations can only be approximately valid 
for actual superconductors and that they have to be 
modified to comply with the finiteness of the correlation 
length A. We shall leave the task of finding an appro- 
priate form of this modification to a later paper. 

At present, we only wish to recall that the necessity 
for modifying London’s equations has already been 
inferred by Pippard’ from experimental results on the 
penetration depth with impurity contents. Pippard 
proposes the following equation [reference 7, Eq. (7) ] 
to replace London’s equation (7): 


(25) 


ere 
i(x)= const f ds’ —r[r- A(x’) ], 
v r 


where r=x—x’, & is a characteristic length of the 
material, and A is the vector potential of the field B, 
gauged to divA=0 and (A-n)=0 at the surface. Equa- 
tion (25) is, however, also inadmissible from our present 
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point of view since it still describes a perfect super- 
conductor. This can be seen qualitatively by noticing 
that Eq. (25) expresses the current density i as a certain 
average of the vector potential A over a region of space 
of the dimension of the characteristic length £. If one 
considers now a cylinder of radius R in a homogeneous 
field Ho, then the vector potential A= 4$iX Hp increases 
linearly from the axis to the surface of the cylinder. If 
the radius of the cylinder is large compared to & the 
current density increases essentially linearly, too, and 
therefore the argument in Sec. II for the London equa- 
tions goes through essentially unchanged, leading to a 
x’ « R®. 

Indeed, Pippard’s modification of the London equa- 
tion goes in the opposite direction from the one required 
by our theorem. The London equation is a strongly 
nonlocal relation between field and current .The current 
density is determined only by knowledge of the field B 
over the whole volume of superconductor. The fact 
that it can be brought into the local-looking form 


i=—(1/Ac)A (26) 
[where A is the vector potential in the same gauge as 
in (25) ] only shows that the vector potential in this 
gauge is a nonlocal description of the magnetic field. 
Pippard’s procedure of smearing (26) over small 
volumes tends to make the relation between current and 
field even less local, whereas the finiteness of the corre- 
lation A requires that the relation in question should 
be more local than (26), namely such that the current 
density is determined by the field distribution within 
a volume of order A’. 

We therefore conclude that London’s equation (7) as 
well as Pippard’s equation (25) are incompatible with a 
finite correlation length A. In a later paper we shall 
propose modified phenomenological equations for super- 
conductors which are consistent with a finite A, and it 
will be shown then that Pippard’s experimental facts be- 
come naturally understandable on this new basis, the 
correlation length A taking the role of his parameter &. 
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RESONANCE 


McCoubrey”® has offered a detailed description of the 
emission process from this excited molecule in collision 
with two 6S» atoms. The presence of nitrogen makes 
possible the observance of the 4850 A band with reso- 
nance excitation at room temperature.**.” 

Steubing® determined that ions were present in 
mercury vapor excited by 2537 A radiation. The most 
likely source of ionization energy is that available from 
a 6®P»o atom and a 6*P; atom, which on combining lead 
to an ionized molecule. Using mass spectrograph tech- 
niques, Arnot and Millegan® have shown the ionization 
potential of the Hg. molecule to be 9.58 ev. Since the 
combined energy of the 6° P» (4.67 ev) and 6*P, (4.89 ev) 
atoms plus the heat of formation is 9.62 ev, the above 
mechanism is energetically possible. A combination of 
two 6’P» atoms would fail to provide the ionization 
energy for the molecule, although subsequent thermal 
ionization of this molecule by an electron of about 0.2 
ev is a possibility. Not even two 6°P; atoms could 
furnish the 10.38 ev needed to ionize an atom, and the 
time constants of decay here reported discount the 
occurrence of ionization in a single collision process. 
Recent work by Biondi*® with rare gases shows that 
collisions of two metastable atoms can produce atomic 
ions. In the case of resonance-excited mercury, however, 
the populated metastable levels lie well below half the 
the atomic ionization limit, and the molecular ion is 
therefore favored. 

Other mechanisms of ion formation not related to 
the 6’Py atom have also been postulated.” In a 
recent study, Biberman** attempts to show that this 
ion is not formed in the volume of the gas, but is due to 
electrons ejected from the electrodes by 6°P» atoms. 
While it has been definitely established that 6’°P>) atoms 
do eject electrons in collisions at the surface of a con- 
ductor,*”** numerous including the 
present one, have shown that the ions are formed in the 
volume of the vapor.” 

Most of the phenomena relating to the metastable 
6*P> atom have in the past been studied individually. 
Consequently, much of the data presented could not be 
completely interpreted, or interpretations were based 
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Fic. 1, Energy levels of mercury 


upon assumptions which were not substantially sup- 
ported by experiments of others. It is the purpose of 
this work to present simultaneous correlations of many 
of these phenomena, leading to new information and a 
better understanding of the processes involved. 


EXPERIMENTAL PROCEDURE 


Resonance Cell 


A resonance cell was designed to study the popula- 
tion of 6’P> atoms by absorption of 4047 A radiation, 
to observe emission spectra from mercury vapor excited 
by 2537 A radiation, and to measure ion formation in 
the volume of the vapor. A schematic diagram of this 
cell along with auxiliary equipment is shown in Fig. 2. 
Commercial germicidal glass tubing of 2.5 cm diameter, 
which transmits approximately 65° of the 2537A 
radiation and a negligible amount of 1850 A, was used 
for the walls of the cell; flat Pyrex windows were sealed 
at each end. Two plane-parallel platinum electrodes, 23 
cm long and 2.2 cm wide, were placed lengthwide in the 
germicidal glass tube with separation of 0.465+0.025 
cm. Platinum, having a work function 0.8 volt greater 
that the excitation energy of the 6’P» atom, was used 
as electrode material to minimize the ejection of elec- 
trons by photons and by metastables. However, at low 
pressures of Nz a small current of ejected electrons was 
observed, indicating a lowering of the work function 
by impurities, presumably mercury. 

In use this cell was shielded optically (and elec- 
trically) to allow 2537 A radiation to pass laterally 
through the region between the electrodes. For ab- 
sorption studies, radiation from the 4047 A source 
passed between the electrodes parallel to the axis of 
the cell. 

Gas Generator 


Several investigators have shown the need for nitro- 
gen of high purity when employing this gas to produce 
large quantities of metastable atoms.“~” Spectroscopic 


“ K. F. Bonhoeffer and P. Harteck, Grundlagen der Photochemie 
(T. Steinkopff, Dresden and Leipzig, 1933) 

“P. D. Foote, Phys. Rev. 29, 609 (1927) 
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j j 
irogen and 


traces of hy 
in the 6’ Ps, st 


oxygen severely quench atoms 


ate. Although water molecules have been 


shown to enhance the 6°?» population, they may also be 
dissociated by 2537 A quanta, with the result that as 
H, and QO, are accumulated, 6P»5 atoms are strongly 


quenched. Thus the N, 
Hs, Oz, and HO at least 


Nitrogen was prepared by the explosion of sodium 


to be used had to be free of 


azide in t The chief im- 


in this process was H,O vapor ap- 


he generator shown in Fig. 3. 


purity anticipated 
pearing originally 


NaN 


would give rise to free H, 


as water of crystallization in the 
Interaction of this H,O with free Na 
The generator system em- 
ployed hot copper and copper oxide at 450°C to remove 


crystals 


O, and H, respectively. Phosphorus pentoxide served to 
remove H,O vapor, and the liquid air trap removed any 
volatile vapors as well as H,O 

Prior to the explosion of the NaN;, three bottles for 





5X10-* mm and baked at 450°C for 8 hours, after 
which time the open branch of each bottle was sealed 
off. The Cu and CuO at 525°C and the NaN; at 200°C 
were baked for 6 hours. The NaN; was then exploded 
with a cool torch. Nitrogen was then circulated for 48 
hours over the P.O; and hot Cu and CuO, and through 
the liquid air trap. Break-off tips in the other branch of 
the N» bottles were broken and the bottles sealed off 
after they had filled with Ne. With this preparation 
complete a bottle of Nz could be sealed on the system 
designed for studying metastable atoms and N; ad- 
mitted at the desired time by fracturing the remaining 
break-off tip. 

The exceptionally large ion currents which were 
produced using this nitrogen and the constancy of this 
current when irradiated for extended periods with 
2537 A radiation testify to its high purity. This high 
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Vacuum System 


The vacuum systera for the resonance cell, shown 
schematically in Fig. 4, used a mercury diffusion pump 
and a mechanical backing pump. Stopcocks were ex- 
cluded from the systern on the high vacuum side. Two 
mercury valves controlled by a vacuum reservoir were 
used to isolate different portions of the system. The 
mercury vapor concentration was set by saturation at 
22°C room temperature throughout all experiments. 
In these studies the system was designed to permit a 
given sample of N» to be used for studying all the dif- 
ferent phenomena. A Toepler pump was used to transfer 
N. from the storage container to the resonance cell and 
back. To attain highest pressures, a mercury “com- 
pressor” just preceding the resonance cell was used. 

In assembling the system and purifying the mercury, 
great care was taken to prevent contamination. After a 
bottle of nitrogen was attached to the system, that por- 
tion enclosed in the Gotted line in Fig. 4 was baked at 
300°C for 12 hours with the pumps operating. At the 
conclusion of the baking, the valve to the diffusion 
pump was closed,gand the system was observed to 
maintain a McLeod gauge pressure of less than 5X 10~-* 
mm for 24 hours. 


Light Sources 


Light sources used for resonance excitation must 
operate at low temperatures to have narrow emission 
line widths and ioby self-reversal. The first source of 
2537 A consisted of a pair of 15-watt commercial 
germicidal lamps, Gng on each side of the resonance cell. 
These were operated on direct current with resistive 
ballasts, and polarities could be reversed to prevent the 
“pumping” of mercury to the negative end. In a second 
type of source the same lamps were excited by 35- 
megacycle Hartley oscillators. A keying circuit could 
provide square wave pulses of light at the rate of 30 
cps. The decay time of these square wave pulses was 
measured to be 0.2 millisecond. 

For a source of 4047 A a Pyrex tube of -in. diameter 


and 18-in. length, having a plane Pyrex window sealed 
on one end, was baked and filled with a drop of mercury 
and a few mm of argon. When excited by one of the rf 
oscillators and viewed end on, it was a small but intense 
source of 4047 A radiation. All sources were electrically 
shielded and air cooled and could be made to operate at 
constant intensity (+1%) for periods of a few hours. 


Measurement of 4850 A Continuum 


The 4850 A continuum was studied by two methods. 
In both of these a Corning 9863 ultraviolet filter was 
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Fic. 5. Spectra of resonance cell, showing 4850 A continuum 
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placed between the 2537 A source and the resonance 
cell to exclude almost all visible radiation from the 
source. In the first method, two Wratten filters, 8 K-2 
and 47 C-5 were used with a 1P28 photomultiplier. 
This combination permitted only the light from the 
center of the 4850 A continuum to pass to the photocell. 

Also, a small spectrograph was devised from a 
Bausch and Lomb direct vision spectroscope and placed 
at the end of the resonance cell to view the region 
between the electrodes for qualitative studies. Spectro- 
grams were usually taken with a wide slit, using Kodak 
Super Ortho Press film and exposures of several hours. 
Figure 5 shows spectrograms of the radiation from the 
resonance cell at various nitrogen pressures. The ex- 
posure times are increased at the low pressures. The 
spectral sensitivity of the film causes the peak of the 
green continuum to be shifted toward the red end of 
the spectrum. The resonance cell emission lines are 
discussed in a later section. 


Measurement of Resonance Cell Current 


Steady-state resonance cell currents were measured 
with either a microammeter or a galvanometer, and 
periodically varying currents were measured by oscillo- 
scope. A variable power supply was used to apply a 
voltage across the platinum electrodes. For a given 
nitrogen pressure and constant 2537 A radiation there 
was a pleateau region of collection voltage, where all 
ions being formed were drawn to the electrodes without 
appreciable recombination, diffusion, or additional 
ionization: by collision. The current at this saturation 
voltage is thus proportional to the rate at which ions 
are formed, and consequently the cell current will 
frequently be referred to as the rate of ion formation. 


Measurement of 2537 A Radiation 


Only relative measurements of the 2537 A radiation 
intensity were made. Three methods were used: 
monochromator and photomultiplier ; calibrated neutral] 
screens; and a combination of filters, ultraviolet sensi- 
tive phosphor, and photomultiplier. In the first of these 
methods, a 1P28 photomultiplier was used in conjunc- 
tion with a Bausch and Lomb quartz monochromator 
set to transmit the 2537 A line. 

Neutral screens were made, using parallel black 
nylon monofilament threads, uniformly separated and 
mounted on a special frame. When used, the threads 


Taste I, Absorption constant at various pressures 


Pressure of N: in mm 


Absorption constant Ae 


67 0.38 
13.6 0.38 
20.5 0.37 
28.6 0.37 
374 0.38 
55 0.38 
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of the screens were parallel to the resonance cell and the 
2537 A sources. Varying degrees of transmission were 
provided by different thread size and spacing. Six 
screens, having transmission values varying in steps 
from 18 to 88% were constructed and calibrated. 

The last method for measuring the 2537 A intensity 
used a commercial phosphor (Genera! Electric) having 
a narrow absorption band in the region of the 2537 A 
line and emitting between 5200 A and 5750 A, peaking 
about 5400 A. An ultraviolet filter, Corning 9863, placed 
between the source and the phospl.or, cut out essen- 
tially all radiation above 4200A. A second filter, 
Wratten 58 B-2, placed after the phosphor, transmitted 
radiation between 4800 A and 6400 A. Only the 2537 A 
line of the source produced any significant emission 
from the phosphor. It was only the light from the 
phosphor that arrived at the photomultiplier. Since the 
intensity of the emitted light was found to be propor- 
tional to the intensity of the 2537 A line, the photo- 
multiplier current was proportional to the latter. This 
system was used mainly to monitor the 2537 A sources 
to insure constant intensity. 


Measurement of 4047 A Absorption 


As shown in Fig. 2, radiation from the 4047 A source 
passed through the resonance cell to the monochroma- 
tor, set to pass only the full 4047 A line, and then to the 
photomultiplier. The percent absorption was obtained 
by dividing the difference between 4047 A intensities 
with the 2537 A source first off and then on by the 
4047 A intensity with the 2537 A source off. When the 
2537 A source was operated in a square wave fashion, 
the absorption of 4047 A radiation varied as a function 
of time due to the time decay of the 6*P» atoms. In this 
instance, the oscilloscope pattern of output of the 
photomultiplier showed the manner in which the ab- 
sorption varied from its maximum steady state value to 
zero. To obtain the percent absorption, a synchronous 
motor was used to drive an interruptor synchronized so 
as to interrupt the 4047 A beam briefly during the off 
time of the 2537 A radiation; and from the resulting 
pattern it was simple to calculate the percent absorp- 
tion as before. 

OBSERVATIONS 


Population of 6’°P, Atoms 


The percent absorption is proportional to the con- 
centration of 6’P,) atoms when the concentration is 
small. To obtain a more widely useful relation between 
these two quantities, we postulate that the 4047 A 
radiation is absorbed according to Beer’s law and that 
the 4047 A emission line of the source is broad com- 
pared to the absorption line of the metastable atoms of 
the resonance cell. For this moderate absorption one 
may approximately represent the intensity distribution 
in the transmitted line by a broad, flat-topped dis- 
tribution with a narrow, partly absorbed area at the 
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center. If the concentration of absorbing atoms is not 
too large, the absorption line is of fixed form and the 
absorbed area is simply proportional to (1—e~***), 
where Np is the concentration of metastables and & is 
proportional to the central absorption cross section 
per atom. 

If the observables R and R are the total areas of the 
transmitted line with and without the presence of 
absorbing metastables, respectively, then the frac- 
tional absorption A is 


R-R K(i—e-*%*) 


A=—_=—___— (1) 
R R 
or, 
A=A)(1l-—e€ ENo) | 
leading to 
1 Ag 
No = In > (2) 
k 4 { er A 


The validity of the above assumed conditions of 
moderate, narrow absorption can be tested by checking 
the constancy of A» as Np is varied by known fractions 
over the ful] range of operation. The relative values of 
No were easily provided by calibrated screens on the 
2537 A source and use of the fact that No is propor- 
tional to the intensity of the 2537 A. Equation (2) 
could then be solved for A» using known values for No 
and A. Not only were semilogarithmic plots of Eq. (2) 
linear, but the value of Apo at different N» pressures 
remained constant, indicating negligible effects of 
pressure broadening. The values of Ao determined for 
six different pressures of N» are shown in Table I. Their 
constancy justifies the use of Eq. (2) up to A=24%, 
the highest absorption value used in calculations. The 
facts that Ao is considerably less than unity and that 
A reached only 0.73 even with the very high No present 
during the production of the 405 ya current, as dis- 
cussed later, give support to the above assumption of an 
emission line broader than the absorption line. 

This absorption technique was used to measure the 
relative concentration No of metastables as a function 
of the nitrogen pressure P in mm at constant 2537 A 
intensity. These data are given in Fig. 6(A), which 
shows the experimental points for No vs P. Klumb and 
Pringsheim‘ have discussed the factors affecting No as 
a function of P. They obtained the expression 


No=MP/(14+aP+bP), (3) 


where M is a convenient scale factor and a and b are 
constants having physical significance but arbitrary 
values. If one uses M = 7.8 and the values a= 0.0143 and 
b=0.00093, this equation fits the present data very 
well, as shown by the curve in Fig. 6(A). 

A low intensity of 2537 A radiation was used in order 
to avoid high absorption of 4047 A. The data obtained 
here are similar to those obtained by other investiga- 
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Fic. 6. Pressure dependence of resonance phenomena at con- 
stant 2537 A intensity. Curves show fit of theory to experimental 
points. A: Population of 6*P» atoms. B: Rate of ion formation. 
C: Intensity of 4850 A continuum. 


tors.‘:?47 Further agreement with the work of others 
was obtained when it was found impossible to detect 
any absorption of the 4358 A and 5461 A lines, indicat- 
ing that the populations of the 6’P, and 6*P, states 
were small. 

If the 4047 A absorption source was removed, it was 
possible to observe line emission excited by double 
absorption, as illustrated by the spectra of Fig. 5. The 
6’P, atoms, derived from resonance-excited 6’ P,; atoms, 
were raised to the 7°S, state by the 4047 A radiation 
which weakly penetrated the ultraviolet filter of the 
2537 A source. The lines 5461 A, 4358 A, and (in part) 
4047 A come from this excitation. The yellow line is 
presumably 5790 A from (6'P,—6*D,), similarly excited 
by the (6*P»—6°D,) absorption of 2967 A, which the 
ultraviolet filter readily transmits. The resonance cell 
line at 4047 A is due in part to radiation of this wave- 
length passing through the filter. The 5461 A line was 
shown not to be caused by such leakage, for the varia- 
tion of its intensity with N» pressure was approximately 
the same as that of No. Because of the overlap of the 
4850 A continuum, especially at high pressures, the 
5461 A emission was not used for quantitative measure- 
ments of No. 


Ion Formation 


Ions were observed in the mercury vapor at all 
pressures of nitrogen with resonance excitation. That 
these ions were not due to the ejection of photoelectrons 
from the electrode surfaces was shown by the great 
reduction in current at low nitrogen pressures, by 
studies of transients, by the inability of a high intensity 
iron arc to produce measurable surface emission, and by 
supplementary experiments consisting of irradiating 
selected portions of the volume between widely sepa- 
rated electrodes. Characteristic curves of rate of ion 


“ E. Gaviola, Phys. Rev. 35, 1226 (1930), 
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Fic. 7. Dependence of rate of ion formation on the first power 


of 2537 A intensity at low nitroger Curves indicate 


experimental points 


pressures 


formation versus cell voltage were taken at several 
At all pres- 
sures plateaus were found to exist, and collection 


nitrogen pressures between 1 and 55 mm 


voltages in other measurements were always chosen on 
these plateaus to insure that negligible ionization by 
collision was occurring 

As shown in Figs. 7 and 8, the rate of ion formation 
exhibits a first power dependence upon the 2537 A 
intensity at a pressure of 1.1 mm. At pressures of 7 mm 
and higher the rate of ion formation is proportional to 
the second power of the intensity of the 2537 A radiation 

These results agree with those of other investiga- 
tors.“.4-48 At very low pressures metastable atoms, the 
number of which is proportional to the intensity of the 
2537 A radiation, rapidly diffuse to the electrode surface 
and eject electrons. At higher pressures this process 
becomes unimportant compared with that involving 
collisions of two excited atoms within the volume. This 
process exhibits a square law dependence, and the most 
likely mechanism is 


Hg(@P,)+N:—> He(@P 
Hg (6*P.)+He(6P,)+N-, 


Hg,” = Hg,* +e. 


LN,’ 
>Hge" +Nze } 


Evidence in support of the postulated intermediate 
excited molecule is presented later in connection with 
studies of decay transients. The possibility suggested 
by Biondi* of single step ionization in a collision of two 
excited mercury atoms is not contradicted by these 
decay studies, as the necessary 6°; atoms would be 
much more abundant following his electrical excitation 
than after our resonance absorption. 


# F. G. Houtermans, Z. Physik 41, 619 (1927 
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The rate of ion formation as a function of N» pressure, 
the 2537 A intensity being constant, is given in Fig. 
6(B). The process involving the combination of a 
6’P, and a 6’P; atom to form the ion is the only one 
which adequately explains these data. Since a three- 
body collision is required to satisfy the conservation of 
momentum and energy, the current J is proportional 
to NoN,P, where N; is the population of 6*P; atoms. 
Since N; was not measured as a function of the pressure 
of nitrogen, it was assumed that the population varied 
in the manner described by the Stern-Volmer theory of 
quenching,” 

Ni=[(N:) pao | ‘(1 + cP ° 
Thus 
I= BNoP/(1+cP). (S) 


Using the values of No given by a smooth curve through 
the experimental data of Fig. 6(A), and choosing the 
scale constant B=0.0595 and the quenching coefficient 
c=0.0384 mm, one obtains a good fit of this equation 
to the experimental data, as demonstreated by the 
curve of Fig. 6(B). Close agreement at pressures below 
7 mm is not expected, as it has just been shown that 
the postulated three-body collision process does not 
predominate in this region. It is seen that at 50 mm N, 
is reduced to 34% of its initial value. This amount of 
quenching is not inconsistent with other reports. 
Zemansky’s theory* predicts a value of 25% at this 
pressure. Also, Badger determined that the intensity 
of the scattered 2537 A radiation, while not directly 
proportional to the 6’P; population, decreased at 50 
mm of Nz to about 30% of its value at zero pressure. 
The recent quenching cross section given by Matland® 
can be used in calculating an approximate quenching 
coefficient for the present experiment, following his 
method appropriate to a long, circular tube. One must 
use an equivalent radius for our electrode geometry. 
Using his cross section of 0.410~'* cm? and the ex- 
treme choices of equivalent radius as 1.3 cm and 0.23 
cm, one finds that our observed value of c=0.0384 
' is bracketed by the calculated values 0.013 mm™ 
and 0.13 mm=', respectively. 

The success of this mechanism in explaining the 
data lends added support to substantiate the hypothesis 
of Houtermans,** Snavely,” and Arnot and McEwen,” 
namely, that the ion arises from the combination of an 
atom in the 6*P» state with one in the 6*P, state in a 
three-body collision. 


mm 


#R. M. Badger, Z. Physik 55, 56 (1929 

” B. L. Snavely, Phys. Rev. 52, 174 (1937 

* F_L. Arnot and M. B. McEwen, Proc. Roy. Soc 
A165, 133 (1938) 

* This theory in its present form fails to explain the reported 
dependence pf ion formation on the third power of the 2537 A 
intensity at high vapor pressures. However, it has been demon- 
strated in this work that high concentrations of 6’P») atoms are 
possible. It is also possible that the cross section of interaction 
with an excited atom might be much greater than with an un- 
excited atom. The cubic law could thus conceivably arise at the 
higher vapor pressures if the 6*P») atoms become so abundant that 
they commonly act as the third body. 


(London) 

















RESONANCE 


It is well to note here that Houtermans observed a 
linear relationship between the rate of ion formation 
and the pressure of argon which was used as a diluent 
gas. It is fairly well established that argon does not 
appreciably quench 6°P,; atoms. Thus Eq. (5) would 
reduce to 

I= BNoP. 


But Klumb and Pringsheim, using argon as a diluent 
gas, found that above 3 mm of argon, No was a con- 
stant. Thus above 3 mm of A, J would be proportional 
to P only, and Houtermans’ observations would be 
quite understandable. 

A direct observation of the presence of 6°?» atoms in 
the ion formation process was afforded by decreasing 
No independently by absorption of 4047 A. One 2537 A 
source was operated continuously; the other was keyed 
by a 30-cps square wave, filtered to give only visible 
wavelengths, and used as the source of 4047 A radia- 
tion. The supply of 6*?; atoms was thus held constant, 
and a small fraction of 6’P» atoms was selectively re- 
moved by absorption. A resulting decrease in cell 
current, which was determined to be less than 0.2%, 
was clearly observed by oscilloscope. However, to use 
this method for distinguishing directly between ion 
processes involving either two 6°P») atoms or one 6'°P» 
and one 6’P;, one would need to produce reductions in 
I of the order of 10%. 

An ion current of 405 wa was observed at 50 mm 
pressure when the 2537 A intensity was temporarily 
made very large, and the absorption of 4047 A by 
metastables became 73°. In this experiment and those 
of other investigators it is reasonable to assume that at 
least one 6°?» atom is required for every ion. The ratio 
of population of 6*P> atoms to that of Hg atoms in the 
ground state N’ is given by 


No/N' 21 10/N’e, (6) 


where ¢ is the electronic charge, ro is the mean life of 
the 6’P» state, and J is the cell current of 405 wa. Fora 
temperature of 22°C N’ is 5X10" atoms/cm’ and 7» at 
55 mm of Nz is measured (Fig. 13) to be 0.59 milli- 
second. Substituting these values gives 


No/N’= 1/700. (7) 


Thus at least 1 out of every 700 mercury atoms was in 
the 6*P» state. 

It is probable, however, that the estimate of one 
6’ P» atom for every ion formed is conservatively low, 
for all studies concerning the mechanisms whereby 
6*°P, atoms decay consider the number contributing to 
the formation of ions as being negligible. The exponen- 
tial character of the decay of 6’P» population illustrated 
in Fig. 10 shows that in decay the disappearance rate 
must predominantly have terms in the first power of 
No, not the N¢ or N,No terms characteristic of loss 
by ion formation. It is also apparent that in normal 
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SQUARE OF 25374 INTENSITY (REL UNITS) 
Fic. 8. Dependence of rate of ion formation on the second power 


of 2537 A intensity at high nitrogen pressures. Curves indicate 
experimental] points. 


steady state measurements the process of ion formation 
is not dominant, for both the rate of production of 6°?» 
atoms and their population are proportional to the 
2537 A intensity. It is likely that loss by ion formation 
is still minor even at the increased intensity of irradia- 
tion used to produce the 405 wa current. Moreover, an 
intense 2537 A arc was not used here to produce this 
current. Thus it is quite conceivable that under favor- 
able conditions as many as 1 out of every 20 mercury 
atoms could be in the 6’P» state. The present evidence 
and its extended implication therefore give an approach 
to substantiating the theories of Wood and Gaviola’* 
and of Foote,* which have predicted these high 
concentrations. 


Continuum at 4850 A 


The central region of this 4850 A continuum was 
isolated by filters previously described and its intensity 
measured by photomultiplier. The direct proportionality 
between this intensity and that of the incident 2537 A 
radiation is shown in Fig. 9 at three nitrogen pressures. 
Since the population of metastables No is proportional 
to the 2537 A intensity, these results agree with the 
following excitation process, leading to the emission of 
the 4850 A continuum: 


Hg(6*P1)+Na— Hg(6’Po)+ Nd’ 


(8) 
Hg(6*P,)+Hg(6'So) +N: —> Hgs’+Nz. 


Assuming that the population N, of these excited mole- 
cules is proportional in a steady state to the intensity 
of the 4850 A continuum and that the two main sinks 
for these molecules are radiation and diffusion to the 
walls, one equates rates of production and loss and 
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Fic. 9. Linear dependence of 4850 A continuum intensity on 
2537 A intensity at three nitrogen pressures 


obtains 
CNoP=N,(1+d/P) 

or, (9) 
N,=CNo?*/(P+d), 


where C and d are constants and P is nitrogen pressure 
in mm. The dependence of No on P is given inde- 
pendently in Fig. 6(A). The curve passing through the 
experimental points in Fig. 6(C) illustrates the success 
with which this equation can be fitted to the data, using 
C=0.073 and d=155. A small, constant intensity due 
to the measured background of glass fluorescence has 
been subtracted from the observed data. 

McCoubrey™ has shown evidence that in pure mer- 
cury vapor at 200°C the continuum is emitted as 
collision-induced radiation from the excited molecule 
on striking two ground-state atoms. No such collision 
process appears called for in the present studies, how- 
ever, where nitrogen serves as collision particles. 
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Fic. 10. Semilogarithmic plot showing exponential decay of 
population of 6, atoms at various nitrogen pressures 


BERBERET AND K. C. CLARK 


Effects of Large Voltage 


Large changes in collection voltage caused noticeable 
effects, which will be reported for a pressure of 55 mm. 
The absorption of 4047 A decreased from 22.9 to 22.2% 
as the voltage changed from 0 to 400 volts, while the 
intensity of the 4850 A continuum increased linearly 
from 83 to 100%. The ion current, reaching the knee 
of the plateau region at about 40 volts, increased linearly 
from 90 to 100% between 40 and 400 volts. 


Time-Dependent Transients 


If the source of 2537 A is operated steadily and the 
collecting voltage is switched on and off as a square 
wave, one observes characteristic transients in the cell 
current. An oscillographic study of the ion pulse shape 
after the collecting voltage is turned on shows a linear 
decrease of ion density from the recombination-limited, 
free-field value to the steady value limited by the rate 
of production. To assume linearity of slope, it was 
necessary to avoid high ion densities, where appreciable 
recombination introduced curvature. In agreement with 
the processes involved, the latter steady value was 
proportional to the second power of the 2537 A in- 
tensity, and the former initial value was proportional 
to the first power. While the resonance cell was not 
designed with a uniform field E for accurate mobility 
measurements, the heavy ion mobility was measured 
to be 2.2+0.2 cm*/volt sec over the observed range of 
E/ P from 3.0 to 6.6 volts/cm mm. Mitchell and Ridler® 
have determined the mobility of Hg* in nitrogen to be 
2.20, while for Hg,* they give the theoretical value of 
1.50 with the comment that it may be too high. Thus, 
the observed mobility in the resonance cell would some- 
what favor the atomic ion. However, energy considéra- 
tions and the work of many investigators require that 
the Hg,* form be given preference over the Hgt form. 
The presence of positive ions in the volume of the 
resonance cell, as shown in these transients, discounts 
Biberman’s contention that currents produced by 
resonance excitation are due only to ejection of elec- 
trons by metastables. 

If the 2537 A source is keyed on and off as a square 
wave, additional information can be gained from ob- 
serving the decay transients of the 6’P) atom popula- 
tion, the cell current, and the 4850 A continuum. For 
the first named transients, the 4047 A source was oper- 
ated steadily, and for the second, a constant col- 
lecting voltage was supplied. These decays are all 
essentially exponential, having lifetimes ro, 7;, and 7, 
respectively. The switching time of the optical excita- 
tion and the collection time of the ions were both very 
rapid compared to the decay times observed. The 
results of the decay observations of these three quan- 
tities are graphed in Figs. 10, 11, 12, and 13. All decay 
curves commence at the end of the 2537 A radiation. 


" @ J. H. Mitchell and K. Ridler, Proc. Roy. Soc. (London) 
A146, 911 (1934). 
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The lifetime ro of the 6*P» state as a function of 
pressure of nitrogen has been the subject of many 
investigations. It is well established that the decay is 
essentially exponential,"* and we may write the time 
dependent concentration as 


(10) 


Samson has considered the diffusion of resonance radia- 
tion and the quenching of and radiation from 6*P; and 
6'P> states in arriving at the following expression, 
which fits his experimental measurements: 


1 f gP+hP? 


an PP Ree 


nyo= Noe**. 


(11) 





where f, g, 4, and m are constants depending on the 
temperature and geometry of the resonance cell. The 
maximum lifetime of about 3 milliseconds observed by 
Samson in a cell whose dimensions exceeded 2 cm is 
reasonably matched by the value of about 0.9 milli- 
second in the present cell, whose smaller dimensions 
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. 11. Semilogarithmic plot showing exponential decay of rate 
of ion formation at various nitrogen pressures. 


would enhance the loss by diffusion. The expected de- 
crease of ro with sufficiently large pressures is also 
observed. 

One may refer to the observed cell current as the 
rate of ion formation because the transit time of the 
collected ions was always less than 5% of the current 
decay time. After about 0.5 millisecond the transients 
in Fig. 11 show a simple exponential decay, of lifetime 
7;, following a slower decay during the first few tenths 
of a millisecond. It is at once clear that since 1; is 
greater than 79/2 and in fact is slightly greater than 7, 
as shown in Fig. 13, then the ion cannot arise directly 
from the collision of two excited atoms and a third 
body. An intermediate excited molecule may be formed, 
whose lifetime is approximately 7; and which then 
produces an ion by a subsequent process of unspecified 
nature, not involving excited atoms. The electronic 
state of this postulated molecule and the cause of its 
surprisingly long lifetime remain undetermined. 

The decay of the concentration n of these highly ex- 
cited molecules follows the equation 


dn= anon di— pndl, (12) 
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Fic. 12. Semilogarithmic plot showing exponential decay of in- 
tensity of 4850 A continuum at various nitrogen pressures. 


where the constants a and uw refer respectively to mole- 
cule formation by three-body collision and to loss by 
ion formation and diffusion. Since in decay 6*P» atoms 
are the source of 6*P, atoms, each then decays as e~**, 
giving 


dn=aNoN ,e7**'dt— undl. (13) 
The solution for this equation is 
aNoN; 
n= ———— (2Be~"*— pe *8*) | (14) 
(28—p) 


which has an initial slope of zero and which asymp- 
totically approaches a simple exponential decay of 
lifetime 1/u. The decay curves of Fig. 11 fit this 
analysis. As an independent check on Eq. (14), one 
may make a rough calculation of ro=1/u based on Eq. 
(14) and the small differences between these decay 
curves and their asymptotes. The values of ro thus 
obtained range from 0.6+0.2 to 0.54-0.2 millisecond 
over the full pressure range and are in fair agreement 
with the 79 values in Fig. 13(A) as measured directly 
for the 6’P» atoms. 

The decay of the 4850 A continuum shows a lifetime 
t, which increases greatly with pressure and reaches a 
value 3 to 5 times that of ro and 7;. See Fig. 13. Since 
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_Fic. 13. Decay times of resonance cell phenomena at various 
nitrogen pressures. A: Population of @P» atoms. B: Rate of ion 
formation. C: Intensity of 4850 A continuum. 
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7, is independent of collecting voltage from 0 to 400 
volts, ionic recombination cannot be the source of this 
excitation. The initial rapid decay shown in Fig. 12 is 
the result of fluorescence of the glass tube. The excited 
molecular state responsible for this continuum, pre- 
sumably formed from the combination of 6’P» and 6'So 
atoms, is clearly not the same as the shorter-lived state 
from which the ions are derived. 


SUMMARY 


A study has been made of phenomena related to the 
metastable 6’P, mercury atom appearing in a resonance 
cell containing mercury vapor and nitrogen and irradi- 
ated with 2537 A from a cool mercury arc. The chief 
objective was to observe coherently the variety of 
phenomena reported individually by many investigators 
and, when possible, to use improved techniques to 
provide new data and consistent interpretations. Those 
studies which were a repetition of the work of other 
investigators gave in general excellent agreement; 
some of the results of this work point to correct solu- 
tions where contradictory results have existed in the 
past. 

Quenching of the 6° P, state.—The only feasible mecha- 
nism for the formation of the ion required that the 
6P, state be quenched in a manner very similar to 
that described by the Stern-Volmer formula. The 
quenching at 55 mm of N, was approximately 66%. 

The 6°P>) atom.—A method for measuring relative 
populations of the 6*P, atom is described, which uses 
the self-absorption of the 4047 A line. This technique 
was checked and used in the absorption range up to 
24% and at pressures as high as 55 mm. The population 
varies as the first power of the 2537 A intensity. Some 
of the work of other investigators which disagrees 
with this relation may be explained by the theory of 
Gaviola, which concludes that at high intensities the 
metastable population is proportional to the square 
root of the intensity. The population was also measured 
as a function of nitrogen pressure, and the results 
agreed satisfactorily with the theory of Klumb and 
Pringsheim. The decay constant of the metastable 
atoms was studied as a function of pressure, and the 
results were consistent with the theory of Samson. 

The 4850 A continuum.—Additional evidence is pre- 
sented to show that the molecule responsible for the 
continuum around 4850 A is formed according to the 
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mechanism 
Hg(6’P.)+ Hg(6'So)+ N2 oe Hg.’+ Nz. 


This conclusion is based upon the observations that 
the intensity of the continuum varies as the first power 
of the 2537 A radiation, and secondly, that this mecha- 
nism explains the manner in which the intensity varies 
with nitrogen pressure. The mean lifetime for this 
emission in decay is several times longer than the decay 
time of the 6’P» atoms or of the rate of ion production. 

The resonance cell ion.—The ion originally discovered 
by Steubing was found in this experiment to exhibit 
the characteristics reported by numerous observers. 
The rate at which this ion was produced is dependent 
on the second power of the 2537 A intensity. Despite 
the insistence of Biberman that the ion is produced at 
the surface of the electrodes, the present work definitely 
confirms Rouse and Giddings’ conclusions that the ions 
are formed in the volume of the gas. It is concluded 
that the probable mechanism for the formation of the 
10n 1S 


Hg (6P,)+Hg(6?Po)+ Ne — Hg."+ N2 
Hg,” — Hg:*+e. 


This mechanism requires a three-body collision of a 
6°P; atom and a 6*P» atom with a N» molecule to form 
a highly excited mercury molecule; this molecule is 
then ionized in a process that is not completely under- 
stood. The observation that the decay time of the rate 
of ion formation is greater than the decay time of the 
6*Po state requires that the molecule be formed in an 
intermediate step prior to its ionization. 

The dependence of this ion upon the population of 
6*P> atoms was directly demonstrated when it was 
shown that the ionization rate was decreased when the 
metastable population was selectively reduced by ab- 
sorption of 4047 A radiation. The 4047 A intensity was 
only sufficient to demonstrate the effect; much greater 
intensities would be needed to distinguish between mole- 
cule formation by 6’P» and 6°P» and by 6*P; and 6*Pp. 

From the study of the number of 6° P» atoms required 
for the formation of the highest ion currents measured, 
it is concluded that certainly 1 out of every 700 mercury 
atoms was in the 6*P» state, and that reasonable argu- 
ments could place the true value one or two orders of 
magnitude higher. This offers support to theories which 
have predicted such high concentrations. 
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A formalism is derived for approximately solving problems in the transport of radiation or particles by 
isotropic scattering with absorption. Although the present theory is very similar to diffusion theory, com- 
parison with rigorous solutions where available shows that the results are more accurate than those of 
diffusion theory especially in highly absorbing media and in regions close to sources. Moreover certain 
ambiguities and difficulties in extending diffusion theory are eliminated. The derivation proceeds directly 
from rigorous transport equations and is based on a series expansion for integrals of the Helmholtz type. 





1. INTRODUCTION 
1.1 Need for a Simple Theory 


HE transport or “diffusion” of various radi:tions 
and particles through scattering media is gov- 
erned by the classical Boltzmann transport equation 
originally derived in the kinetic theory of gases. Un- 
fortunately, rigorous solution of this equation involves 
mathematical difficulties of a high order. Only recently'* 
has the simplest problem been rigorously solved, 
namely the distribution due to an isotropic point source 
in an infinite isotropically scattering medium. Recent 
years have also seen numerical solutions®* for a class of 
problems involving uniformly illuminated plane slabs. 
In the vast majority of problems, however, recourse 
must generally be made to diffusion theory.** The 
latter is simple enough to allow solution of a much wider 
range of problems but suffers several unfortunate draw- 
backs. Since the concept of diffusion in response to a 
concentration-gradient is itself an approximation, the 
coefficient of diffusivity is poorly defined and several 
values have been proposed.':** Secondly, simple diffu- 
sion theory cannot be realistic in regions where the 
motion is highly organized in direction as is the case 
near a source or in a highly absorbing medium. The 
results therefore cannot be trusted in such regions where 
the “direct beam” may be dominant. Finally, it is 
difficult to establish realistic boundary conditions where 
the scattering medium gives way to vacuum or a pure 
absorber. This is espically true if the boundary is di- 
rectly illuminated by an external source. 
In spite of these disadvantages, diffusion theory has 
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been widely and usefully applied to problems where 
other theoretical methods are intractable. 


1.2 Scope of Present Study 


It is the aim of this paper to develop a formalism for 
isotropic scattering as simple and as widely useful as 
diffusion theory, but possessing the following ad- 
vantages : 


(a) unequivocal values for constants; 

(b) definite boundary conditions even under external 
illumination; 

(c) more accurate results particularly in regions near 
a source and in media which are highly absorbing. 


Basic relations are set up in paragraph 2, the approxi- 
mate formalism is developed in paragraph 3 and a 
comparison with other theories is given in paragraph 4. 


2. EXACT RELATIONS 
2.1 Limitations and Notation 


We consider throughout the following only ‘media 
which can absorb and scatter isotropically. Although 
the formalism can, like the diffusion theory, be applied 
to media which scatter anisotropically, the reduction 
to an equivalent isotropic scattering is outside the scope 
of the present discussion. For definiteness in terminol- 
ogy, we shall speak of light scattering, although of 
course the theory covers neutrons and other radiations 
as well. 

Only steady-state distributions will be considered; 
time dependent problems are outside the scope of this 
study but can be reduced (reference 2, p. 47) to steady 
state problems. 

Vacuum regions will be replaced by absorbing media 
in the formal development because absorbers are easier 
to treat in a unified manner and the two have the same 
effect on photon distribution within other media; 
neither returns photons.’ 

With these conventions it will then be assumed that 





7 Obvious modifications in treatment are required if photons 
may stream through vacuurn from one scattering region to an- 
other. These modifications will not be explicitly considered here. 
Although the difficulties so introduced can be great, the present 
theory is no more vulnerable in this respect than others. 
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the (total) mean free path \ is constant throughout all 
space. To simplify expressions we will often employ 
length units chosen so that A= 1. 

The “albedo” of scattering, w(r), however, will be 
allowed to vary arbitrarily with position. (w= scattering 
cross section/total cross section =d/Asear= 1— probabil- 
ity of absorption per encounter.) In particular w=0 in 
vacuum regions. 

Other notations which will be used below are as 
follows: 


v= velocity of photons, 

p= density = number of photons/cm’, 

j= current = net vector flux of photons/cm’ sec, 
q= number of photons emitted by sources/cm’ sec, 
pa=density of unscattered photons, 

ja= net flux of unscattered photons. 


The latter two quantities refer to “direct beam” con- 
tributions. Note that where several such beams cross at 
a point, ja represents their vector sum whereas pa 
represents the sum of their magnitudes, similarly g(r) is 
a scalar sum of photons emitted per unit volume per 
unit time. Note that the sources need not be isotropic. 


2.2 Basic Equations 


As shown in standard references’? the basic equation 
for transport by isotropic scattering may be written 


= 2 eit-t'l/) 
p(n) patt)+ ff fora dr’. 1) 
. fe r—r' "A 


This relation is easily derived by considering the photon 
density at r as made up of (a) direct beam contribution 
plus (b) photons scattered at r’ and traveling without 
further scattering to position r. The integral in (1) is to 
be taken over all space but w(r’) is understood to vanish 
by the convention adopted above in regions where no 
scattering can occur. 

It should be noted that Eq. (1) together with given 
pa(r) and w(r) completely determine the solution of the 
entire problem. Once the density is known [ Eq. (1) has 
a unique solution? for given pa(r), w(r) }, the current and 
other quantities are completely determined. There is no 
need to use the current in setting boundary conditions 
on (1). 

Nevertheless, since the current is often of interest in 
the results, we mention here some relations which will 
be used below. 


Vv j= 9(r)—[1—w(r) }op(r) A, 2) 
V-ja= q(t) — tpa\r) i (3) 
Vxj =0=Vajq. (4 


The first two relations are essentially conservation 
equations. The first states that photons are gained from 
the sources and lost only by absorbing collisions. Equa- 
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tion (3) states that unscattered photons are supplied by 
the sources and lost be either absorbing or scattering 
encounters. 

Equation (4) may be readily proved by setting up 
integral expressions for j and j4 in terms of p, pa and ¢ 
by the method suggested under (1). Taking the curl of 
these expressions then establishes (4). Note that (4) 
implies that j and jz are completely determined by the 
quantities on the right-hand sides of (2) and (3). 


3. SIMPLIFIED THEORY 
3.1 Derivation 


Since \ has been forced to be constant everywhere we 
may apply to Eq. (1) the expansion (A.1) derived in the 
Appendix. Upon evaluating the appropriate integrals 
defined by (A.2), the result is 


p=pat >. (A°V)"(wp)/(2n+1), (5) 


where V** represents an n-fold application of the Lapla- 
cian operator. 

If terms with n>1 are omitted in (5), the result is 
the standard diffusion equation but with a source term 
equal to pav/A. However, since the coefficients in (5) fall 
off only as m~, neglect of higher order terms is probably 
not very accurate. 

To obtain a more rapidly converging series, operate 
on both sides of (5) with the operator (A?V?—1). Re- 
arranging terms, the result is 


NV (3—2w)p/3]—(1—w)p 


= (N*V*— 1) pg + 25° (A2V?)" (wp) (4n?—1). (6) 


In Eq. (6), the coefficients of high-order terms now fall 
off very rapidly and we shall make the approximation of 
dropping the final sum. In this way it is natural to 
expect that the approximate results so obtained will be 
more accurate than diffusion theory. Later comparisons 
will bear out this expectation. 

The formalism is considerably simplified if we intro- 
duce an auxiliary function P(r) defined by the follow- 
ing equation: 

p(r) =3[ P(r) +p4(r) )/[3—2u(r) J. (7) 


Making this substitution in (6) and dropping the infinite 
sum, one obtains 


MVP (r) — K?P(r) = — (1— K®)pa(r), (8) 
where 
K(r)=[3(1—w)/(3—2w) }}. (9) 


Equation (8) with the definitions (7) and (9) forms 
the basic equation of the present formalism. The func- 
tions w(r), the albedo for a single encounter, and pa(r), 
the density due to direct beams, are presumed to be 
given data for each specific problem. 





MULTIPLE 


Before discussing boundary conditions on P(r), it is 
convenient to derive an expression for the net photon 
current. From Eq. (4) it follows that both j and jz can 
be represented as gradients of scalar functions. Con- 
sequently we may also set 


j—ja=vVf. (10) 


Subtracting (3) from (2) and making the substitution 
(10), one obtains 


N°V? f= pa— (1—w)p. (11) 
It then follows from (7), (8), and (9) that 


V(f+P)=0. (12) 


Both P and f (aside from an undetermined constant) 
must vanish at infinity since p and j must vanish there. 
If we envisage any geometrical discontinuities in scatter- 
ing media (i.e., discontinuities in K and w) as replaced 
by very sharp but nevertheless continuous transitions, 
then on physical grounds all functions must be con- 
tinuous with their first derivatives and it follows from 
(12) that f may be taken equal to (— P). Equation (10) 
then becomes 

j=ja—AVP. (13) 
This relation suffices to determine the net current when 
(8) has been solved for P. 

Note that the derivation has involved no further 
approximations beyond the use of Eq. (8). Hence j as 
determined from (13) will satisfy rigorously the con- 
servation and curl relations (2), (3), and (4) but the 
density appearing in these will be the approximate 
density as determined from (7) and (8). In short, Eq. 
(13) will yield precisely the current implied by the ap- 
proximate p. 

3.2 Boundary Conditions 


In solving actual problems, it is convenient to con- 
sider changes in physical properties between various 
media as discontinuous. It then becomes necessary to 
specify the behavior of the fundamental auxiliary func- 
tion P at such discontinuities. 

Since photons do not accumulate at boundaries, it 
follows from (13) that the normal component of VP is 
continuous. This result may also be derived from (8) by 
integrating over a “pill box” volume which straddles the 
interface and letting the height of the box approach zero. 

To derive the second boundary condition, it is con- 
venient to consider the limiting case of a continuous 
transition between media as the distance through the 
transition is made to approach zero. Assume first that 
P becomes discontinuous in the limit. Then as the dis- 
tance of transition is made small, the normal component 
of the current j will, by (13) attain an arbitrarily large 
value within the transition while remaining finite on 
either side of the boundary. This situation can only 
represent a “double layer’ of sources and sinks dis- 
tributed over the boundary, and must be ruled out of 
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any physical problem not involving such double layers. 
Hence the remaining boundary condition is that P 
itself is continuous. 

It may be noted that p as given by (7) will then be 
discontinuous at boundaries. This is not in general true 
of a rigorous solution,* but the latter often has a sudden 
drop very near an absorbing boundary, and the dis- 
continuity given by the present formalism is presumably 
an approximation to this sudden drop. 

It is of interest to note that the simple formalism 
presented here also automatically gives an extrapolated 
endpoint.® Specifically, if we assume a plane boundary 
located in a region where pa=0 and separating a vacuum 
or an absorbing medium from a medium with finite w, 
then the solution of (8) on the absorbing side is of the 
form exp(—!Z//A) where Z is distance measured nor- 
mally from the boundary. By continuity of P and its 
normal derivative, the value and derivative of p will 
then have the ratio A just inside the interface, and a 
linear extrapolation of p into the absorbing medium will 
then vanish at a distance \ from the boundary. Thus the 
formalism gives an extrapolated end point of \ rather 
than the rigorous value,*-* 0.71044. However, the pres- 
ent formalism will automatically alter this value to take 
account of various specific local conditions. There is no 
need, as in diffusion theory, to use separate arguments 
to establish its appropriateness in any given situation. 


3.3 Summary 


Here we collect the above results in a form which 
would be used to solve a specific problem. For simplicity 
it is assumed that there are no reflecting boundaries and 
that the geometry is such that photons cannot stream 
across a vacuum from one scattering medium to enter 
another. While the complications thus excluded can be 
very great, they are not peculiar to the present 
formalism. 

The function, w(r) = the probability that an encounter 
at r results in (isotropic) scattering rather than absorp- 
tion, is specified by the properties of the various scatter- 
ing media. It is assumed that the total mean path J is 
constant in all media. 

The function, pa(r)= density of unscattered photons, 
is readily computed from the given distribution of 
sources. Note that the sources need not themselves be 
isotropic and that they can be located either inside 
scattering media or in vacuum. Values of pa(r) will be 
needed only in regions where w+ 0. 

After pa(t) has been computed, vacuum regions are 
replaced by complete absorbers (o=0). The function 
K(r) is then computed from 


K=[(1—@)/(1—2w 3) |. (14) 


This completes the setup of the problem. 
Solution of the problem is then effected by solving the 
following equation for the auxiliary function P(r) 


VP — K*P= — (1— K*)pa, (15) 
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Taste I. Comparison of K (w) for various theories. 





K (w) 


Rigorous* Diffusion theory 


1 73 
1.0000 A 
0 9999 55 
0.997 

0.986 

0.957 

0.907 

0.329 

0.710 

0.525 

0414 

0.243 

0.1725 

0 





subject to the boundary conditions 
P—+) asr-= 
P and n-VP continuous at interfaces (16 


The density p of photons and the net flux j are then 
given by 
p= \ P+ pa \ ) ’ 17 


j jJa—AvVP. (18 


; 


In (18) jg is the met flux of unscattered photons, which is 
easily computed from the given source distribution 
with, of course, vacuum not replaced by absorbers). 

Equations (17) and (18 
vacuum to act as a perfect absorber. Under the limita 


tions stated above, they 


give p and j assuming 


are thus correct (subject to 
the approximation of the whole theory) within scatter 


ing media, but of course do not represent the actual 


rasie IT. Values of 4rr°p 


Point source in a! 


? 
l 
1.7 
1 
1 
l 


O85 
0.62 
0.44 0.53 
1.25 0 

ORS 0.77 0.91 
0.58 0 7 1.11 
0.40 0.3) 5 101 
0.28 0.2 0.82 
0.13 0.10 0.45 
0.060 0.043 0.22 
0.028 0.017 0.10 
0.012 0.007 0.045 
0.005 0.003 0.019 


0.036 
0.010 
0.003 
0.0008 


OU eww 


* See reference 2 
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situation in vacuum regions. If needed, the latter must 
be separately computed from the former. 

The value (18) for j will satisfy rigorously the con- 
servation relations implied by the approximate value 
of p(r). 

It will be seen that the effort of solving a problem is 
about the same as that required by diffusion theory. 
Nevertheless, the results are shown below to be more 
accurate in cases where comparison with rigorous solu- 
tion is possible. 


4. COMPARISON WITH OTHER THEORIES 


4.1 Point Source in Infinite Medium 


The present formalism is easily applied to the prob- 
lem of an isotropic point source in an infinite homo- 
geneous (isotropically) scattering and absorbing medium. 
In this case we have immediately pa=S exp(—r)/4ar’v 
where S is the source strength in photons/sec and the 
unit of length has been chosen to make A=1. The 
parameter K isa constant and Eq. (15) is readily solved 
by the method of Green’s function. The final result is 


p=([S/440(1—2w/3) \{e-"/r+[ (1— K?) 2Kr | 


<[e~*'2 tanh "K +e*'E,((1+K)r) 
~e-KE,((1—K)r)}}, 


E,(X)=—Ei(—X) f é u)du. (20) 
x 


It may be noted that when w vanishes (19) becomes 


(19) 


where 


the rigorous solution for a perfectly absorbing medium. 
It may also be shown that for all w the total number of 
photons in the distribution (19) has the rigorous value 
S/(1—w)t 

In comparing (19) with the corresponding result for 
diffusion theory, we run across one of the disquieting 
features of the latter. Simple diffusion theory gives the 
value [3(1—w) }' for K. This, of course, is greatly in 
error for small w as may be seen in Table I where it also 
is shown that the value (14) for K is much closer to 
the rigorous’ value. In view of this discrepancy, vari- 
ous corrected expressions are often used® in diffusion 
theory. Whatever the value of K employed, diffusion 
theory with a 6-function source term gives the result 
p= (3S/4rv)(e-*"/r). 

Now this expression gives the correct total number of 
photons only if the Jess accurate value of K is used. 
Moreover, a similar feature arises in comparing detailed 
values of p. In Table II are shown values of p given by 
various theories for w= 0.9 and w=0.3. For values of w 
near unity, there seems to be little choice between the 
various approximate theories (in this example at least). 
For w= 0.3, we note again that the “corrected” diffusion 
theory is rather poor whereas the simple diffusion theory 
is surprisingly good in spite of the fact that K is 457 too 
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TaBLe III. Transmission of nonabsorbing plane slab. (A= 1, a= 1) 











Transmission 
This 


paper 


Diffusion 


Rigorous* theory 


Transmission 
This 
paper 


Diffusion 


Rigorous* theory 








0.975 
0.953 
0.889 
0.802 
0.667 


0.975 
0.953 
0.890 
0.797 
0.660 


0.98 
0.95 
0.885 
0.786 
0.632 


0.953 
0.910 
0.802 
0.674 
0.522 


0.954 
0.910 
0.800 
0.666 
0.502 


0.950 
0.905 
0.786 
0.632 
0.432 


0.890 
0.803 
0.637 
0.5 0.507 
1 0.402 


0.890 
0.801 
0.627 
0.480 
0.354 


0.885 
0.786 
0.570 
0.368 
0.200 


0.1 


0.683 
0.561 
0.469 
0.420 
0.350 


0.680 
0.549 
0.430 
0.356 
0.275 


0.632 
0.432 
0.200 
0.100 
0.050 


0.488 
0.477 
0.445 
0.400 
0.333 


0.456 0 
0.429 0 
0.372 0 
0.313 0 
0.242 0 





* See reference 4 


large. At very great distances r, however, the reverse 
must be true since the exponential function will eventu- 
ally dominate the behavior. Thus, in all, it appears that 
the present formalism, with no additional corrections, 
produces a single set of formulas which are much better 
approximations over large ranges of the parameters. 


4.2 Plane Slab Problems 


Consider a homogeneous plane slab of thickness 1, 
bounded on both sides by vacuum. Let the slab be 
uniformly illuminated by parallel radiation making an 
angle @ with the normal. This problem also has been 
rigorously solved*'‘ for isotropic scattering. 

In Table III, we show the transmission (= power 
transmitted/power incident) of a nonabsorbing slab as 
obtained from the various theories. It will be seen that 
the present formalism in all cases gives results which are 
better than those of diffusion theory and that in particu- 


Taste IV. Albedo of half-space 


Diffusion 
theory 


lar it predicts about the right transmission for grazing 
incidence (@=2/2) while diffusion theory gives a limit- 
ing value of zero. In Table III moreover we also have 
another example of the uncertainty entailed in any 
simple attempt to correct diffusion theory. The values 
shown are for the boundary condition p=0; in this 
example, use of the extrapolated endpoint (equivalent 
to using /+-1.4) as the thickness) would make the diffu- 
sion approximation worse. 

In Table IV are shown values of the albedo (= power 
reflected/power incident) for infinite thickness and vari- 
ous w, 6. Here again it is seen that the present formalism 
is a better approximation over the full range of the 
parameters. Again, the results shown for diffusion 
theory are those of the simple version; use of diffusion 
formulas with the rigorous value of K makes the albedo 
approximation worse although the detailed variation of 
p is presumably better. 


Albedo 
This 


paper 


Diffusion 


Rigorous* theory 





0 0 1 
0 0 0.536 
0 0 0.366 


0.018 
0.012 
0.009 


0.052 1 
0.024 0.550 
0.016 0.378 


0.065 
0.044 
0.034 


0.163 1 
0.082 0.580 
0.058 0.408 


0.133 
0.093 
0.071 


0.293 1 
0.161 0.620 
0.115 0.448 


0.250 
0.182 
0.143 


0,452 1 
0.278 0.678 
0.208 0.513 


0.500 
0.400 
0.333 


0.694 1 
0.508 0.785 
0.415 0.645 


0.719 
0.631 
0.561 


0.776 1 
0.626 0.837 
0.536 0.7290 


0.95 


1 1 
1 ! 
1 i 











® See reference 3. 





4.3 Conclusions 


In summary, an approximate formalism has been 
derived directly from the rigorous isotropic transport 
equations. Although the labor involved in the solution 
of specific problems is about the same as that required 


in diffusion theory, the results appear to be a better 
approximation particularly for absorbing media. The 
results are, of course, approximate but if further im- 
provement is required, it is clear from the derivation it- 
self what further steps should be taken to increase the 
accuracy. This is in contrast to diffusion theory where, 
as noted above, apparently reasonable attempts to im- 
prove accuracy may in fact have the opposite effect. It 
appears that the present formalism should be widely 
applicable to problems too complex to be handled by 
rigorous methods, and we expect to make a number of 


such applications in the near future. 


APPENDIX 


The purpose of this appendix is to indicate the deriva- 


tion of the following expansion. 


tr) fff r’)K(\2’—r| )dr’ 


a 


> a,V°"F (r) 


a. f u?”*?K (u)du. 4.2 


The notation V**" denotes an n-fold repeated application 


2n+1)! A.1) 


where 


of the Laplacian operator. No detailed examination of 
restrictions will be made, but obviously necessary con 
ditions are the convergence of (A.2) for all m and the 
validity of the Taylor series expansions for F. 

To evaluate the integral in (A.1), change the integra- 
tion variable to R=r’'—r and expand F(R+r) in a 
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three-dimensional Taylor series about r. 


ff ftarorK nar 4dr, 


where the exponential operator is defined by its power 
series. The mth term in this series is itself a sum of 3" 
terms which arise from the scalar product in the ex- 
ponent. Collecting like powers of these ultimate terms, 
the mth term of the main series can be written 


| ws m m—1 
Fane 2 NC) 
m' fi i+j;+k=m 1 7 


| Arv'savisdavé X*ViZ* 
OOO nlf F222 
l\a x oy Oz | 4rR™ 


Now by spherical symmetry, the surface integrals in 
this expression will vanish unless i, 7, and & are all even. 
Consequently, the entire expression (A.3) vanishes un- 
less m is even. The surface integrals in the remaining 
cases can be evaluated from Dirichlet’s integral,® a 
special case of which is (for i, 7, & even) 


a GIG) 


Differentiating this with respect to a and then setting 
a=1, the integral required in (A.3) is obtained. Sub- 
stituting the result in (A.3), combining numerical fac- 
tors, and recalling that i, j, and & are all even, it is found 
that (A.3) reduces to the term m= m/2 in (A.1) and the 
result follows. 

It is perhaps of interest to note that the case K(x) 

-e-*/x yields a series (A.1) formally equivalent to 
the operator (V?—1)~! thus indicating the well-known 
fact that this particular K is the Green’s function of the 
operator (V*—1) 


(A.3) 


8 > 


See, for example, R. C. Tolman, Principles of Statistical 
Wechanics (Oxford University Press, Oxford, 1938), p. 656. 
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Lifetime of Electrons in p-Type Silicon 


G. Bremski 
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The dependence of lifetime of electrons on temperature in p-type silicon can be explained on the basis of 
the Shockley-Read-Hall theory by assuming a level for the recombination centers at 0.2 ev from the valence 
band. The variation of lifetime with injected carrier density can also be explained by the same model. 





1, INTRODUCTION 


EASUREMENTS described in this paper of 

minority carrier lifetime in the vicinity of a 
silicon p-m junction show that lifetime is a function of 
both minority carrier density and temperature. These 
experiments provide an indication of the processes in- 
volved in the recombination of holes and electrons. The 
results are consistent with the Shockley-Read-Hall 
theory of recombination centers.'? 


2. THEORY 


The Shockley-Read-Hall theory of electron-hole re- 
combination in semiconductors explains why lifetimes 
observed in germanium and silicon are several orders 
of magnitude shorter than those predicted from direcs 
electron hole recombination. The model employed it 
shown in Fig. 1. It assumes that recombination takes 
place through the agency of imperfections of some sort 
in the crystal. 

The recombination process can be characterized by 
the concentration of centers N,;, the energy level of 
centers E,, the thermal densities of electrons and holes 
mo and po, and the capture constants for holes and 
electrons Cp=1/r 0 and C,=1/rxo. Typo is the lifetime 
for holes injected into high-conductivity n-type speci- 
men, Tao is similarly the lifetime of electrons in high- 
conductivity p-type specimen. C, and C, are assumed 
constant in the temperature range investigated. 

For small values of injected carrier density én the 
theory gives for the lifetime ro: 


1 1 
(no+m1) +—(pot+ pr) 
ei C. 


Not Po 


n= N {8 0) /kT 
and 
pi=NeF 20 /kT 


represent the numbers of electrons and holes in the 
conduction and valence bands for the case in which 
Fermi level falls at E,, and V. and N, are the effective 
densities of states in the conduction and valence bands, 
respectively. For large values of injected carrier densities 


1 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
2 R. N. Hall, Phys. Rev. 87, 387 (1952) 


bn Shockley and Read obtain: 


bn (7 pot T no) 
(4) 
T po(Mot+1) +7 nol Pot pr) 
= Ty - . . 


én 
1+ 


not po 


Equations (1) and (2) provide means for determining 
the energy level of the recombination centers and the 
ratio of capture cross sections for electrons and holes 
assuming that all the centers lie at a single energy level 
within the energy gap. 


3, EXPERIMENT 


The junction recovery time’ method of measuring 
lifetime was used in our experiments. This type of 
measurement yields results depending upon the carrier 
density within one diffusion length from the p-m 
junction. By using p-n grown junctions of large cross 
section one may observe lifetime very close to the body 
lifetime even in the presence of high surface recombina 
tion velocity. Each specimen used was cut from a p-m 
grown junction crystal and etched in CP-4 to a size of 
0.100 in. 0.100 in. 0.500 in. The resistivity of the p 
side was 50 to 100 times higher than that of the n side. 
This disparity insured predominating injection of elec- 
trons from the low resistivity to the high-resistivity side. 
The electron lifetime was then measured on the high- 
resistivity side of the junction. 

The effects of the space-charge region of the junction 
have been neglected in view of the large ratio of in- 
jected carrier density to the capacitance current 
density.? Some of the crystals were rejected when the 
oscilloscope trace indicated more than one time con- 


\ Recombination Centers 


Fic. 1. Model for the recombination of electrons and holes. 


+B. Lax and S. Neustadter, J. Appl. Phys. 25, 1148 (1954). 
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Fic. 2. Lifetime in p-type silicon os injected electron density 
stant. This could have been due to defective junctions 
or to high trap densities near the junctions.‘ There was 
no indication of traps in the specimens retained for our 
experiment ; the lifetimes were not sensitive to dc light 
and were found to decrease with the cross sections of 


the samples according to theory.* 


4. RESULTS 


Typical measurements of lifetime as a function of 
injected carrier density are shown in Fig. 2. Similar 
results have been obtained on samples from different 
crystals with resistivities of the p sides varying between 
The data are plotted as r,(1+6,/p 

next 


1 and 15 ohm-cm 
vs 6n/po to facilitate comparison with theory 
section 
of 300°K. Figure 3 shows the points obtained in 


The points have been taken at a temperature 
measur 


ing lifetime vs inverse absolute temperature 


5. DISCUSSION 


To interpret the data of Fig. 2 one can use a simplified 


form of Eq. (2). In view of the result described farther 
on and indicating that the recombination centers are 
located in the lower half of the energy gap, we assume 
that p, is larger than mo and m,; 7 is then given by: 
5n (rT pot+T no) 


ro(1+ adn) 


] vs dn) po gives ¢ 
» if a>1/ po. Figure 
about 10-" en 


It is impossible to obtain the cross 


relation, the value of “a” being + while 


1/ po= 4.107% 


cm 


‘J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 3 
*W. Shockley, Electrons and Holes in Semiconductor 
Nostrand Company, Inc., New York, 1950 


>MSKI 


section for electron capture from this expression as 
neither 7,0 Nor 7y0 is known. It can be estimated, how- 
ever, that the ratio ry0/ta0o=C,/C, is considerably 
larger than unity. This would indicate that the cross 
section of the empty traps for an electron capture is 
higher than that of occupied traps for capture of a 
hole. It is interesting to note that Burton® has found, 
in the case of copper and nickel recombination centers 
in germanium, a result opposite to ours. 

The experimental points in Fig. 3 can be fitted by 
an empirical expression of the form: 


To= Tao t Ce (FU*T), 


If the recombination centers lie in upper half of the gap, 
Eq. (1) would give 


To= Tnot 7 p0(M1/ po), 


250K 


X-EXPERIMENTAL POINTS 4 | 
T. T, | 
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Fic. 3. Lifetime in 200-cm p-type silicon 2s 1000/T. The slope 
of ro—7.»0 gives the level of recombination centers within the 
energy gap. 


and since Tp0>>rno and > po, 
To T po (M1, pi 
For centers in lower half of the gap (p:>>m,), 
T. fi+ pu Pp ) J=rp0+Ce(E,— E,)/kT, 
the experimental data. Taking 
vs T/ 1000 gives 
0.2 ev. 


in agreement with 
Tn0* 15 BSC and plotting log (r — Ts 


a straight line. The slope corresponds to E, 
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Effect of Defects on Lattice Vibrations* 
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The theory of the effect of localized defects such as impurities, holes, and interstitials on the vibrations 
of crystal lattices is developed. Although most of the analysis is concerned with one-dimensional! chains, the 
general approach to defects in three-dimensional lattices is outlined through the example of a simple cubic 
lattice with nearest-neighbor interactions. 

Many types of defects cause localized normal modes whose effect dies out rapidly with distance from 
the defect. Mathematical techniques, which involve the use of Green’s functions, are discussed for the 
theory of these localized modes. The vibrational frequencies of these modes are displaced out of the band 
of frequencies of a perfect lattice. 

The theory of interaction of two defects as a function of their distance of separation is developed for the 
range of very low temperatures through the calculation of the change of zero-point energy of a lattice as a 
result of the introduction of a defect pair. Defects attract each other in a monatomic lattice. The attraction 
between two mass defects in a linear chain is inversely proportional to the cube of their distance of 
separation. 

The effect of a localized defect mode in a simple cubic lattice diminishes as with the distance r as 


r~exp(—Ar). 





INTRODUCTION 


OCAL defects such as impurities, holes, interstitials, 
etc., in crystals make their existence apparent in 
many striking ways. The impurity levels of semicon- 
ductors are the seat of those electrons which can easily 
make transitions into the conduction band and hence 
(with the holes which behave in an analogous manner) 
are to a large degree the dominant influence in the 
electrical behavior of semiconductors. Impurities are 
known to change relaxation times in magnetic materials 
by many orders of magnitude. Transport processes such 
as electrical and heat conduction are frequently con- 
trolled by the scattering of electrons or phonons by 
defects. 

An enormous literature exists which gives a semi- 
empirical or phenomenological theory of the effects 
mentioned above as well as of the diffusion of defects. 
A proper basis for the systematic discussion of the effect 
of impurities on electrons in solids has been given by 
Slater and Koster! through the use of localized Wannier* 
wave functions. The effect of defects on electrons in a 
linear chain has also been discussed by Saxon and 
Hutner.? There is considerable similarity between the 
behavior of electrons in semiconductors, spin waves in 
magnetic materials and lattice vibrations in crystals 
in general. Since lattice vibrations are the most amen- 
able of these three phenomena to mathematical analysis, 
the authors have felt that a detailed investigation of the 
effect of lattice defects on lattice vibrations might shed 
some light on the general defect problem. 


* This work was supported by the Air Research and Develop- 
ment Command of the U. S. Air Force. 

t On leave from the University of Adelaide, South Australia. 

1G. F. Koster and J. C. Slater, Phys. Rev. 95, 1167 (1954); 
G. F. Koster, Phys. Rev. 95, 1436 (1954). 

?G. H. Wannier, Phys. Rev. 52, 191 (1937). 

*D. S. Saxon and R. A. Hutner, Philips Research Repts. 4, 81 
(1949). 


It is not only in solid state physics that defects are 
important. Any discussion of the interaction of particles 
with a field is really one of localized defects in the field, 
Since the theory of lattice vibrations is mathematically 
equivalent to that of a discrete quantum field, an 
analogy might be made between lattice defects and 
particles coupled to discrete quantum fields. For- 
tunately a natural fundamental length, the lattice 
spacing, is sufficient to immunize the theory of lattice 
vibrations from the divergences which are the curse of 
continuum quantum fields. It is hoped that some of the 
results on the discrete model may contribute to the 
understanding of some of the difficulties in the con- 
tinuum case. Lattice theories of quantum fields have 
been discussed recently by Schiff* and Rosenstock.® 

A local defect influences the vibrational spectrum in 
two ways. With the exception of a small number of 
frequencies which normally lie near the band edges, the 
possible frequencies are displaced by amounts of order 
O(1/N) (N being the total number of lattice points). 
The exceptional frequencies, which might suffer a con- 
siderable displacement, are associated with localized 
normal modes which die out rapidly with distance from 
the defect. A typical such mode is that associated with 
a lattice vacancy. It corresponds to a pulsation (similar 
to that of an explosion bubble in a fluid) whose influence 
dies out as r~' exp(— Ar) at large distances. The large 
class of slightly displaced modes can be discussed 
through perturbation theory, but the exceptional 
localized modes must be handled by a separate exact 
calculation. The theory of these modes has been briefly 
outlined by Lax and Smith® and is essentially the same 
as that proposed by Koster and Slater’ for electrons in 
solids. Although the approach used in the present paper 
follows in similar lines, it was first suggested to the 

‘L. L. Schiff, Phys. Rev. 92, 764 (1953). 


5H. B. Rosenstock, Phys. Rev. 93, 331 (1954). 
*M. Lax, Phys. Rev. 94, 1391 (1954). 
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authors by a mathematical investigation of discrete 
potential theory by Duffin.’ 

Every lattice defect has a “‘self-energy.’’ This cor- 
responds to the difference in bond energy between the 
imperfect and perfect lattice plus the differences in 
vibrational zero-point energy, the $/v’s associated with 
each frequency. 

An interesting feature of defects in a monatomic 
lattice is their clustering tendency. The short-range 
preference for pairing of vacancies due to the lowering 
of total bond energies is well known. We shall show 
that a longer-range attractive force also exists between 
defects. if the defects are light isotopes imbedded in a 
matrix of heavier isotopes, this attractive force gives 
rise to a separation of the isotopic mixture into two 
phases at very low temperatures. This point has been 
discussed by perturbation theory by Prigogine, Bingen, 
and Jeener.® 

The authors feel that this attraction between defects 
is a rather general property of locally perturbed fields. 
In this case it would give rise to the following mecha- 
nism : defects might be created by some means of excita- 
tion, as they are formed they would cluster together so 
that when they exist in sufficiently large numbers they 
might condense in a manner analogous to that in which 
a gas condenses 

There are three phases of the theory of defects which 
must be investigated. First, the statics or the energetic 
considerations such as their self-energies and the inter- 
actions between defects ; second, the dyamics or motions 
of defects through the lattice, and finally the statistical 
mechanics or the effect of thermal excitation on defect 
formation and interaction. This paper is concerned with 
the statics. The authors hope to discuss the other two 
phases later. Stripp and Kirkwood’ have analyzed the 
statistical mechanics of holes and impurities in lattices 
but this work deals only with perturbation theory and 
neglects the effect of the localized modes which in some 
situations might be extremely important. 


1. DESCRIPTION OF THE MODEL 


Our detailed analysis will be carried out for linear 
chains and simple cubic lattices with nearest neighbor 
interactions only. Other lattices can be handled in an 
analogous manner but require somewhat more cumber- 
We describe our model in this 


some mathematics. 


section. 
(a) Lattice or Field 


Let us consider a simple cubic lattice of V* identical 
particles each of mass M and coupled to its nearest 
neighbors through both central and noncentral forces. 
The forces are postulated as harmonic so that the total 


‘R. J. Duffin, Duke Math. J. 20, 233 (1953). 

* Prigogine, Bingen, and Jeener, Physica 20, 383 (1954) ; 20, 516 
(1954). 

*K. F. Stripp and J. C. Kirkwood, J. Chem. Phys. 22, 1579 
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potential energy of the lattice is 
b=%+ AF, 


where p is the potential energy of the lattice at equi- 
librium, y= 3.V*09 (1 being the binding energy per pair 
of particles) and 


1 
Abd=—8, DY [ (xi ma—Fuim0)” 
2a? Laman 


+ (91, m, n— Vi m+1, n)+ (Zn.m, n— Zim, n+1)"] 


1 
+ Bs oR [ (xem nan XL m+, a)? 


2a’ i.mn 


+(yima—V m, ati) + (zy, m,n 2141, m, a} 


1 
+ —B; = [ (x, m,n XL m, mt 


2a’? i.mn 
+(yim n—Vutm a) + (24, m,n 20, th, ay’, (1.1) 


when the set of displacements {21 m, n, V1, m, n)21, m,n} from 
equilibrium positions exist at the lattice points {/,m,n}. 
The lattice spacing is a. We generally let y;=6;/a?. The 
constant 7; represents the central force constant while 
we usually write y2=~y3 for the noncentral force con- 
stants. Since a simple cubic lattice with nearest neighbor 
central force interactions only is unstable to shear we 
must introduce the noncentral forces to give the system 
a realistic character. 

We shall have occasion to discuss a discrete scalar 
field whose potential energy can be described as a special 
case of (1.1). We characterize this field by one parameter 
X1,m,, associated with each lattice point (/,m,n) and by 
the potential energy function (1.1) with 6:=$:=8;=8 
and y=z=0. 

We shall first give a classical mechanical discussion 
of our system and later analyze it quantum mechani- 
cally. It is to be recalled that in the case of harmonic 
operators the quantum mechanical energy levels are 
E= (n;+4)hv;, where the n;’s are integers and »;’s 
the classical frequencies of the normal modes of vibra- 
tion of the system. Our system of particles is of course 
equivalent to a triply periodic set of springs and masses. 
We shall sometimes refer to it as the “‘field.” 

Since the motions in the x, y, and z directions are 
independent of each other in our model we need only 
analyze the behavior of a lattice with one degree of 
freedom per lattice point. Newton’s equations of motion 
for such a system are 


Mx mw a= (81/0")| Lint mw a Zim atiitanr 


+> (Bo QO”) Xi, m+ 1, n— 2X1 mnt UL m1 nj 


+ (B83 a*)| x, m e+1 die, ati, m, © 1 |. ( 1.2) 
Similar equations exist for the y’s and z’s. The equations 
of motion of our model of a discrete scalar field are the 
special case of (1.2) with 3,=3;=8,=8. 








EFFECT OF DEFECTS 





We shall choose our system to be composed of 
NXNXN=.N* particles and use periodic boundary con- 
ditions 


Lim n=XUN.mn=TL et N.n=TimatN, etc. (1.3) 
Then the normal modes can be expressed as 
Xt, m, n= u(l,m,n) exp— tut, (1.4a) 
where 
u(l,m,n) = expi(gil+ gem+ oun), (1.4b) 
and 
¢j=2xa;/N; 41,02,€3=1,2,---,N 
or 
—}) LN, (1.4c) 


The circular frequencies of the normal modes of 
vibration of our “‘field”’ are 
a’Mu*=2 > 8;(1—cos¢;); (1.5a) 
1 
if a—0, B20, M—0 in such a way that 8/M=a 
= constant and L= Na=length of an edge of our lattice, 
we find 


» 


w — 4° DL? (a,a;"*4 a202*+a303*) (1.5b) 


gg 





Fic. 1. The distribution function g(w) for the number of normal 


frequencies between w and w+dw. (a) continuum, (b) y:1=72= a, 


(c) 11 >¥2:= Ys. 


the square of a typical frequency of a normal mode of 
the continuum. It is to be recalled that our equations of 
motion (1.2) reduce to the wave equation (when 
a= a;=a;=a) 

Vu=a*d*u/ dt. (1.6) 

An important difference between the continuum and 
a discrete lattice is that the largest frequency in the 
discrete lattice is 

w?=4M (yityot7s), (1.7) 
while the set of normal modes of the continuum is 
unbounded. It is this unboundedness that leads to 
many of the divergences in field theories. 

The distribution function g(w) defined so that g(w)dw 
is the number of frequencies between w and w+dw is 
quadratic in w in the continuum [ Fig. 1(a) ] and has the 
same character at low frequencies in a lattice, but 
vanishes at high frequencies [see Figs. 1(b) and 1(c) ]. 

The distribution function of w is found from its 
characteristic function 


f(v) = E(expinw’) 


1 N 3 
- dX = exp{2inM 3 7;(1—cosy,)}, (1.8) 
y: 6) .@3,43~1 i 
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(Q) (6) 
yy 
3 
) 
(w/a, > (aru, ¥ 


Fic. 2. The distribution function G(w*) for the number of fre- 
quencies between w* and w*+dw*, (a) y:=y2= ya, (b) yi >ys™ ys 
G(w*) has the same shape as the energy distribution function for 
the tight binding model of electrons in semiconductors. 


so that as V2 


3 r 
f(o)=r If exp[ 2i0oM ly (1—cos¢,;) Ke; 


(1.9) 
3 
=[[{exp(2ixM-y,)} {Jo(2oM—y,)}, 
7~1 
where Jo{x) is the zeroth-order Bessel function. 
The distribution function G(w*) of w* is then 
1 a . 
G(w*) f exp (—itw*) f(v)d2. (1.10) 
2nr /_. 


It is related to the frequency distribution function g(w) 
by 2wG(w*)=g(w). The integration of (1.10) has been 
discussed by Rosenstock and Newell'® and one of the 
authors." It is plotted in Fig. 2. 

We shall, in the usual language of solid state physics, 
frequently refer to the continuum of possible frequen- 
cies of our lattice as the “frequency band.’’ We shall see 
later that localized disturbances in the lattice some- 
times give rise to new discrete frequencies which are 
displaced out of the band (Fig. 3). 
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Fic. 3. Frequency spectrum of (a) perfect lattice, (b) lattice 
with defect. w; = maximum frequency, wp discrete frequency for 
localized mode. 

” H. B. Rosenstock and G. F. Newell, J. Chem. Phys. 21, 1607 
(1953). 

4 FE. W. Montroll, Proceedings of the Third Berkeley Symposium 
on Mathematical Statistics and Probability (University of Cali- 
fornia Press, Berkeley, 1955). 
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(b) Defects 


We now introduce three kinds of disturbances into 
our perfect lattice or field. Our first local disturbance is 
the replacement of a normal! lattice 
particle by an impurity atom of 


+. o a 
mass M’. Since the interaction of 
ee @ e this mass with its neighbors differs 
from the normal interactions, we 
* . . shall replace the normal central 


force constant 7, by a new one ¥;’. 
Generally we shall characterize 
the impurity by the two parameters 
P=y;'/y, and Q=M’'/M. 

Our second type of local variation is the interstitial, 

a normal or impurity atom inserted between normal 
lattice points. 

7 Generally the static dis- 
tortion caused by the inser- 
tion of an interstitial or an 
. impurity extends over several 
lattice spacings. However, 
since our first aim is to get 
a qualitative understanding 
of the influence of local dis- 
turbances, we shall suppose 


impurity 


. * * e 
interstitial 


that only nearest neighbors are directly influenced (of 
course more distant neighbors will be affected indirectly 
through new localized modes of vibration or from scat 
tering of waves by the disturbance 

Our third type of field singularity is the hole or the 
omission of an atom from the lattice. It is to be noted 
that a hole and interstitial 
would generally be created 
together (say by radiation 
damage in a crystal). This 


might be the analog of pair 


ee e production in a quantum 
field. Indeed in a neutral 

. it. ae ionic lattice (or in the cor- 
the hole responding dis ussion of elec- 


tron levels in semiconduc- 
tors) the pair is characterized 
by two regions of space with 
average charges of opposite 


oa . . 
sign 
>. & « At first glance one would 
e be tempted to characterize a 
+.416 ai hole by P=Q=0, since the 


original lattice mass is re- 
moved and therefore no po- 


the pair 


tential energy of interaction exists with its neighbors. 
However, the hole forms an interesting model of a 
particle in a field if we characterize it by P>1 and 
Q=0. This choice of P is seen to resemble a hole in a 
crystal lattice if one examines what happens when an 
atom is removed from a lattice site in a monatomic 
lattice. The repulsive force which kept its neighbors in 
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their places is removed so that a tendency exists for 
them to fall into the hole. We characterize this tendency 
by coupling the neighbors of the hole to the hole’s 
lattice point by a stronger than normal spring (y,'>~7,), 
or by an alternative model in which the neighbors on 
opposite sides of the hole are coupled together with a 
spring constant ¥,;"= 471'> 37. 

An interesting property of a hole is that it is the 
source of a pulsating mode. In a quantum mechanical 
system there exists a nonvanishing probability (even 
when the motion of the lattice is its zero-point oscil- 
lations) for a neighboring particle to fall into a hole 
(see Fig. 4). It will be assumed that even though it may 
take a long time for a neighboring particle to decide to 
jump into a hole, the time required for the jump to 
occur, when once started, is small compared to the 
period of the pulsating mode of the lattice. Hence the 
motion of a hole does not change the structure of the 
mode (see Fig. 4) but eventually causes a readjustment 
of the amplitude of the vibrations of neighboring lattice 
points. This readjustment is propagated through the 
lattice with a finite velocity. We see that the motion of 





o> + --- > --- Sad 


Fic. 4. The pulsating localized mode for a hole. The motion of 
the hole (ijlustrated above as a displacement of one lattice spacing 
to the right) does not alter the character of the mode. 


a hole is a random process. In a very small time the hole 
either remains stationary or jumps to one of its neigh- 
boring lattice positions. The existence of an external 
field or other holes might give a preference to jump in 
a particular direction. 

Classically this random process corresponds to the 
random walk of a particle on a lattice. In the limit of 
very small lattice spacings its motion can sometimes be 
described through the diffusion equation. If, however, 
the lattice and hole are disturbed by the measurements 
required for the determination of transition proba- 
bilities of various jumps, a Schrédinger equation yields a 
more appropriate description in this limit. The effective 
mass of the hole would be assigned in the manner that 
is used to define the effective mass of an electron in a 
metal or semiconductor or of a bubble in a fluid. This 
paper is mainly concerned with one-dimensional systems. 
Although formulas will be given for many three-dimen- 
sional situations, the details of these more lengthy 
calculations will be reserved for a subsequent paper. 


2. GENERAL EQUATIONS FOR A ONE-DIMENSIONAL 
LATTICE 


The equations of motion of a one-dimensional ring 
of .V atoms are 
Mij;—Y(Xj41— 2254-2441) =Dya;, 
j=—4N+41, ---,4N, (2.1a) 
(2.1b) 


XNn4j>= Xj. 
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EFFECT OF 
Here x; represents the displacement of the jth atom 
from its equilibrium position and D;, is a difference dif- 
ferential operator which characterizes the lattice defects. 

In the perfect lattice (D;=0) of lattice spacing a, the 
displacements can be expressed as a linear combination 
of the normal modes 


xj=A,a expi(lart jee); ¢e=2ek/N  (2.2a) 
(and those with exponentials of —‘fa,). Here 
w,=2(y/M)! sing g.=wz sin} gx, (2.2b) 
where wz is the largest frequency, 
Mw 1?= 44. (2.2c) 


The dimensionless constants {A,} are to be chosen to 
satisfy initial conditions in the lattice. 
The quantum mechanical zero-point energy of our 
perfect lattice is 
N 


> sin(rk/N)~ho,N/r, 


k 1 


Eo= Vor (2.3) 


so that the zero-point per lattice point is ¢97=hw,/r. 

When lattice defects exist the normal modes divide 
into two classes; those whose frequencies suffer slight 
variations in the band, and those whose frequencies are 
displaced out of the band. This latter group corresponds 
to modes localized around the defects and must be 
analyzed separately. The former group can be discussed 
by perturbation theory. The detailed manner in which 
this division into classes occurs is presented in Appendix 
I, 

When perturbation theory is not appropriate we 
assume that 


vj=aAu(j) exp— tt, (2.4) 


3 


where u(/) is a set of dimensionless numbers which in 
an infinite lattice are defined by 


Lu(j) = Ma*u(j)+y[u(j+1)—2u(j)+u(j—1)] 
> w® (k+j)u(k+j) (2.5a) 
k 
j=0, +1, +2,---, 
and which are localized around defects so that 
u(j)—-0 as j~to. (2.5b) 


The operator L is defined so that Lu(j) gives the middle 
quantity in (2.5a). It has the differential representation 
L=Moe*—2y(1—coshD); D=d/dj. The w(j+k)’s 
characterize the lattice defects and vanish as j-~+@. 

The general solution of (2.5a) can be obtained in 
terms of the Green’s function g(j) which is defined by 


ght SPOR 
Lg(j) =} 


(2.6) 
lo otherwise. 
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It is easy to see that the solution of (2.6) is 


w(f=y* LL gitk—Dw™ (Dull) (2.7a) 
k | 


for, if we apply the Z operator to u(j) we find 
Lu( p= ¥& w™ (Du(DDg( j+k—-D 
kt 


=> w* (Du()s(j+k—D => w™ (j+k)u(j+e). 
kl k 

If the disturbance has an influence on lattice points 

l,, le, «+, 1, then the new frequencies and normal modes 

are found by successively setting j (in 2.7) equal to 

1, 12, «++, 1, and finding the values of w for which this 

set of homogeneous equations has solutions. It is to 

be noted that the Green’s function g(7) depends on w. 

When the solutions of these equations have been found, 
we see that 


u(jy=y" > ¥ gij+k—ls)w™ (ls)u(ls). (2.7) 
B=l & 
The Green’s function which satisfies (2.6) is 
g(j)=(y of 
» 2y(cose—1)+Ma* 
(2.8a) 
1 . cosjgde 
Qe J; cos¢ t-coshs 
exp{—|j|(z+ir)} (—1)/exp(—| j|z) 
: 7 . —, (2.8b) 
2 sinhz 2 sinh 
where, defining f as f=w/wr, 
cosh}z=w Wr f> 1. (2.9) 
Note that (2.5b) implies 
g(j)—0 as j—>@ and therefore that s>1. (2.10a) 
Also, since z+” as fo, 
g(j)-0 as f—@ for fixed j. (2.10b) 


This means that the higher the frequency of a localized 
mode, the more rapidly it decays spacewise. Note also 


g(j)=2(—)j). (2.100) 


Similar formulas can be derived for the discussion of 
the propagation of a plane wave through our lattice. 
Let us assume that in the absence of local disturbances 
a plane wave 

xj=aA expi(jgo—wf), (2.11a) 
with 


Ma? = 27(1—cos¢s) =2(y/M)' singgo (2.11b) 


or w 


is propagated through the lattice. Here Aa represents a 
length which is a fraction A of a lattice spacing. If the 
“scattering” of the plane wave by the disturbance is 
elastic, the complete displacement of the jth lattice 
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particle is 


xj= Aae~“{ u( j)+-expi j go ], (2.12) 


where u(7) is the solution of the equations 
Lul j) = Mo*ul j) +l j+1)—2u(j)+u(j—1)] 
Tw (k+ ult j)+expi(k+f)yo], (2.13) 
& 


the disturbance again being introduced through the set 
of numbers {w“*’(k+7)}. The solution of this set of 
equations is obtained as before, through the use of the 
Green’s function g(j) which satisfies (2.6). In this case 
the denominator of (2.8a) has a pole (since now 
0<w<wz,). Hence we must use the Cauchy principal 
value of (2.8a) to find 
cosy jdg 


(y ng 
0 2y(cosp—1)+Me* 
cosy jdg 1 sin(| 7| go) 


1 r 
1 COS ¢— COS Po 2 


The solution of (2.13) is easily seen to be 


. (2.14) 
SiN go 


YE e(j+k—-Dw™ (DL u(D)+expil go]. (2. 
kt 


u(j) 15) 
Since the postulated disturbance is chosen to be 
localized, w“?(/) vanishes for only a small number of 
values of J, and the displacements in the summand of 
(2.15) range over only a small set of /’s. If these be /,, 


l,, ---, l, then we must determine u(/,), ---, u(/,) by 
succesively letting j be /,, ---, /, and solving the result- 
ing s inhomogeneous equations for (I), -, u(l,). 


Then the final solution of (2.15) is 


x7? ES el j+k—lp)w™ (1s) (ls) +-expi gols }. 
kB 


u(7)= 
(2.16) 


If we let « be a vector with components u(/g) 


B=1, ---, s we see that the s equations derived from 
(2.16) for u(l,), ---, w(l,) can be written in the matrix 
form 


u=Gu+Gpr, (2.17) 


where v is a known vector and G a known matrix. Then, 
if y, and ¢, are the characteristic vectors of G defined by 


G¥.= WW, CG=As, (2.18a) 
if v= é.., (2.18b) 


where {A,} is the set of eigenvalues of G, we can expand 
the known vector ? as 


and 


r=) ov,; %=f,°?. (2.19) 
Then it is easily seen that 
u= >, A,2,/(1—A,) We. (2.20) 


It is to be noted that the characteristic values and 
vectors of G can also be used to find the frequencies of 
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localized modes. Equation (2.7b) is equivalent to 
u=Gu, 


when j=1,, lz, ---,1,. Hence if we express uasu=>> uy, 
the condition for the existence of solutions of u=Gu is 


> u,(i—rA,¥,=0 or (2.21) 


We shall now apply the various formulas derived in 
this section to the investigation of the effect of an 
isolated defect in a one-dimensional lattice. 


u,(1—,)=0 for all yu. 


3. ISOLATED POINT DEFECT 


This section is concerned with the theory of localized 
modes associated with isolated defects. The amplitude 
of lattice displacements due to these modes diminishes 
exponentially with distance from the defect. The types 
of defects analyzed are 


(a) The variation of the mass of a single particle and 
of the force constants associated with that particle and 
its nearest neighbors. If the force constants are not 
changed this corresponds to the introduction of an 
isotope into the lattice. 

(b) The interstitial. 

(c) The changing of a single force constant. 


The topology of a linear chain is such that the localized 
modes of an interstitial can be deduced from those of a 
normal impurity, and that of a hole can be deduced 
from the results of (c). 

In general the localized modes associated with im- 
purities are either symmetrical or antisymmetrical 
about the position of the impurity (particles to the left 
being either in or 186° out of phase with those to the 
right). As the mass of the impurity is reduced the 
frequency of the symmetric mode increases and its 
range of influence on its neighbors decreases; in the 
limit of zero mass the effect of this mode is no longer 
propagated through the lattice. The only mode asso- 
ciated with a hole is the antisymmetric one; this mode 
exists independently of the mass of the impurity pro- 
vided the new spring constant is sufficiently large (in 
fact if y'/y=P>2). The impurity frequencies are 
plotted in Fig. 7. 

A brief discussion of the scattering by an isotope is 
given at the end of the section. 

Let us insert an impurity atom of mass M’ in the 
lattice point “0” in a chain of 2V+1 atoms, and let y’ 
be the force constant of the “spring” which connects 
this atom to atoms “1” and “—1.” Then Eqs. (2.5) 
become 


Lu(j)=0 except when j=0, +1, (3.1a) 
Lu(0)= (M—M’)a*u(0) 

+(y—vy')[u(1)—2u(0)+u(—1)], (3.1b) 

Lu(—1)= (y'—y)[u(—1)—(0)], (3.1c) 

Lu(1)= (y'—y)[«(1)—(0)], (3.1d) 











and the w’s of (2.5) are 


w“(k+7)=0, for all k and j except (3.2a) 
w (0) = (M—M')o*’—2(7—y’); 
w2)(+1)=y—y’', (3.2b) 


w)(O)=w) O)=y—y7';_ w(41)=y7'—v+. 


(3.2c) 
The solution of Eqs. (2.5) from which localized 
normal modes are to be determined is 
u()=y-'wO){ gL (M- Mw? 20y-7)] 
+(y—-y)eG+04+eG-1)}} 
+u(1)(1-—P)[g()-gG—-1)]J 
+u(—1)(1—P)[g(7)—g(GG+1)], (3.3) 








{(i—P)L¢(1)—g(0)] 

(1— P)[g(1)—g(2)] 
One of the characteristic vectors of G is 
¥i={1,0,—1} with A,= (1—P)[g(2)—g(0) ]. 


The adjoint (left-hand characteristic vector of G) is 


$:=43(1, 0, —-1), so that f1-y.=1. (3.7b) 


(3.7a) 


This is a pulsating mode 
aie (i 


It is the one-dimensional analog of a periodically 
expanding and contracting spherical bubble. 

The other solutions are easily found when P=1 (the 
case of an impurity such as an isotope which does not 
distort the lattice, y’=~7). Then 


¥2= (1, g(0)/g(1), 1}; As=4/°(1—Q)g(0), (3.8) 


and 
f2= (0, gi 1) g(0), 0). (3.9) 
Finally 
¥3= {1,0,1}),  As=0, (3.10) 
f3=4(1, 2¢(1)/¢(0), 1). (3.11) 
The modes in this case are 
(ii) 
> + —», (iii) 


In the general case the roots A, and sz satisfy the 
characteristic equation 
M—A((1— P){[g(1)—¢(2) ]+3[¢(1)—g(0) }} 


+(1—0)({1—2[¢(1)—g¢(0)]}) 


+4/2(1)(1—P)(i-—Q)=0. (3.12) 
The characteristic vectors are of the form 
¥={a,b,a}, (3.13a) 
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4 f*g(1)(P—Q) 
G= | (1—P)[g(0)—g(1)]  4/¢(0)(P—Q)+ (1—P) 
4 f*g(1)(P—Q) 


$31 


where we set 


P=y7'/y and Q=M'/M, f=w/er (3.4) 
Since the coefficient of «(0) will appear in many places 
we employ the definition of g(j) [Eq. (2.6)] to derive 


it in a more compact form: 

y{e(AL(M—M’)ua*—2(y—-7')] 
+(y—-y)Le(i+)+e(3-D J 
4f°g(j)(P—Q) if j#0 


= (3.5) 
4f*g(0)(P—Q)+(1—P) if j=0. 

The matrix G defined in (2.17) is 
(1—P)[g(1)—g(2) J} 
(1—P)[g(0)—g(1)]}. (3.6) 
(1—P)[g(1)—g(0) ]) 

with an a/b ratio veh 
a A+ P—1—4/°2(0)(P—Q) 
ss _ (3.13b) 
6 = 2(1—P)[g(0)—g(1)] 
The left characteristic vectors are of the form 
t= (2ac+bd)~' (¢,d ), (3.14a) 
with 
¢ A+P—1—4f'2(0)(P—Q) 
‘ . (3.14b) 


d 8 f°g(1)(P—Q) 


Since there are two roots of our characteristic equation 
these are the vectors of the form (3.13) and (3.14). 

The frequencies associated with our isolated defect 
modes are determined by referring back to (2.21). In 
order that 


u={u(—1), u(0), u(1)} (3.15a) 


be expressible as 


u= 2) Uy (3.15b) 


the condition (1—\,)u,=0 must be satisfied for all u. 
Hence if «#0 then A,=1. The frequency w associated 
with the symmetrical pulsating mode (i) [Eq. (3.7a) ] 
is then determined by 
(1—P)[g(2)—g(0) ]=1. 


When w/wz>1, g(j/) is given by (2.8b). Therefore we 
have 


(3.16) 


with z>1 (3.17) 


so that exp(—z)=1/(P—1). This quantity is <1 as is 
required only when P=~'/y>1. Then 


4(1—P)(e**—1)/sinhz=1 


mn 
(w/w1)* = cosh*42=- — 


4 (P—1) 


2 this mode returns to the band. 


when P>2; (3.18) 


as P— 
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The displacement of the jth lattice point of a system 


oscillating in this mode is [see Eq. (2.76 


u(j 1—P)u(i)f1/A—P)}i, 721 (3.19a) 
u' u(—j) for 7<0. (3.19b) 
Note that large values of P correspond to high fre- 


quencies and a rapid drop in |u(j)| as | j| increases. 
Also, the frequency is independent of the mass of the 
defect particle. 

has an 


The symmetric mode (ii) [u(j)=u( 


easily determined frequency when P=1 (the isotope 


case). Then (3.8) implies 
4(w/wr=1/2(0)(1—0), 

or 

1/0(2-Q2) withO<Q<1. (3.20 


Ww Wl 


This mode goes back into the band as Q—+1. It has the 


proj erty 


u(— j)=[O/(O—2) }'4u(0 


r. Gigs 


when 0<0- 


It is interesting to note that the frequency (3.20) is the 
same as that of the pulsating mode of a hole if one 
replaces P by 2/0 


rhe frequency of the symmetric mode (ii) is obtained 


as a general function of P and Q by setting A=1 in Eq. 
(3.12). If one uses (2.8b), (2.9), and the equivalent of 
(2.9), sinh} f—1)' with f=w/w, some algebraic 


manipulation yields the following equation for the 


frequency of our required symmetrical mode: 


f ’ OP 
( ) 1+ , “$22 
P—] P(1—Q)+20(P-1) f° 


b/a 
a/b 


while the factor in (3.13) becomes 


- /(aag = 1) (392 
0. | f?—1 }*). (3.23 
An asymptotic expression for the frequency f=w/w 

can easily be obtained in the limit of very small 

of the impurity Q= «0. Here we assume f?=a/(Q and 


find a by noting that 


mass 


(3.24) 


wy (f— 


1) }!~1+0/2e+0(), 
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so that (3.22) becomes 
Q0/2a=O(*)=QP/(P+2a(P—1) ]+0(), 
or a=}P and as 0-0 


(3.25) 


fin iP 0+0(Q). 


Hence as the relative mass = M’/M of an impurity 
vanishes, the frequency of the local mode becomes very 
large while the effective range vanishes. In the limit 
a=( the neighboring lattice points do not feel the effect 
of this mode and the particle of mass M’ disappears 
leaving a hole. One degree of freedom of our chain 
then disappears. Then the only localized mode asso- 
ciated with a hole is the antisymmetric or pulsating 
mode (i). It can be shown that a/b in Eq. (3.23) 
satisfies —1<a/b<0 when f>1 and 1>Q>0. 

Our frequency ratio f is displaced out of the band 
only when certain relations exist between P and Q. One 
way of solving (3.22) is to plot both the left and right 
hand sides as functions of f* and to find their point of 
intersection (see Fig. 5). We shall denote [ f?/(/?—1) }} 
by g:(/*) and the right hand side by g2(/*). Two cases 
are to be examined separately, namely P>1 and 
0<P<1 (P=1 having already been disposed of). It 
will generally be assumed that 0 20. When P>1 the 
right-hand side of (3.22) approaches 1+ P[.2/?(P—1) }"' 
>1+3/-*. Hence, the function g:(/*) eventually lies 
above g:(f*) as f*->. Since g2(/*) forms a hyperbola 
with one asymptote at f?= P(Q—1)/20(P—1) and the 
other at f*=1, the condition for the interaction of 
g(f? to exist (as it must if our required 
frequency is to rise out of the band) is that 


) and gy 


P(Q—1)/20(P—1)<1 or P2Q(2-—P). 


Otherwise the asymptote of g2(/*) lies to the right of 
that of gi(f*) and no intersection or proper value of 
(3.22) exists. 

When P <1 the hyperbola which represents g2(f*) is 
twisted by 90° about the intersection of the asymptotes 
(see Fig. 6). Here an intersection of g; and gy» exists as 
long as 

(Q—1)P/2(P-—1)Q>1 or P>Q(2-—P 


as in the foregoing. It is to be recalled from (3.20) that 
a solution exists when P=1 if O<Q<1. Hence, our 
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result can be summarized by stating that a normal mode 
of type (ii) exists with a frequency above the band 
when all the following conditions are satisfied 


P>0, P>Q(2--P), 020 


with the frequency going to infinity as 0-0. 

Equation (3.22) can be squared and rearranged to 
yield the following quadratic equations for the squares 
of the normal mode frequencies 


40?(P—1) f#+ PO 2(4— PO—2P)— P*=0. 


and 


(3.26) 


(3.27) 


The reader is to be warned that spurious roots generally 
exist. The only root of significance here has the 
property (w/wz)? 21. A root can always be checked for 
appropriateness by substituting the corresponding 
values of f? back into (3.22). The impurity frequencies 
are plotted in Fig. 7. 

Once the frequencies of modes of type (ii) are known, 
all displacements can be discussed in terms of (0) 
through the equation 


u(j)=Qu(0)(1+e*) exp— | j| (s+ir); 


@/WL= cosh}z. 


(3.28) 


As (w/wr)+”, zs and u(j)->0 so that high fre- 
quencies imply rapid spacewise decay as was mentioned 
earlier. 

The characteristic equation (3.12) may have two 
roots with A=1 when special relations exist between P 
and Q. However, this is not the case under two con- 
ditions of greatest interest ; those with either P=1 (the 
“isotope” case) or 0=0 (the case of the “hole”). 

A discussion of the interstitial proceeds along the 
same line that was followed above for holes and im- 
purities. Since an interstitial does not change the 
topology of a linear chain one expects the results to be 
equivalent to those derived in the foregoing (as can 
indeed be proven to be the case). Since an interstitial 
in a three dimensional simple cubic lattice gives a 
local body centered structure, this equivalence disap- 
pears in a real lattice. 

We shall now give a brief analysis of the interstitial 
to show how it can be fitted into the mathematical 
formalism discussed in Sec. 2, even though no unex- 
pected results are obtained. 

Consider a linear chain of 2V atoms and suppose an 





(P;—1)g(0)+-g¢(1) 
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Fic. 7. Variation of impurity frequency w with impurity param- 
eter (0= M’/M for an isotope, P=-y'/y for a hole). oz = maximum 
frequency for the perfect lattice. 


atom of mass M”’ is inserted at an interstitial site “}”’ 
between the two sites “0” and “1.” If y”’ is the force 
constant of the spring connecting the interstitial to its 
neighbors, then the fundamental equations (2.5) become 


Lu(j)=0 except when j=0, 1 (3.29a) 
Lu(j)= (y"—y)u(0)—y"ul)+yu(l) if j=0, (3.29b) 
Lu(j)= (y"—y)u(l)—y"u(h)+yu(0) if j=1, (3.29c) 


with the additional equation 


yu(h) = —y"[u(1)— 20 (4) + (0) ] 


+ (y— Mw") u(4). (3.29d) 


The form of this last equation is somewhat arbitrary; 
the present choice is consistent with the definition (2.6) 
of the Green’s function. The w functions are all zero 
except that, with an obvious extension of the notation 


w(0)=w (1)=y""—y, (3.30a) 
w(1)=w) (0) =, (3.30b) 
wY(})=w) (1)=wY(h)=wYO)=—y", (3.30c) 
w® (4) == 2" + (y— Me"). (3.30d) 


The determination of the normal modes and frequencies 
depends on the solution of the eigenvalue problem for 
the matrix G, given in the present case by 


—Pilg(0)+g(1)] g(O)+(Pr—1)g(1) 








G= AP, 1—P;+20;f* ‘Py ; (3.31a) 

(P1—1)g(1)+g(0) —Pilg(O)+g(1)} ¢(1)+(Pr—1)g(0) 

where characteristic ver tor of G i 
Pr=y" y and O; ‘ai M” M. (3.31b) ¥i= (1, 0, —1) with A= (P;—2)[¢(0)—g(1) ]. (3.32) 


Although this matrix seems quite different from that 
given by (3.6) for the impurity problem, it leads to the 
same normal modes and frequencies. For example, one 


The corresponding normal frequency w is obtained from 
(P1—2)[g(0)—g(1)]=1, (3.33a) 


which is only an alternative form of (3.16) leading to 
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the same result 


(w/w)? [P? (P;-1 (3.33b) 


A detailed analysis of the other modes for the inter- 
stitial confirms that they also are identical with those 
for the impurity. For the lattice, 
therefore, the effects of the impurity and the interstitial 
| have been inferred from 
their obvious “topological” similarity and would not 
be expected for lattices of higher dimensions. 


one-dimensional 
are the same; this might wel 
The last type of isolated defect to be examined is the 


We let the 


interaction between the 


single anomalous force constant force 
constant associated with the 
lattices points 0 and 1 be y” and the rest be 7 as usual 


and define 
The required equations of motion are 
Lulj 0 
Lulj)=(y—y" i ull 


Lu(j)=(y¥—-y" 


except when 7=0, 1, 
u(0 for j 
(u(0)—u(1 for j 
Hen Ss 


0 for all k and 7 except 


values of G are 
=2(1—P’)[ g(1 
vectors 

¥i=({1, 1}, 

¥2=(1, —1). (3 


The antisymmetrical vector 2 yields a frequency out 
by (2.8b 


39b 


of the band, for if we let \.=1 and define g(j 
we have 
= (w/wy (P’)?/(2P’—1), (3.40 


which is exactly the same as the frequency of the 
pulsating mode of a hole [ Eq. (3.18) ] if we identify P’ 
with 4P. The decay factor exp—z is 


exp—z=1/(2P’—1 (3.41) 


The theory of scattering of plane waves which is 
summarized in Eqs. (2.16 
problem of scattering by an isolated defect. The simplest 
that of the P=1. (2.16 


reduc es to 


2.00) can be applied to the 


case is isotope, Equation 


u()) +1 (3.42 


y'¢( 7a? (M— M’)| u(0 
where g(j) is (see 2.14) 


g(7)=4(sin| 7| ¢0)/sin go, 


saw mR. BB. COTTTS 
with 
(3.44) 


w/wr= f= sink gy » 

and (0) is found by setting j=1. Since g(0)=0, 
u(0)=0 and 

u(j)=2f7(1—Q) sin(| 7| ¢o) (3.45) 


SIN go. 


The total displacement of the jth lattice point from its 
equilibrium position is (see Eq. 2.12) 


xj=aAe {e142 7(1—Q) sin(| 7 


(3.46) 


¢o)/sin¢o |. 


Since the term sin| j| go contains terms with both posi- 
tive and negative exponents, the scattered wave 
contains both a reflected and transmitted part. 

The full matrix theory must be used when P #1. 


4. ZERO-POINT OR VIBRATIONAL SELF-ENERGY 
OF DEFECTS 


An important characteristic of a lattice defect is its 
vibrational self-energy. We define this quantity as the 
difference between the zero-point energy of the lattice 
with a defect and that of a perfect lattice. The total 
potential energy of a lattice can be approximated as a 
constant term (the sum of the bond energies) plus a 
term quadratic in relative displacements. Hence the 
total self-energy is the sum of that required to make 
the change in the bond energies associated with the 
introduction of the defect plus the vibrational self- 
energy. 

The vibrational self-energy can be decomposed into 
two parts; the first being due to the shifting of fre- 
quencies in the band, AF,, and the second being due to 
the removal of frequencies from the band, AEp. If 
{w;} represents the vibrational frequencies of a 
perfect lattice and {w,;"’} those of a lattice with a single 
defect, the vibrational! self-energy is 


AE > >; Alo 


}=AR+AEp. (4.1) 
When Q is close to 1, AE follows immediately from per- 
turbation theory as well as from an exact analysis of 
all the normal modes (those inside as well as outside 
the band). 

In order to avoid the necessity of using perturbation 
theory of degenerate characteristic values, we shall use 
the solutions of 

Lu(n)=0 with u(N)=u(—N)=0  (4.2a) 
as the unperturbed characteristic vectors. The fixed 
particles at the end of the chain lead to normalized 
solutions 


u(n)=N-'sin(N—n)¢ 
with 
spake 


¢g=rj j=0,1, 2, --- 


with normal mode frequencies 
Mu?= (4.2c) 


2y(1—cosw 7/2N)=4y sin*x 7/4. 





EFFECT OF DEFECTS 


ON 


LATTICE VIBRATIONS 


The first-order perturbation in Mw* for an isolated defect at n=0 is 


(y'—7) 
MAw;?= {u(—1), u(0), u(1)} | (y-7’) 
0 


(M— Mux P—2(y—y’) 


(y—v7') 0 
(y-v')| | 
(y'—vy)) \ 


{u(—1) 
u(0) 


(y-7’) u(1) 


= (y’—+){[u(O)—u(—1) P+[(0)—u(1) P) + (Af — Mon Pre (0) 


=4(y'—-y)N— sin*4 ¢,[ cos*(N— 4) ¢4-+cos?(N +4) ¢ |+ (M— MM’) PV sin®N ga, 


0) 


where «w,‘ 

(4.2c). 
The vibrational self-energy is (each frequency con- 

tributing }4w to the zero-point energy of the lattice) 


is the unperturbed frequency given by 


AE= bh > Aw, = hh DV [or—w,” ] 


= 1h > We , { Aw,” fo, PF}. 


(4.4) 
We see that (4.3) breaks into two subsets 
f kr kr 


2(P—1)wz?V~ sin*— cos*— 


4N 4N 


k even 


kr kr 
2(P—1)w,2N sin?— sin?— 
] 4N 


.PN-(1-0) k odd, 


vs. [w 


| me kr 
AE =41hN 1 2P-1)| » 3 w,® cos*- 


| k even 4 V 


+> 


~ 
k odd 


kr 
w,” sin? +(1—Q) pe w, : 
4N | k odd 


In the limit as N+, w, for a given odd & is prac- 
tically equal to its value for the even number k+1. 
Hence, as V—>=, 

2N 
P-1)+(1-Q) JE wo 

k=O 


1)+(1—Q) }. 


AE=}hN-[2 


bhope'[2(P- (4.5) 
Second-order perturbation theory gives terms of order 
(P—1)? and (O—1)* to AE so that (4.5) is merely the 
beginning of a series in (P—1) and (0—1). 

The contribution of the localized defect modes to the 
vibrational self-energy of a defect are 


AEp=$h ¥ j(wj—c1) = bho, j(f;—1), (4.6) 


where the summation extends over all defect modes 
which go out of the band. The assumption is made that 
the defect mode is the displacement of a mode which 
was very close to the top of the band in the perfect 
lattice. We shall give an explicit formula only in the 
case of the “isotope.”” When P=1 (the “isotope” case 
y=7') the only mode which escapes from the band is 
the symmetric one with frequency 


f=e@/w.=[1/0(2—Q) }. 


(4.3) 


Hence 
AEp= thor (LO(2—Q) 4-1) 
bho [ {1— (1—0)*} $—-1] 


(“isotope” case). 


(4.7) 


The exact evaluation of the total vibrational self- 
energy can be achieved through the application of the 
following theorem" on contour integration: Let g(s) be 
a function analytic inside a contour C and f(z) bea 
function with zeros at 2), 22, ---, 2, inside C. Then, if 


f(z) has no poles inside or on the boundary of C 


1 f'(s) ss 
f g(z)dz=>° g(z;). 


dni Jo f(z) 


(4.8) 


Those zeros of f(z) which lie on C are given a weight 
4} in the sum. 

It is shown in the Appendix that the possible normal 
mode frequencies of a perfect chain are 


(4.9) 


WW sin} ¢, 
where the ¢’s are zeros of the two functions 


fy 0 (¢)= 


sinVg and f,(g)=cosNg (4.10) 
in the range 0< Reg <7. A lattice with a single isotopic 
defect of mass M’=QM also has frequencies given by 


(4.9) where the ¢’s are the zeros of 
(4.11a) 
(4.11b) 


fily)=sinN ¢, 


fa(¢)=cosN ¢+ (1—Q) tan}¢ sin ¢. 


“le wid 


Fic. 8. The contour C which is the path of 
integration used in (4.12). 


% See E. C. Titchmarsh, Theory of Functions (Oxford University 
Press, Oxford, 1932), p. 116. 
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The application of (4.8) implies that 
hiot d 

AE= ( sin}s—Llog fa() —log f; (2) \dz, (4.12) 

4mi Vo dz 
where the contour C (see Fig. 8) contains the zeros of 
both fe(z) and f,’(z). As is discussed in the Appendix, 
the zeros of f,®(z) and f,(z) which correspond to 
normal modes in the band are located on the real axis 
in the interval (0,7). The frequency of the localized 
mode corresponds (as V—+= ) to the points on the line 
s=a+iy at y= +log! (2—()/Q]. We take our contour, 
C, through both of these points since each (being on the 
boundary) contributes only one half of the required zero- 
point energy to (4.12). 


sin} (x—ia)dx 


r 
[ hw, (O—1) se f - 
9 cos}(x—ia)[cos}(x—ia)+i(O—1) sin}(x—ia) | 


These integrals can be transformed easily into ele- 
mentary real integrals and are found to be (in the case 
sinha t lO 1 ] cosh4a>0 


1 
hw { — tan 
? 


aT 


'(1/sinh}a) 


+[1—(1—Q)*} tan“ ((1— (1—0*) } 


<[sinh}a+(Q—1) cosh}a])}. (4.14) 
Hence, for any fixed value of Q, the contribution of this 
term to (4.13) vanishes as a 

The only remaining contribution to (4.13) in the 
limit a—+« comes from the imaginary axis. As VN 
the term } cosh.Vy sinh.Vy in (4.13) dominates V sinh}y 
Xcosh4y in this line contribution to (4.13). Hence, after 
applying the appropriate large V asymptotic formulas 
for coshVy and sinh y, and letting a—« we reduce 


(4.13) to 


hw sinh}ydy 


-(1 -of - 
4x e cosh}y[cosh}y—(1—() sinh}y] 


oP eererererag Mivert 
oe e cosh}y—(1—Q) sinh}y 4%») cosh}y 


. 
= the:| —14[1- (1-0) [1+ sin ‘a-]}. 


” 


om 


AE= 


(4.15) 


As (1—Q)—0 this becomes }2r™'(1—@Q) which is 
equivalent to the first-order perturbation result (4.5). 
This is due entirely to the shift of levels in the band. 
As 0-0, AE—+}htw1 (20)! which is the limit of (4.7a). 
To summarize, a very “weak” isotopic defect is de- 
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It is easy to show that 
ho, (Q—1) N sin}z cos}z+} cosNz sinNz 
AE=— -f iadisamiegtaon 
4m Cc 


cosVz cos}z— (Q—1) sin}z sin.Vz 


Xsin}zdz/cos}z cosVz. (4.13) 
This integral can be decomposed into the sum of four 
integrals, one for each side of the rectangle in Fig. 8. 
The integrand of (4.13) is an odd function of y along 
the line z=x+iy from (--a, x) to (a,r). In the limit 
of very long chains, as V+, the two integrals along 
the longitudinal parts of the contour combine to give a 
contribution 


’ sin} (x+1ia)dx 
7 z inn: ° 

f cos} (x+ia)[ cos} (x+ia)—i(Q—1) sin} (x+1a) ] 
scribed by the intra-band shift of frequencies while a 
“strong” isotopic defect, a very low mass particle 
introduced into the lattice, exerts its influence through 
the localized modes. The complete variation of the 
self-energy of an isotopic defect is plotted in Fig. 9 as 
a function of the mass ratio 0= M’/M. 

Since an interstitial has the same topology as a point 
defect at a normal lattice position the contribution to 
its self-energy made by those frequencies which are 
displaced in the band can be inferred from the equations 
derived above 

The first-order perturbation theory of the anomalous 
force constant proceeds as follows: 


” 


7 4 u(0) 
M dw,?= {u(0), u »»( )( ) 
ey 7 Nat) 


= [ u(0)— (1) P(y”—v) 


' sin*4 g, cos*(V 


os 4(y""-y¥ \V 


Hence, 
{ cos*wh 4N if kis even 


if k is odd 


2N-1( P’—1) 
| sin’k/4.N 


so that by following the reasoning used in the derivation 
of (4.5) we find 


AE=}h(P’—1)or/r+O[(P’—1)*]. (4.16) 
The pulsating mode which goes out of the band when 
P’>1 gives the contribution to the self-energy [see 


(4.6) and (3.40) }: 


AEp=}hwi{P’(2P’—1)-4-1}. P’21 = (4.17) 


We conclude this section with a determination of the 
vibrational self-energy of a hole. The contribution from 
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the localized mode is 


P 


& —-1} if P>2. (4.18) 
2(P—1)! 


The first-order contribution AZ, of those frequencies 
which suffer small displacements in the band can be 
deduced from various formulas derived above. We 
take the following steps. 


(a) Insert an anomalous bond with force constant P’ 
into the lattice at the expense of AB,“’—~3h(P’— 1) w/z. 

(b) Remove one particle from the lattice with 
AE,” =—hwz,/x [since this is the total zero-point 
energy per particle in a long chain as derived in Eq. 
(2.3) ]. 

(c) Without changing the topology of the lattice the 
anomalous “spring” is chosen to span the hole so that 
it is extended over two lattice spacings rather than the 
usual one per bond. The choice P’=4P is made to cor- 
respond to a consistent model of the hole. 


Then 
AE, = }hw pr (4 P—3). (4.19) 


5. THE DEFECT PAIR 


This section is concerned with the interaction of a 
pair of defects with each other. Several qualitative 
comments can immediately be made concerning the 
localized modes. If two defects are very far apart both 
lead to a localized normal mode of the same frequency. 
As the defects are brought closer together the degen- 
eracy splits. If the defect coupling is very weak the 
motion of a given particle located between the two 
defects can be approximated as a linear combination of 
the two isolated defect modes, Two independent situ- 
ations are possible; in the first the motions of the 
particle of interest due to each defect mode are in phase 
and in the second they are out of phase. The in-phase 
motion, which will be called the fitting mode, corre- 
sponds to an enhancement of the amplitude of the 
lattice vibrations while in the out-of-phase motion of 
the nonfitting case interference occurs. The nonfitting 
mode has one less node than the fitting one and is 
associated with the low-frequency member of the split 
pair. 

We now proceed with the detailed analysis of the 
localized modes of a defect pair. 

If a defect is located at lattice point m it induces a 
displacement from equilibrium at m whose space de- 





(1—P)[g(1)—g(0) ] 
(1—P)[g(0)—g(1)] 
(1—P)fg(1)—¢(2)] 


G,= 


((1—P)[g(nt+1)—g(n+2)] 4P°(P—Q)g(n+1) 
4f?(P—Q)g(n) 
4f'(P—Q)g(n—1) 


(1— P)[g(n)—g(n+1) } 
(1—P)[g(n—1)—g(n)] 


a | 
G:= 


4f?(P—Q)g(1) 
4 f*g(0)(P—Q)+ (1—P) 
4f?(P—Q)g(1) 


LATTICE VIBRATIONS 








Q2 o¢ 26 08 
@ = m'/M 


Fic. 9. Self-energy of an isotope mass M’ plotted against 
Q=M'/M. (thw, is the zero-point energy corresponding to the 
maximum frequency of the perfect lattice.) 


pendent factor is [generalization of (3.3) } 


u'™) (m)=y—-"{ ¢(m—n)[ (M—M’)u*—2(y—7’) ] 
+ (y—y')[g¢(m+1—n)+¢(m—1—n) }}u(n) 
+(1—P)[g(m—n)—g(m—n—1) }u(n+1) 


+(1—P)[g(m—n)—g(m+1—n) }u(m—1). (5.1) 


Since our differential equations are linear we can apply 
the superposition principle to find the total displace- 
ment which results from defects at m, m, «++, Me: 

6 


u(m) => uw’ (m). 
j=l 


(5.2) 


When (5.2) is specialized to a pair of defects, one 
located at n,;=0 and the other at m.= mn the frequencies 
of normal modes are determined so that the homo- 
geneous equations which relate u(+1), u(0), u(n), 
u(m+1) are consistent. These equations are obtained 
by letting m in (5.2) successively run through —1, 0, 1, 
n+1, n, n—1. The vector u of Eq. (2.17) is 


u={u(—1), «(0), u(1), w(n+1), u(m), u(n—1)}. (5.3) 


The G matrix of Eq. (2.17) has the following form: 
Gy Gy 

o(% ©) 
Gy Gi 


(1—P)fg¢(1)—g(2)] 
(1—P)[g(0)—g(1)]], 
(1— P)[g(1)—g(0)] 


(1—P)[g(n+1)—g(n)] | 


(5.4a) 


where 


(5.4b) 


(1— P)[g(n)—g(n—1)] 
(1—P)[g(n—1)—g(n—2)]) 
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The matrix 
R 


transforms G into 


R ‘GR 
Gy, —_— Ge 


In the “isotope” case, P=1, the matrices G,+G, 


of the form 


O gil)tg(n+1 0 


g(O)+2(n 0) 


QO g(—l)+g(m—1) 0 


~<tors 


The frequency orresponds to the mode y is 


letting ) see equation below (3 15b 


obtained by ] 
2.8b 


for g(7) and 


If we introduce out | expression 


f* into (5.9c), we hz he characteristk equation 


() 


‘ 


5.10 


obtained on 


he supposition 
to show that it is also valid 

n , peck analy SIS IS req ured for these 
Cases be 


two isotopes are next 


nearest neighbors and wher 1 they are nearest 


neighbors 
first 
A series expansion ot our req iired 


Of course approximation as no, 


exps= (2—() 


root can be obtained from the Lagrange theorem: Let 


and ¥(w 


O>1 
, 


f(w) be functions of a complex variable 
analytic on and inside a contour ¢ surrounding a point 


a, and let / be such that the inequality 


hb(w)| <|w-e 5.11) 


AND R. B. 
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is satisfied at all points on the perimeter of C; then the 
solution 


f=at+n(f) (5.12) 


regarded as an equation in ¢, has one root in the interior 
of C; and further, any function of ¢ analytic on and 
inside C can be expanded as a power series in / by the 
formula 
oe i™ d™ 1 
f¢)= fla)+ © ———Ly'@)(¥(o)}"1 
m=1 m!da™™ 


(5.13) 


In particular the root ¢ of (5.12) which lies in C is 
nal - d™ “ , 
a+ > - |w(a) |” (5.14) 
m=! m!da™ . 
hen we can apply (5.14) to find 


0/(2—0)) 
~* x | 


and set 


O)+ FP — 4 1 U)n 


(5.16) 


We see that the frequency of the isolated impurity 
O(2-—0 


' is split into two frequencies as two 


isolated impurities are brought together. 
The difference in zero-point energy of the two particle 
modes associated with a pair of particles m lattice 


spacings apart and that of two isolated local modes is, 


as n-~> 2 


AEp=}h4¥ Aw 


~ nti 


(5.17) 


since 44[0(2—Q)}"! is the zero-point energy per 
isolated impurity. Hence the localized modes give rise 


to an attraction between defects. We shall show in the 
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next section that in three dimensions this attraction is 
of the Debye or Yukawa type at great distances. 

When n is a small integer it is more convenient to 
solve the characteristic equation (5.10) directly than 
to employ the Lagrange formula. We have plotted AEp 
as a function of m in Fig. 10. 

The attraction between light isotope defects in a 
system of a heavy isotopic species leads to a clustering 
tendency for the light isotope at very low temperatures, 
and therefore one would expect an ordering into two 
phases. This separation has been discussed by Prigogine 
and his collaborators.*® 

The analysis of the interband frequencies of a chain 
with two isotopic defects is similar to that of the 
Appendix for the single isotopic impurity. If one 
impurity is at —m and the other at m in a chain of 
2N+1 atoms (with ends fixed) the equations for the 
configurational factor of the displacements are 


Ma*u(n)+~y[u(n—1)—2u(n)+u(n+1) } 


= (M— M’)w6(n?— 


u(\ u \ 0, 


m*)u(n), (5.18a) 


(5.18b) 


where as usual 6(s)=0 unless s=0 in which case it is 1. 


The solution of this equation is 
if n< 


(Bsin(V+n)¢ —m 
| 


u(n) -14 sin(V—n)¢ 


ifn2>m 

| 

\Cei™e+ Deine if —m<n<m 
where 


27 —COS¢) (5.20) 


and the parameters A, B, C, D, and ¢ are determined 
from the four ‘‘connecting”’ equations which result from 
m, m+-1. A bit 
of elementary algebra yields the four equation relations 
between A, B, C, D, and ¢: 


successively letting m be —m—1, —m, 


(A+B) sin(V—m)¢=2(C+D) cosm¢, 


(A—B) sin(V—m)¢=2i(C—D) sinme, 


B sin(NV—m—1)¢—A sin(V—m+l1)¢ 
+ 2i(Ce~'*— De'¢ 


=2(A+B)(1 


sinme 
cosg)(1—Q) sin(V—m) ¢, 
B sin( NV —m—1)¢+A sin(.\ 
—2(Ce-—**+-De'* 
=2(B—A)(1- 


m+1)¢ 
cCosMm ¢ 


cos¢)(1—Q) sin(V—m) ¢. 
The solutions of this set are of two types 


(a) The even solutions, u(n)=u(—n), with 


A=B, C=D, A sin(N—m)¢=2c cosmg, 


so that 


sin(V—m)¢ 


u(n)=A- cosng, —msn<m 


cosm¢e 


ON 
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Fic. 10. Contribution of localized modes to the energy of inter 
action of two isotopes of masses $M. (4hw, is the zero-point energy 
corresponding to the maximum frequency of the perfect lattice.) 


and the characteristic equation for ¢ is 


sin(V—m)¢ 
cot.V g=2(O0—1) tan} ¢ cosme —, 
sin. ¢ 


(b) The odd solution, u(n)= —u(—n), with 


A=-—B, C=-—D, Asin(V—m)¢=2iC sinmg, 
so that 
sin(.\ 
u(n)=A 


—m)~ 
sinng, 
sinme 
and the characteristic equation for ¢ is 
(5.22) 


sinN g=2(Q0—1) tan}¢g sin(V—m)¢ sinmg. 


The characteristic equations which correspond to a 
single defect at m or —m is 


(O—1) tan}¢g sin(V—m)¢ 
xX sin(V+m)¢, 


sinVg cosV¢ 
(5.23) 


which when m=0 becomes 


sinV g{ cotV g— (O—1) tansg ]=0 


which is equivalent to (A-7) and (A-8) in the Appendix. 
If we combine (5.22) and (5.21) we find that the 
values of g which lead to normal mode frequencies are 


zeros of the function 


S(¢)={cos.V ¢+ 2 tan} yg cosmg sin(V—m)¢) 
X {sinV ¢+ 2 tan}¢ sin(V—m)¢ sinmg) 
= A (¢)+2eB( ¢)+€C(¢), (5.24a) 


where 

e= (1—(), (5.24b) 
(5.24c) 
(5.24d) 


(5.24e) 


A(¢g)=cosN ¢ sinN g=} sin2N ¢, 
B(¢)=} tan} g{cos2mg—cos2N ¢}, 


C(¢)=2 tan*}¢ sin?(NV—m)¢ sindmg. 
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The corresponding values of ¢ associated with an 


isolated defect at +m are zeros of 


fole)=Ale)+A&(¢), 5.25 
while those of perfect lattice are zeros of 
fi (y)=A(¢). (5.26 


A ger (4.12 


veralization of 


formula for the interaction energy of a pair of defects 


separated by a distance 2m lattice spacings 


ny 


d 





Al 52 {log f ¢) — 2log fot log f:}dz 
dz 
3 a + elap 2Ba } 
bdz, (5.27a) 
| 1+ «a)(1+-2ea+8e) j 
where 
{‘ ys2mz—cos2.\ 
, aie 
a=B/A=tan$z i 5.27b 
sin2.Vz j 
tan s V—m)z sin2n 
j= C/A=4 5.27 
g IV: 
The contour C is again around the counter clockwise 
rectangle given in Fig. 8 
It can be shown that in the limit as \V-—@, the 
integrand is an even function of y along the line z=1#y 
and an odd function along z= x+y. Hence the integral 
from —x+iy to r+1y vanishes. It can also be shown 


that as V—+=, the values of a and 8 along z= x+ia are 


a~i tan} (x+ia)+O(exp— Va (5.28a 


B~—tan*}(x+1a)+O(exp—Na (5.28b 


Hence the integrand of (5.27a) along z=x+ia is of 


1S 
t 


O(exp— Na) and can be neglected » also finds the 


integral along s=x—ia to vanish in the same way. 


Since, as \-—> x 


a=—tanh}y, 8=(tanh*}y)(1—exp| —4my 
we finally obtain, after letting a=, 
@hw, p* [sinh}y tanh}y je 
Al 
2e 1—« tanh}y 
4m tanh}y(1—« tanh}y)—sech*4y 


y+eé tanh*}y[1—exp 


5 29) 


The 
integral as a function of « and m. However it is easily 
~) and as e—1 

rhe energy of interaction of two weak isotopic defects 


separated by 2m 


authors have not been able to evaluate this 


calculated as 


lattice spacings is found by setting 


MONTROLL 


leads immediately to a 
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e=( in the integrand of (5.29): 


hore f* . 
AE= f sinh}yd{tanh*}y exp—4my} 
0 


2x 


Cho, f* 
 ——— e*”¥ tanh*4y cosh}ydy 
dr 0 


4m " 
~f sech}y exp(—4my)dy 
4 | (4m)*—3 0 





ehw { 


(5.31) 


Chu; 4m 
— ———W(7+2m)+V(+2m) |, 
4 4m)*—} 
where as usual 
d 1 a Zz 
y(z) log! (z)= —y—-+>. ’ 
dz z n=l n(z+n) 


with y=0.57721. The asymptotic formula for large z 


2z)1—>> Baas ?**/22+-O(2-***), 


nal 


logz— 


and Nérlands factorial expansion 


z 1 2(z—1) 
¥(a+z2z)—y(a) - + 
a 2a(at+l1) 


are useful for finding the interaction of two widely 


separated isotopic defects. A finite series for AE is 


Chw, 4m T 1 
AE=- ——+] 1—3+-.-— 
Tr (8m)?—1 4 8m—1 
(5.32 
while the first few terms of the asymptotic series for 5 &F 
large separations are 
Q—1)*hu 1 2 
AE~— . Reon (5.33) : ‘ 
a 8m)* (&m)§ 


It is remarkable that the asymptotic formula is valid 
over the entire range of integral values of m. When 
m=1 it is found that the exact equation (5.32) yields 
AE=—1.903XK10“*twre, x while the first two terms 
of the asymptotic formula yield E=—1.89X10~fhwié/e 
with even better agreement when m > 2. 

rhe result has also been obtained from second- 
order perturbation theory. 


(5.32 


In the limit of a strong defect 
fact that e=1 so that 


Q=0) we use the 


1—« tanh}y=sech}y exp—}y, 


7 
ae 











which yields 
” sinh*}ye~ “"—)¥{ 4m sinh}y— ee} dy 
1—sinh*}y exp{ — (4m—1)y} 

(5 





34) 


With the possible exception of the choice m=1, the 
term sinh*}y exp[ — (4m—1)y] in the denominator of 
the integrand can be neglected when compared with 1. 
Hence the integration becomes elementary and yields 


2é *heo 1 ( (‘4m—1) 


ae 
wn 
— 


(8m—5)(8m— 3)(8m—1)(8m-+1) 


Corrections for small m are easily obtained by expanding 
the denominator in powers of sinh*}y exp[ — (4m—1)y ]. 
The first few terms in an asymptotic series for AE 
which is valid for all « when m is large is obtained by 
expanding all terms in (5.29) as a power series in y. 
Then 
Chw, 1 3 
sheen ——— — —1+—e+O(m)}, (5.36) 
x (8m)* 4m 
which is consistent with (5.35) and (5.33). It is to be 
noted that the first-order term has the same form for 
all values of e=1—(Q. 

Note added in proof.—In the case of a pair of holes 
Q is to be replaced by 2P~'. If one mass defect corre- 
sponds to e;= (1—Q,) and the other to ¢.= (1—Qz) the 
first-order term in (5.36) has é replaced by e:€2. Hence 
the interaction between a heavy and a light defect is 
repulsive. 


6. DEFECTS IN THREE-DIMENSIONAL LATTICES 


We now sketch the generalization of the discussion 
of previous sections to three- dimensional lattices. 





Pere Vityets 
g(j1,J2,J3)=— f 
2x’ ; alntrty)— 71 COSY: — 


where 
=1-—4Me (yt 72473)" 


=1-2/. 


(6.5c) 
(6.5d) 


An extensive program for the computation of this 
Green’s function is being carried out. An interesting 
asymptotic formula is 


Mbit 1 


w= ——$—$—_—_—_— 


—— exp{ —2f(yit+-12+72)'R} 
(vyvava)! 4rR 


(6.6) 


valid for large R= (j:°v:+ j*v2+j?7;)'. This Green’s 
function has also been discussed by Koster and Slater.’ 

As for the linear lattice, the mode corresponding to a 
single isotope of mass M’= (QM is a symmetric vibration 


EFFECT OF DEFECTS ON 


LATTICE VIBRATIONS 541 


The norma! frequencies of the perfect three-dimen- 
sional simple cubic lattice are defined by 


3 
Ma?=2 ¥- y,{1—cos(2xr,/V,)); 


a r,=1,2,+++,N,, (6.1) 
with the maximum frequency 
Mo?=4(yity2+7:)- (6.2) 
The zero-point energy is found to be 
E=}h=w 
3 
“sold j pained 
Xdeidgad¢gs. (6.3) 


If one component of the displacement of the mass at 
lattice point 71, 2, js is represented by #(j1,j2,ja) then 
the operator L which is a generalization of that given 
by (2.5) is 


Lu(j1,j2,5s) 
= Mo*u(ji,jo,js)+riLu(jrt1, je, fs) 
— 2u(ji,f2,js)+u(ji—1, jo, js) ] 
+f u( ji, jot, js) —2u(j1,52,Js) 
+u(ji, je—1, jd] Ayvdulh, ja, jst1) 


— 2u(j1,j2,js)+u(jr, je, a1) ). (64) 

The Green’s function satisfying 

Bs nitytys if p=fp= f= 
Lg(j1,J2,Ja)= (6.5a) 
0 otherwise 
is readily verified to be 
Cos fies COS j2 2 COs jays 
— dg deadly, (6.5b) 
Y2 COSP2— Ys COSY 


with a discr rete frequency whic h is the solution of the 
transcendental equation 


wo? (M — M")g(0,0,0) 


=Vityet¥s, (6.7a) 
or 
4/2? (1—Q)g(0,0,0) = 1. (6.7b) 
The modes corresponding to a single hole in the 
lattice are the three antisymmetric pulsating ones with 
discrete frequency levels given by 


(yi— 1) g(2,0,0)—¢(0,0,0) J=yit+yet7s, (68a) 
(y¥z—72')[¢(0,2,0)—g(0,0,0) ]= Vityets, (6.8b) 
(ys— 2) ¢(0,0,2)—g(0,0,0) J=y:tvet7s. (6.8c) 


The interstitial, placed at the center of a cell of the 
lattice, is topologically different from a lattice point 
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as it has eight nearest neighbors. If the force constant 


for the interactions with these nearest neighbors is 
taken as y’, then there are four antisymmetric modes 
with discrete frequencies satisfying 
¥'{2(0,0,0 1,1,1)+¢(1,0,0)—¢(0,1,1 
+g(0,1,0)—¢(1,0,1)+¢(1,1,0)—2(0,0,1)} 
Yityet 7s, (6.9a 
y'{2(0,0,0)— ¢(1,1,1)+2(1,0,0) —2(0,1,1 
g(0,1,0)+- ¢(1,0,1 1,1,0)+-¢(0,0,1)} 
Vityety 6.9b 
v'lg 0.0.0 g(1.1,1 7(1.0.0)+¢(0.1.1 
+ {0.1.0 g(1,0,1 1,1,0)+¢(0,0,1)} 
Yityety:, (6.9% 
¥'{¢(0,0,0 ¥(1.1.1 1.0.0)+ ¢f0.1.1 
— ¢(0,1,0}+ ¢(1,0,1)+¢(1,1,0)—g¢(0,1,1)} 
Yi ye Y 6.9d 
If two isotopes o Dy ttice sites (0.0.0) and 
(My MoM Lhe is tor the ear if e, hitting and 
antifitting modes are possible with normal frequencies 
satisfying 
4f£*(1—O){ ¢(0,0,0) + e( ny, ne,n3)} =1 (6.10a) 


rhe solutions of this equation give a splitting about the 
solution for the case of one isotope The contribution of 
localized modes to the energy of interaction of the 
isotopes is estimated from the second term in the 
Lagrange expansion of f, using (6.10a) in the form 
1 g(y.MoNs) 
1—O0+ (1-0 6.10b 
$/°¢(0.00 2(0.0.0 
If 
r $ 2/900), 6.1lla 
hi¢ Ww Ww 6 11b) 
and 
¥\s g(M;,Mo,n3)/ g(0,0,0), (6.11c) 
then the second term in the Lagrange expansion of [(i 
abo t<¢ 1 VU 1.€ } ww 1S 
d 
1(1—O (POeoH) 6.12a 
iz = 
a i—Q, 
which for large m,, ne, n; becomes 
d 
i 1 )) f'(t — \4 6.12b 
2 + 
+4 q 
, 1 V) { f’( } ¢ 6.12 
7, 
d 1 
= oe a ee 7) 
~A exp Sf(y: y3)'R} 6.12d 
df R° 
with 
R? = n+ neyo try 6.12e 
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and where A is a positive constant and use has been 
made of the asymptotic formula (6.6a). The energy 
of interaction due to localized modes is hence given by 


V(R)~—BR lexp—CR, (6.13) 


where B and C are positive constants (i.e., functions of 
QO only and independent of m, m2, mz). The force has 
the sign of an attraction. 

In the case of an isotropic discrete quantum field 
that R?=y(n?+n2+n#) and the 
interaction V(r) due to localized modes between our 
pair of defects is of the Yukawa type at large distances. 

Since a crystal lattice corresponds to y1>y2=7s the 
force law spherically symmetrical and 
depends on the orientation with respect to crystal axes 


Y 7773" 7 


(6.13) is not 
of the line which connects the two defects. 
A more detailed discussion of the three-dimensional 


lattice will be given in a later publication. 


APPENDIX. THE ISOLATED ISOTOPIC IMPURITY 
IN A LINEAR CHAIN 


We shall give a detailed analysis of the “isotopic” 


ill serve as an example of 





impurity in this section. It \ 


how localized 


1 modes make their appearance in an exact 
{ similar discussion 


treatment of the modes in the band 
for the electron theory of solids has been given by 
Koster and 


Che equations for the time-independent factor of the 


Slater,' and by Saxon and Hutner.’ 


displacements are 


Mieu(n)+yi u(n—1)—2u(n 
/ 


(A.1a) 
(A.1b) 
(A.1c) 


nx, 


when one deals with a system of 2.V particles of mass 
M and one of mass M’ located in the middle of the 


chain while the end particles are held fixed. One finds 
(A sin V—n)e ifn20 
u(n 
(Bsin(V+n)¢ ifn<0 (A.2) 
vhile 
Mi? = 2y(1—cos¢ (A.3) 
One relates the constants A and B by substituting 
(A.2) into the connecting equations of (A.1) which 


correspond to n=0 and nm -1. One finally obtains 
the following relations between A, B, 


and ¢: 


{ sin(V+I1)¢ 


B sin(N—1)¢—A sin 
24 (1—Q)(1- 


(A.4) 


sin.V ¢, 
‘A-—B (A.5) 


Two possil l > 
I 


f 

f 
~ 
| 

f 
> 


B (A.6) 
or 


(b) (A.7) 


sinV e=0. 
































EFFECT OF DEFECTS ON LATTICE 


Condition (b) leads to the odd solutions with A= —B 
while (a) leads to the even solutions. Since the possible 
values of ¢ in the odd solutions are exactly the same 
as those in the perfect lattice, {2rj/2N}, no shift 
occurs in the corresponding frequencies. 

The even solutions of (A.1) have the characteristic 
equation 


cot ¢= (0—1) tan}g, (A.8) 


for the determination of the g’s. The solutions of (A.8) 
can be determined by plotting (see Fig. 11) both the 
left and right hand sides of (A.8) on the same graph 
and locating their intersection points. 

When Q=1 the right-hand side of (A.8) vanishes 
identically so that the possible values of ¢ are the inter- 
sections of the various branches of cot.V¢ with the 
axis, gj=(2j—1)r/2N. When Q#1 one intersection 
occurs in each interval {rj/\V, #(j+1)/N} except for 
the interval [(V—1)x/N,2] when Q<1. No inter- 
section occurs in this interval because the function 
(Q—1) tan}¢ always lies below cotN¢ in the entire 
interval. 

The introduction of a heavy impurity, Q>1, causes 
a displacement of the various intersections to the left 
and yields an associated decrease in normal mode fre- 
quencies (the largest possible displacement being 
/2N); that of a light impurity Q<1 causes displace- 
ments to the right with associated increases in normal 
mode frequencies (with the exception of the “lost 
mode” the displacement is limited by 7/2.V). The lost 
mode in the light impurity case corresponds to the 
localized mode which emerges from the band. It is 
resurrected by assuming that g¢=w+i0 and considering 
the characteristic equation for 3, cothVdi=(Q—1) 
Xcoth}v. Then in the limit as V2 


exp 0 (O—2), (A.9) 


while 


(w/wz)?=}$(1—coshz)=1/0(2—0), 


(A.10) 


which is exactly (3.20). 

The change in zero-point energy of the lattice with 
one isotope has been worked out in detail in Sec. 4; 
we shall now check this resuit for the limiting case 
Q—0. In this limit, Eq. (A.8) becomes 


(A.11) 


=—tandg, 


cotV¢ 
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Fic. 11. The solution of Eq. (A.8) can be obtained graphically 
from the curves sketched above. The right-hand side of (A.8) is 
sketched for a value 0<Q<1 and for Q=0. 


which can be solved exactly: 
¢j=[(2j—1)e/(2N—1)]; j=1,2,---,N—1. (A.12) 
As can be seen in Fig. 11, the first solution 
¢gi=x/(2N—1) 
is near r/2N whereas gw_)= (2N—3)e/(2N—1) is near 
(2N—2)r/2N. The change in zero-point energy con- 
tributed by the shifts of the levels in the band is, 
therefore, 


N-1 (2j-1)r (2j—1)x 
thor} > sin — > sin (A.13) 
yo 2(2N—1) i=! 4N 
1 1 7 E43 A 
= has} ~ cosee ———--- —-— ~ cosec (A.14) 
2 2 2(2N-—1) 2 2 4N 


1 ae 
ow he(- _ ) (A.15) 
2 2f 
for large NV. 
Since the level out of the band contributes 
jh O(2—Q) }4 


as given by Eq. (4.7a), the change in zero-point energy 
is thus 


1 1 1 
hor} [(Q(2—Q) }'—-—-+0(0')}.  (A:16) 
2 2f 


This agrees with the expansion given in Eq. (4.15). 
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Lattice Constants of Graphite at Low Temperatures* 


Y. Baskin anv L. 


MEYER 
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The lattice constants of a graphite single crystal, natural graphite powder 
78°K, and 4.2°K. The 


have been measured at 297°K, 


and artificial graphite powder 





a-spacing does not change in this temperature range 


within the error of +0.0005 A. The materia! with the greatest c-spacing showed between 297° and 78° the 


greatest change of c-spacing and the smallest change 


not return to its original value at 297 


HE measurements at low temperatures of the 
physical properties of graphite such as electrical 
conductivity are 


usually slightly irreproducible.'? 


Carbon thermometers used in the liquid helium tem- 
perature range generally have to be recalibrated each 
time they are used. It was suspected that this effect 
is due to the unusually large anisotropy of the thermal 
expansion of graphite which can cause mechanical de- 
formation in every thermal cycle. In order to test this 
hypothesis precision measuremerits were made of the 
lattice constants of a single crystal of graphite (from 
Ticonderoga, New York), spectroscopically pure natural 
graphite powder (National Carbon Corporation No. 
SP 1) and spectroscopically pure artificial graphite 
(National Carbon Corporation No. SP 2) at 
(297°K liquid nitrogen temperature 
(78°K), and liquid helium temperature (4.2°K). The 
measurements were performed in the low-temperature 


room 


temperature 


precision x-ray spectrometer developed in this labora- 
tory and described elsewhere.’ 

The c-axis spacing was derived by the method of 
Nelson and Riley* from the maxima of the 002, 004, 
006, and 008 peaks produced by Ni-filtered Cu radia- 


tion ;.each peak was scanned at intervals of one minute 


of arc. The a-axis spacing was derived from the 110 


Tape I. Interlayer spacing 


of graphite as 
1 function of temperature 


Natura Art 
Single owe 
rveta SP } SP 2 
be \ A \ 
2907 3.3538 3.3542 3.36000 
78 3.3378 33378 3.3392 
42 3.33600 3.4367 3 33R8 
297° afte 
cooling 3.3538 3 3542 3 3500 
Expansi 
coefficient 
78°~297°K 734.10°% 7.59.10" 9 52.10 
* Supported in part by U. S. Atomic Energy ( ssion. 
' Meyer, Picus, and Johnston, National Bureau of Standards 
Circular No. 519, October, 1952, p. 249 


*W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954 

* Barrett, Long, Meyer, and Walker (t ep 

‘J. B. Nelson and D. P. Riley, Proc. Phys. Soc. (London) 5 
477 (1945 


after a thern 


below 78°. The c-spacing of the artificial powder did 
al cycle, demonstrating irreversible deformation. 


peak only. The accuracy with which the peaks were 
determined is +0.005° yielding an accuracy for the 
spacing of +0.0005 A. The temperature was known 
to +0.3°K. Table I contains a summary of the results 
for the c-spacing. 

The change of interlayer spacing with temperature 
depends strongly on the nature of the sample: The 
material with the largest interlayer spacing showed 
the greatest change of spacing, between 297° and 78° 
and the smallest change below 78°. A large c-spacing 
is usually considered to be a sign of less perfect 
crystallites.’ Since anisotropic changes of volume, 
especially in polycrystalline material, are often ac- 
companied by plastic deformation, it does not seem sur- 
prising that a temperature exists at which the thermal 
forces trying to contract the specimen are balanced by 
mechanical from surrounding 
crystallites, and that this temperature depends on the 
size and the quality of the crystals. At the lowest 
temperatures the single crystal which had the smallest 
fraction of imperfections among the specimens showed 
the greatest amount of contraction with the lowering 


of the temperature. 


the opposing strain 


rhe irreversible changes possible during a thermal 
cycle are demonstrated by the fact that the c-spacing of 
the artificial graphite did not return to its original 
value at 297°K after being cooled to 4.2°K. 
As Walker et al.® found a practically linear variation 
of interlayer spacing with temperature down to 78°K, 
t} 


an average thermal! expansion coefficient a defined by 


dr =dr, +a(T—T, , 


dr being the interlayer spacing at the temperature 7, 
and calculated between 297° and 78°, is given in the 
bottom row of Table I. The value of a for the artificial 
powder agrees with that found by Walker et al.; the a 
values for the natural powder and the single crystal are 
distinctly lower. 

he a-axis spacing was found to be 2.4589+0.0005 A 
at 297°K, changing 0.0005 A when the 
specimen was cooled to 78°K. 


less than 


» « 


E. Franklin, Acta Cryst. 4, 253 ( 


R ra 
Walker, McKinstry, and Wr Chem. 45, 1711 
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Neutron Diffraction Study of the Magnetic Properties of the Series 
of Perovskite-Type Compounds [ (1 —x)La, xCa ]MnO,7 


E. O. WoLLan AND W. C, Korner 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received May 9, 1955) 


A study has been made of the magnetic properties of the series of perovskite-type compounds 
((1—x)La, rCa]MnO,. The investigations have been made primarily by neutron diffraction methods, but 
x-ray diffraction measurements of lattice distortions and ferromagnetic saturation data are also included. 
This series of compounds exhibits ferromagnetic and antiferromagnetic properties which depend upon the 
relative trivalent and tetravalent manganese ion content. The samples are purely ferromagnetic over a 
relatively narrow range of composition (x~0.35) and show simultaneous occurrence of ferromagnetic and 
antiferromagnetic phases in the ranges (0<2x<0.25) and (0.40<x<0.5). Several types of antiferromagnetic 
structures at x=0 and x>0.5 have also been determined. The growth and mixing of the various phases have 
been followed over the whole composition range, the ferromagnetic and antiferromagnetic moment con- 
tributions to the coherent reflections have been determined, and Curie and Néel temperatures have been 
measured. The results have been organized into a scheme of structures and structure transitions which is in 
remarkable accord with Goodenough’s predictions based on a theory of semicovalent exchange. 


1. INTRODUCTION 


NEUTRON diffraction study has been made of 
the magnetic properties of the series of compounds 
[xCa, (1—x)La]MnO;, where x varies from zero to 
unity. For all values of the parameter x, these mixed 
oxides crystallize in various modifications of the perov- 
skite structure. The ideal cube of a perovskite contains 
one molecule A BO;, where A is a large ion, for example, 
La**, Nd**, Cat?, Sr**, Bat, etc., located at the cube 
center; B is a small ion, Mn**, Cot*, Tit4, Mn*, etc., 
situated at cube corners; and the three oxygen ions are 
at the midpoints of the cube edges. Many examples of 
the perovskite structure are known, only a few of which 
are perfectly cubic. 
Jonker and Van Santen! have investigated the tnag- 
netic properties of a number of these perovskite-type 
compounds and have found that certain of the mixed 
oxides containing manganese or cobalt becomé ferro- 
magnetic with Curie points ranging downward from 
about room temperature. Their measurements of sat- 
uration moments and Curie temperatures for the 
(La, Ca)MnO; series to be considered here are repro- 
duced together with associated data of this report in 
Figs. 12 and 15 of Secs. 9 and 10. Their saturation 
measurements represent the average ferromagnetic mo- 
ments of the macroscopic specimens and the Curie 
points refer to the temperature of transition to the 
ferromagnetic state. Application of the neutron-diffrac- 
tion technique has made it possible to obtain more 
detailed information about the magnetic properties of 
these compounds. The ferromagnetic properties have 
been more fully investigated and the system has been 
shown also to have a variety of antiferromagnetic 
structures. 


tA preliminary account of this work was presented at the 
Conference on Ferrimagnetism, U. S. Naval Ordnance Labora- 
tory, Washington, D. C., October 11-12, 1954. 

'G. H. Jonker and J. H. Van Santen, Physica 16, 337 (1950); 
19, 120 (1953). 





2. PREPARATIONS AND CHEMICAL ANALYSIS 
OF THE SAMPLES 


The manganite samples were prepared by the ceramic 
technique outlined by Jonker and Van Santen.’ Oxides, 
carbonates or hydroxides of lanthanum, calcium and 
manganese in the desired proportions were mixed under 
ethanol in a ball mill, dried at 100°C, and prefired, 
usually in air, at 900°-1000°C.* The products resulting 
from prefiring were mixed again, pressed without binder 
into briquets and finally fired in a resistance furnace at 
temperatures ranging from 1100°C to 1400°C. A few 
preparations were also made from solutions of the 
nitrates of the metals. 

Diffraction samples for many preparations were pre- 
pared in the usual way. The sintered briquets were 
broken up to a fine powder which was packed into a 
thin-walled aluminum or vanadium cylindrical cell. For 
preparations to be studied as a function of applied 
magnetic field, the briquets themselves were used. 

The ionic composition of the preparations depends 
markedly upon the temperature and atmosphere of 
firing. This has been pointed out by Jonker and Van 
Santen and has also been observed in the present 
investigations. It has been possible, for example, to 
obtain LaMnO, preparations with tetravalent man- 
ganese concentrations ranging from 2% to 35%: the 
lowest concentration resulted from firing in nitrogen at 
1400°C, the highest from firing in oxygen at 1100°C, 
Similarly, preparations of CaMnO, containing 71, 80, 
91, and 97% tetravalent manganese were found after 
firing in oxygen at 1400°C, 1350°C, 1300°C, and 
1075°C, respectively. 

Because the magnetic properties of these mixed 
manganites are so strongly dependent on the percent 
Mn** content, this quantity has in all cases been de- 


* We were aided in the preparation of starting materials by 
Mr. D. E. LaValle of the Analytical Chemistry Division. 
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Tas.e I. Data summary. 


LaMnO, 12 2 He, N,R,C,B 
LaMnO, 34 9 H,R 
LaMnO,; | 10 He, N,R,W 
LaMnO, 65 14 He,N,R 
LaMnO; 73 18 He, P,N,R 
LaMnO, 3 0 H,P,N,R,W 
(0.39 La—0.11 Ca)MnO, 61 2 He, R 
(0.85 La—0.15 Ca)MnO, 21 8 N,R,W 
(0.85 La—0.15 Ca)MnO, 23 18 V,R,W 
0.75 La—0.25 Ca)MnO, s 32 V,R,W 
(0.65 La—0.35 Ca)MnO 70 35 P,N,R 
0.6 La—04 Ca)Mn0, 4 4 P,N,R,W 
(0.5 La—0.5 Ca)Mn0O, 16 49 V,R 
(0.5 La—0.5 Ca)MnO, 41 51 V,R,W 
(0.5 La—0.5 Ca)MnO, 75 46 He, N,R 
(0.5 La—0.5 Ca)MnO, 66 58 He,R 
(04 La—0.6 Ca)MnO, 5 71 H,P,N,R,W 
(0.25 La—0.75 Ca)MnO 18 78 V,R,W 
(0.20 La~—0.80 Ca)MnO 74 Ri) P,N,R 
CaMnO,; 6 71 H,N,R,W 
CaMnO, 20 a) P.N,R 
CaMnt dy 26 91 VRW 
CaMnO, 32 97 P,N,R 
e e: He $ 
fle , 0.51 
fi ed to 0.40 
efi ’ er t 5000 o« 
oo tect 
tle b S000 of 





termined by chemical analysis.’ In the analysis a portion 


of each preparation was dissolved in a known excess 


of standard ferrous sulfate solution and the excess 
ferrous iron was titrated with standard potassium 


permanganate solution to give the oxidi ing power of 
the manganese in the sample. A second portion was 
dissolved in nitric acid and hydrogen peroxide and the 


manganese oxidized to permanganate by sodium bis 


muthate. A known amount of ferrous sulfate was 
introduced into the solution and the excess determined 
by standard permanganate to give total manganese 


From the results of the two titrations the ionic con 





centration was comp ited. The ionk analy ses are shown 
in Column 3 of Table I and they are believed to be 


reliable to 


( 


within about , 
Some consideration has been given 
of quenching on the properties of the manganite 
preparations. In those cases where t 
samples were to be used, the samples were quenc! ed 
air from the firing temperatures. When the briquet was 
to be used, it was necessary to cool the specimen slowly 
This was usually 


in order to avoid excessive fracturing 
done by turning off the furnace and continuing to pass 
the firing atmosphere over the sample during cooling 
Within the errors of analysis and observation, no sig 
nificant differences in samples of comparable composi 
tion prepared by the two methods were observed 


* These analyses were carried out by Mr. A. D. Horton of the 
Analytical Chemistry Division 











structure 





6.°K 6.°K type rv art root 
100 A 15.12 
A,B 13.68 1.36 0.49 
140 A,B 13.24 0.53 
A,B 68 3.48» 0.92 
176 B,A 3.44 8.92¢ 
170 100 B,A 2.08 11.444 2.86 
Be 
190 B,A 0. 13.80 
170 B,A 0. 12.00 2.22 
180 B 12.60 3.48 
50 B 13.24! 
260 Be 10.60 3.47 
260 Be 10.64 3.19 
250 Be 10.04 
Ber 996 
CE 
170 CE 
165 CE 0.18 
165 ( 8.92 
130 ? 
130 G 3.40 
130 G 5.92 
110 G 7.04 


K, H =204°K, P =46°K, NV =77°K, R =293°K, C =198°K, B =370°K, and W indicates 
r rature alues in . le 1 


the course of samt 





lue by 5000 oersteds 
ve by 5000 oersteds 
ve by 5000 oersteds 


field independent 


3. APPARATUS 


In the early part of this study the magnetic neutron 
scattering measurements were made with the conven- 
tional neutron spectrometer fitted with a low tempera- 
cryostat which allowed data to be taken down to 
liquid helium temperatures, 4.2°K. 

For a more complete analysis of the magnetic scat- 
tering properties of these compounds it was, however, 
found necessary to obtain data with the sample main- 
tained in a magnetic field at low temperatures. The 
incorporation of magnetic fields at low temperatures 
required the building of a new spectrometer which is 
1. The magnet and cryostat assembly 
sits on the crystal table of a low sturdily built spec- 
for which only a part of the 
support arm is shown) rotates around the center of the 
crystal table and the counter and crystal table are 
the usual 2 to 1 ratio. The flat 
character of this spectrometer was dictated by the 
from the floor to the center of the 
neutron beam from the pile. 

he lower part of the cryostat vacuum chamber con- 
sists of a brass box sealed around the pole pieces with 
The front and rear faces are O-ring sealed 
aluminum cover plates with thin walled cylindrical 


ture 


T 
t 
' 
i 


shown here in F ig 


ymeter. The counter 


geared together in 


mM At 
SMau distance 


O-rings 


sections for entrance and exit of the neutron beam from 
the crystal monochromator. The front cover plate is 
removed for sample mounting and alignment. The inner 
cryostat and sample assembly are held in accurate 
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Fic. 1. Neutron spectrometer 


alignment with the beam and the pole pieces by three 
nylon cords held taut by banjo type string tighteners 
anchored to the brass box. 

The sample is cooled as previously by contact with 
the central dewar which for the lowest temperatures 


with cryostat and magnet. 


contained liquid helium. A thin-wall aluminum cylinder 
attached to this inner dewar and surrounding the 
sample constituted the inner radiation shield. This was 
in turn surrounded by a radiation shield in contact with 
the liquid nitrogen chamber. The samples were fre- 
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quently of cylindrical shape except when it was desired 
to make measurements with a magnetic field in which 
case the flat sintered plates shown in the figure 
were used. 

For most of the runs the collimation of the scattered 
beam at the counter was effected by a boron carbide 
window but for some of the runs where greater resolu- 
tion was required a Soller type slit was introduced in 
front of the counter. 

During the course of this problem a new monitoring 
system was introduced in which the angular programing 
of the counter was determined by the monitor. The 
counter remained at each angular setting (intervals of 
15 minutes of arc) until a prescribed number of monitor 
counts had been recorded and it was then automatically 
moved to the next setting 

The apparatus used in making ferromagneti 


tion measurements is described in Sec. 9 


4. DATA AND METHODS OF OBSERVATION 
data of Jonker 


antiferromagnet 


The character of the ferromagneti 
and Van 


ordering might be expected to develop in some samples 


suggested that 


Santen 


at low temperatures. Neutron patterns were taken at 
room temperat ire and at one or more low temperatures 
at which antiferromagnetic structures as exhibited by 
super lattice lines were observed 

A sample neutron pattern taken at liq 


} 


temperature (77°K) is shown in Fig. 2. This pattern 


was obtained 
Table I as 


ordering at 


with a sample of LaMnO, (identified in 


shows antilerro- 


140°K 


rretructiure line 
superstru ire iin 


LaMnO; No 


low 


1) which 
magnet! temperatures (7 
The cross-hatched reflections are 
arising from the antiferromagnetic ordering wi 


developed at The other reflections 


are due primaril: nuclear scatterir 
In many cases it has been 
studying the magne scattering 
point by pol 

at room temy 


Fic. 2. Diffraction pattern for LaMnO, No. 1 at 77°K. 
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ture well below the Curie or Néel point of the sample. 
In such a difference curve one eliminates effects such 
as the external background, multiple scattering, scat- 
tering by the sample holder and other parts of the 
equipment, in fact one eliminates all effects which are 
net dependent on the change in temperature of the 
sample. The difference curve does not, however, neces- 
sarily represent only the magnetic scattering effects 
because there are other temperature dependent phe- 
nomena. There is the Debye temperature effect on the 
nuclear reflections which for strong reflections can show 
up as residual difference peaks at the positions of these 
nuclear reflections. There are also possible crystallo- 
graphic effects such as temperature dependent changes 
in the lattice parameters which cause shifts in the peak 
positions and thus effect the difference curves and there 
may be changes in atomic position parameters which 


Temperature difference pattern and antiferromagnetic 
ture (Type A) for LaMnO, No. 12. 


struc 


produce changes in the peak intensities as a function of 
temperature as well as in the crystal symmetry. The 
[ these temperature changes in the crystal 
are extraneous to the magnetic effects deter- 
mines in any case the usefulness of the temperature 
difference pattern in studying the details of the mag- 
In representing the antiferromagnetic 
superstructure reflections, for example, it has not 
usually been found profitable to extend the difference 
curves into the region of the strong (111) nuclear re- 
flection because effects of nonmagnetic origin in some 
The method of 
representing the data will thus depend on the properties 
of the particular sample being studied. The ferromag- 
netic effects can also be studied by the alternative 
approach of utilizing a magnetic field to turn off the 
ferromagnetic scattering. The application of this tech- 


extent ol 


which 


netic scattering 


cases become prominent in this region 
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nique is discussed in various connections in Secs. 7 
and 8. 

In the plot of a pattern involving the difference be- 
tween a run taken at a temperature below the Curie or 
Néel point and a run taken at room temperature, where 
this is well above the critical point, the diffuse para- 
magnetic scattering features of the room temperature 
pattern will show up as a negative contribution in the 
difference pattern. There are features of this diffuse 
paramagnetic type scattering which are undoubtedly 
important to a complete understanding of the magnetic 
properties of these perovskite-type compounds but 
since they do not bear too directly on the magnetic 
structural aspects of these compounds, which is the 
primary subject of this paper, the details of the diffuse 
scattering features will be reserved for a future publi- 
cation. 

A summary of the samples studied and the data 
obtained for each is given in Table I. Discussions rela- 
tive to these data are taken up in the following sections. 


5. ANTIFERROMAGNETIC STRUCTURES OF 
La**Mn**O, AND Ca**Mn*‘O, 


La*t*Mn**O,; 


A difference pattern (/42x—Jer) for LaMnOy; 
(Sample No. 12, Table I) obtained from data such as 
that shown in Fig. 2 together with a room temperature 
pattern is shown in Fig. 3. 

The diffraction peaks‘ of this pattern are readily 
identified with an antiferromagnetic lattice consisting 
of layers of manganese ions coupled ferromagnetically 
(via intervening oxygen ions) in a given set of (001) 
planes but with alternate planes having opposite spin 
orientation, i.e., with antiferromagnetic coupling be- 
tween planes. This structure is shown by the inset in 
Fig. 3, and as the A-type cell in Fig. 18. This arrange- 
ment calls for a unit magnetic cell doubled along one 
axis of the ideal elementary cubic cell. The indices 
identifying the reflections in the figure are nevertheless 
based on a cell doubled along all three axes in order to 
maintain uniformity in indexing later patterns which 
require increasing the cell in two or in all three direc- 
tions. In addition to determining the ordering of the 
atomic moments one can determine also from the peak 
intensities for this cell whether the moments are directed 
approximately along the antiferromagnetic axis (taken 
as Z axis see Fig. 18) or in a plane perpendicular to 
this axis (X-Y plane). Since for the former case one 
would observe no intensity in the (001) reflection (see 
last column of Fig. 18 for predicted intensities) whereas 
experimentally this reflection is found to be strong, the 
moments must lie in or nearly in the X-Y plane. 
Although one might expect the moments to lie along 
one of the X or Y cube edges, this point cannot be 

‘The small peak near 2@=12° can be due to nuclear effects 
arising, for example, from shifts in oxygen parameters. This peak 
was not observed in patterns of LaMnO, of slightly higher Mn** 
content. 
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Fic. 4. Temperature difference pattern and antiferromagnetic 
structure (Type G) for CaMnOy No. 26. 


ascertained in this case from powdered crystal measure- 
ments alone. 

The crystallographic properties of these compounds 
are taken up in detail in Sec. 11, but it is pertinent to 
note here that this sample departs from cubic sym- 
metry in a manner consistent with the observed mag- 
netic structure. 


Ca*?Mn*‘O, 


A difference pattern for CaMnOy, No. 26 is shown in 
Fig. 4. It consists of two reflections which index as 
(111) and (311) on the basis of a cell doubled along the 
three edges of the simple chemical cell. This pattern is 
readily interpretable in terms of the structure given in 
the inset of Fig. 4, and identified as the G-type in 
Fig. 18 where the expected magnetic intensities are 
shown in the last column. Each Mn** ion is surrounded 
by six Mn* neighbors whose spins are antiparallel to 
the given ion. The structure can be thought of as con- 
sisting of two interpenetrating face centered lattices 
with opposite spin orientation. 


6. OTHER ANTIFERROMAGNETIC STRUCTURES 
EVIDENCE FOR ION ORDERING 


In the composition range in which the Mn* content 
is greater than 50%, other antiferromagnetic type 
patterns are observed. 

Figure 5 shows a temperature difference pattern for 
a sample [ (0.20 La—0.80 Ca)MnO, No.74] with about 
80% Mn**. The magnetic structure corresponding to 
this pattern is shown in the inset of Fig. 5 and as the 
C-type in Fig. 18. This cell calls for doubling of the 
simple cell in two directions but as before the lines in 
the pattern have been indexed for a cell doubled along 
all three axes. The intensities to be expected for this 
magnetic cell are shown in the last column of Fig. 18 
for the two cases of spins along Z or in the X-Y plane. 
The intensities in the observed pattern correspond 
closely to case of spin parallel to the Z-axis. 

In the C-type cell all atoms have two ferro- and four 
antiferromagnetic nearest neighbors whereas the reverse 
is true for the A-type cell, 
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tures the ferro- and antiferromagnetic neighbor relations 
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these structures. In view of this we were led to consider 


the other possible antiferromagnetic cells (D, £ and F, 
Fig. 18) which require only doubling of the simple cell 
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ties in their 


neighbor and bond relations and the intens! 
diffraction patterns are also shown in Fig. 18 
rhe intensities in the pattern of Fig. 6 can be quite 


well accounted for as a mixture of magnetic phases ol 
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the uniqueness of this interpretation. Further evidence 
for the incoherent mixing of magnetic phases will be 
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where both antiferromagnetic and ferromagnetic con- 
tributions to the pattern are simultaneously observed. 

Further study of samples in this composition region 
(x>0.5) has, however, shown that some patterns cannot 
be accounted for by any of the cell types A to G or as 
incoherent mixtures of these magnetic structures. The 
first evidence for a more complicated magnetic structure 
came from a pattern which showed a broad peak 
at small angles when observed with the normal angu- 
lar resolution. The difference pattern for sample 
(0.5 La—0.5 Ca)MnO,; No. 66 taken with Soller slits 
to give better resolution is shown in Fig. 7. 

The smallest unit cell upon which it is possible to 
index the observed magnetic reflections of this pattern 
is one which has a=b=v2c where c is twice the Mn-Mn 
separation. The new a and 6 axes are thus face diagonals 
of the double cell (see inset in Fig. 18). The number of 
observed reflections which represents only a small 
fraction of those possible for this cell fall into two 
groups. In the one, single reflections (excluding permu- 
tations of indices) are observed with / odd, (101), (121), 

301), etc., and in the other, contributions to a given 
peak can arise from superimposed even and odd / index 

011) and (200), (311), and (202), etc. No 
single reflections with even / index are found nor are 
any reflections observed for planes of the form (001). 
Attempts to interpret the pattern with nonvanishing 

200 202) reflections were not successful and 
hence the reflections in the latter group were ascribed 
to the (111) and (311) reflections only. On this basis 
all the observed reflections have / odd and this calls 
for a cell with all ions antiferromagnetically coupled in 


+ 


he 
the ¢ 


reflections, 


and 


direction. The above considerations and a con- 
sideration of other absent reflections together with the 
fact that planes which contribute intensity cannot have 
a vanishing net spin lead to the arrangement of spins 
shown in the inset of F ig. 18. 

It is interesting to observe that this spin arrangement 
can be developed by the coherent stacking of octants 
of the C and E type structures as shown by the octant 





Fic. 6. Temperature difference pattern for CaMnO, No. 6. 
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labels in the structure diagram of Fig. 18. This stacking 
feature has led to the designation of this structure as 
the C-E type. 

Although no other structure of this cell size has been 
observed, there are other possibilities two of which are 
represented by the D-E and D-F structures shown in 
the lower part of the figure. In the C-E type structure, 
which has been experimentally observed, the same 
simple ferro- and antiferromagnetic neighbor relations 
are present as in the case of the C-type alone, whereas 
the D-E and D-F cases are much more complicated in 
this respect. 

So far the discussion of antiferromagnetic structures 
has been concerned only with the arrangement of the 
spins on the lattice sites and where possible with the 
orientation of the spin moments relative to the crystal- 
line axes. In the case of the mixed oxides the magnetic 
structures may be associated with an ordering of the 
Mn** and Mn** ions on the lattice sites. In the A- and 
G-type structures this point did not enter. For the 
C-type structure the intensities are rather insensitive to 
ion ordering and no direct information on this point 
could be obtained from the data. 

This is not true, however, for the C-E structure for 
which the predicted intensities are for some cases quite 
sensitive to the assumed distribution of the Mn** and 
Mn** ions on the lattice sites. Although this subject of 
ion ordering will be discussed later for all the mixed 
compounds in its relation to the nature of the magnetic 
coupling between ions, the experimental evidence for 
ion ordering will be presented here. 

Before considering the effects of ion ordering it will 
be well to establish independently if possible the orienta- 
tion of the spins relative to the crystalline axes. Calcu- 
lations relative to both of these points are brought 
together in Table II. The first column gives the indices 
of the observed reflections based on the C-E type 
structure. The second column lists the values of g*jF? 
deduced from the measured intensities in the pattern 
and succeeding columns list calculated values of this 
quantity. The first group of calculated values refers to 
a structure in which the Mn** and Mn** ions in equal 
proportions are distributed at random on the various 
lattice sites. Columns a, 6, and c refer to the axis to 
which the spin vector has been assumed to be parallel. 


TasBLe II. Comparison of observed and calculated jF*¢* values 
for C-E type structure. Numbers in parentheses refer to percent 
yi in | ; ; tO | 
Mn**— Mn". a, 5, ¢ refer to axis along which spin is oriented. 


qyt 10°™ om?/atom 
Calculated 
Disordere Ordered 
50.50 50-50 42-58) 44-56 
hkl Observed a b a a a 
101 0.45 0.49 0.74 0.25 0.64 0.33 0.40 
11 0.75 1.06 1.06 071 0.78 0.78 0.78 
121 0.82 1.05 0.45 0.75 1.37 o71e O86 
301 0.1 0.09 049 O41 0.12 0.05 0.07 
311 0.85 1.11 1.11 1.59 082 0.82 082 
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Fic. 7. Temperature difference pattern taken with Soller slits 
for (0.5 La—0.5 Ca)MnO, No. 66. CE-Type antiferromagnetic 
structure, 


Although the agreement with the data is in no case 
very good, the low value predicted for the (301) re- 
flection in the first column of this group suggests that 
the spins are oriented along the a axis. The fact that 
the calculations were made for a (50-50) ion composition 
whereas the sample analysis gave (42-58) has no effect 
on the relative values. 

For the calculations involving ordering of the ions on 
lattice sites, two types of ordering have been considered. 

One type results from simple phenomenological argu- 
ments about the types of indirect coupling between the 
magnetic ions in this system which are consistent with 
most of the data. The rules thus established which will 
be discussed more completely in Sec. 12 call for the 
indirect coupling in the region (*>0.5) to be ferro- 
magnetic between unlike pairs and antiferromagnetic 
between like pairs of ions. The ion ordering obtained 
on the basis of these criteria puts Mn** and Mn* ions 
in positions for which the major intensity contributions 
are the same as for a disordered lattice. The ordering 
would lead to other nonvanishing reflections than those 
corresponding to the few observed lines in the pattern, 
but they would be too weak to have been observed. 

The other type of ordering was suggested from a 
study of the pattern and it is of interest to observe that 
it fits well into a coupling scheme suggested by Good- 
enough (see following paper and Sec. 12 for further 
discussion on this point). This type of ion ordering is 
the one illustrated in the drawing of the C-Z structure 
in Fig. 18. 

For a pure structure of this type, the (101), (121), 
(301), etc., reflections would result from scattering by 
one kind of ion only and the (111), (311), ete., reflec- 
tions would result from the other kind only. Unfortu- 
nately, the sample from which the pattern under 
consideration was obtained did not have a (50-50) ion 
composition, the results of the chemical analysis being 
(42-58). This fact makes it impossible to definitely 
verify this proposed type of ion ordering since additional 
assumptions must be made about the disposition of the 
excess Mn* ions. 

Calculations relative to this type of ordering are 
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Fic. &. First two antiferromagnetic reflections for four sample 
compositions showing the growth of a C-Type pattern (right 
from the CE-Type (left 


given in the last three columns of Table II. The first 
column was calculated for the ideal composition. For 
the other two columns correction for composition was 
made on the assumption that the excess Mn** ions go 
at random but with opposite spin into sites occupied by 
Mn** ions in the ideal structure. The last column which 
agrees well with the experimental data was calculated 
for a slightly different composition than that given by 
the analysis but within the errors of the analysis. 

The assumption that excess Mn** ions go into the 
Mn** sites with reversed spin is not completely arbi- 
trary. If one examines the C-E type arrangement, one 
observes that one can obtain a C type structure by 
reversing half the spins of ions on the Mn** sites (as 
shown in Fig. 18) provided specific spins are so reversed. 
If this spin reversal is a result of the addition of Mn**, 
then one would expect that the C type structure should 
set in at a 75% Mn** concentration. Such a structure is 
in fact observed at 80% Mn**. It would seem reasonable 
to assume that in the early phases of this transformation 
the excess Mn** would go into the Mn** sites at random. 
A series of observations which suggested that this model 
for the transformation may be correct is shown in 
Fig. 8, where the first pair of reflections (101) and (111) 
are represented for various ion concentrations over the 
range 50%-80% Mn**. The intermediate compound 
(75 La—25 Ca)MnO, No. 18 is interesting in that it 
shows a much increased (111) reflection and a corre- 
spondingly decreased (101) reflection, and this indicates 
the approach to the C-type structure. 

Before leaving the discussion of the C-Z£ structure 
there is one point which should be mentioned. The 


discussion above relative to the deduction of the spin 
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arrangement in this structure has assumed a single 
magnetic phase. Under the conditions that the structure 
is in fact defined by the unit cell described above and 
that there is antiferromagnetic coupling between ad- 
jacent layers, one can by exploring all of a reasonable 
number of possible spin arrangements conclude that the 
spin arrangement mentioned is unique. However, one 
may also put measurable intensities into and only into 
the positions observed in the pattern of Fig. 7 by an 
incoherent mixing of two phases: (1) the C-type which 
will reflect into the (111), (311), etc., position and 
(2) a cell of the same dimensions as the C-E type but 
built up of oriented octants of E type only (not illus- 
trated) which may be called for the purpose of this 
discussion the E-E type and which puts intensity into 
the (101), (301), etc., positions. If one makes reasonable 
assumptions about the moment direction in the E-E 
arrangement and attempts to fit the observed intensities 
as an incoherent mixture of phases, one is led to incon- 
sistencies which suggest the improbability of the in- 
coherent arrangement. Further evidence from x-ray 
line splitting at low temperature which tends to sup- 
port the C-E type arrangement is discussed in Sec. 12. 


7. FERROMAGNETIC PATTERNS 


One would expect fromfthe saturation data of Fig. 12 
and it is found from the neutron diffraction patterns 
that samples having a Mn** content in the neighborhood 
of 30% exhibit essentially pure ferromagnetic scattering 
with approximately the full predicted ferromagnetic 
moment per atom. Although the neutron patterns for 
sample compositions above and below this region also 
show ferromagnetic scattering, the situation becomes 
more complicated and these cases will be discussed in 
the following section. 

Using the technique employed in the analysis of the 
antiferromagnetic patterns of plotting the difference 
between the low temperature and the room temperature 
data we obtained for sample (0.65 La—0.35 Ca)MnO; 
No. 70 the results shown in the lower half of Fig. 9. 
This pattern represents al] the temperature dependent 
effects which occur between the two temperatures at 
which the patterns were taken, the greater part of 
which arises from magnetic scattering. The coherent 
peaks in this difference pattern fall at the positions of 
the nuclear reflections (the room temperature intensities 
of which are given above the pattern) as is to be ex- 
pected for ferromagnetic scattering and the moments 
calculated from the two first peaks agree closely with 
the expected value. The third peak, however, is much 
too large to be due to magnetic scattering alone. There 
is, of course, the temperature effect for the strong 
nuclear peak at this position but on the basis of the 
D-W formula this would only correspond to that shown 
by the cross hatched portion for this and the succeeding 
peaks. One is thus led to conclude that minor changes 
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Fic. 9. Ferromagnetic patterns for [0.65 La—0.35 Ca ]MnO, No. 70. Upper curve gives magnetic field difference pattern for maximum 
field in inset curve. Lower curve gives comparative data from temperature difference patterns. 


with temperature of the atomic parameters are probably 
responsible for the anomalously large value of this peak. 

The dashed curve represents the expected room tem- 
perature paramagnetic scattering. The anomalous be- 
havior of the measured curve in the region from 4° to 
about 14° is undoubtedly due to a short range order 
effect in the room temperature pattern, Other patterns 
with a ferromagnetic component have shown a tendency 
to drop below the predicted curve at small angles and 
this effect has been identified with the room tem- 
perature data. 


It must be concluded that the low temperature-room 
temperature difference pattern does not give an entirely 
reliable measure of the ferromagnetic scattering. In 
most cases the best approach to the study of the ferro- 
magnetic scattering contribution is to use a magnetic 
field. Since the magnetic scattering goes to zero when 
the moments are all aligned parallel to the scattering 
vector the difference between measurements taken 
with zero field and with a field along the scattering 
vector of sufficient strength to align the domains gives 
a direct measure of the ferromagnetic scattering. 
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A difference pattern taken at liquid nitrogen tem- 
perature with and without magnetic field is shown in 
the upper part of Fig. 9 for the same sample used for 
the lower curve. It is seen from the figure that the 
(200) and (220) reflections have approximately the 
same integrated intensities in the upper and lower 
curves. This is also true of the corrected (400), (420), 
and (422) reflections but is definitely not the case for 
the (222) reflection. Although the background is field 
insensitive over much of the angular range, there is a 
definite indication that the difference curve drops 
below zero in the region from about 25 
scattering as meas- 


to 35°. The 
saturation curve for the magneti 
ured on the first peak is shown in the inset 
A magnetic form factor can be obtained directly 
from this pattern but since this type of information is 
not especially pertinent to the main discussions of this 
paper, it will be reserved for future publication. 
Although it appears from the above discussion that 
the use of a magnetic field is ideal for separating the 
nuclear and ferromagnetic scattering, it will be seen in 
the next section that in some cases the temperature 


difference method gives additional information 


8. MIXTURES OF FERRO- AND 
ANTIFERROMAGNETISM 


In this section the nature of the magnetic scattering 
in the over-all range of Mn** content from near zero to 
last section it was 
the scattering 


about 50°7, will be considered. In the 
seen that for a sample having x=0.35 
below the Curie temperature was essentially purely 
ferromagnetic in character as was to be expected since 
the saturation moment corresponded approximately to 
the theoretical value. In the region of x<0.35, however, 
the ferromagnetic saturation moment falls off rapidly 
from the maximum value and hence some modifications 
in the neutron patterns would be anticipated. 
Difference patterns for a sample LaMnO; No. 73 
17.5% Mnt** 0.35 are reproduced 
here in Fig. 10. In the lower part of this figure the 
black circles represent (/42x—ZJ er) taken with the 
The upper part of the figure shows 


in the region x: 


usual geometry 
(Is7x—ITI er) taken with the same sample but with a 
Soiler slit in front of the counter to give the improved 
resolution. The (200) and (220) reflections in these 
difference curves would be expected to arise essentially 
entirely from ferromagnetic scattering as illustrated by 
Fig. 9 for the purely ferromagnetic case. The cross 
hatched peaks (100) and (210), however, are at super- 
structure positions, in fact they correspond both in 
their positions and their relative intensities to those in 


* Although the ideal sample for this Mn** content should have 
the composition (0.83 La—0.17 Ca)Mn0O, it has been found that 
in this composition range the patterns are sensitive only to the 
Mn content. For example, sample No. 23 shows essentially the 
same characteristics as sample No. 73. The latter sample is used 
here because it was made in the briquet form required for the 
measurements with a magnetic field 
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the pattern of Fig. 3 corresponding to the A type of 
antiferromagnetic ordering. To account for this pattern 
having both antiferromagnetic and ferromagnetic scat- 
tering contributions one is first led to consider the 
possibility of crystallographic inhomogeneities in the 
sample. As a first crude experiment to test this point, 
a finely powdered sample was cooled below the Curie 
or Neél pvint and a smzll permanent magnet was held 
near the container. It was found that all the powder 
particles were attracted by the magnet and thus that 
any possible magnetic inhomogeneities in the sample 
were smaller than the particle size. Later x-ray studies 
by Yakel (see Sec. 11) showed the sample to possess a 
single crystallographic phase. 

Since the sample is found to be crystallographically 
homogeneous one must account for the pattern of 
Fig. 10 on the basis (a) of some magnetic cell for which 
the moments in one direction do not compensate those 
in the other direction, a type of ferrimagnetism, or 
(b) of an incoherent mixture of regions or domains 
some of which are ferromagnetic and others antiferro- 
magnetic with the A type structure; in addition there is, 
of course, the possibility that both of these situations 
may to some degree exist simultaneously. Although an 
analysis of the problem seems to favor hypothesis (b), 





Fic. 10. Difference patterns for LaMnO, No. 73 with mixed 
ferro- and antiferromagnetic phases. Cross hatched lines represent 
antiferromagnetic contribution, others ferromagnetic. Upper 
curve taken with Soller slits, lower curve taken with usual resolu- 
tion with and without magnetic field. Intensity vs field shown 
in inset. 
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at least as representing the major contributor, it was 
felt that a direct check of this point was important and 
it was primarily for this reason that the new spec- 
trometer described in Sec. 2 was constructed. If ferro- 
magnetism and antiferromagnetism appear in separate 
domains which are uncoupled or very weakly coupled, 
it would be expected that a magnetic field applied along 
the scattering vector would turn off only the ferro- 
magnetic scattering peaks. If, however, the pattern 
were to be accounted for in terms of a homogeneously 
coupled system of some ferrimagnetic type the field 
would couple to the whole system and all the magnetic 
scattering could be turned off within the limits of field 
saturation. 

The lower part of Fig. 10 shows the result of such a 
field study on this sample. The black circles, as we have 
mentioned, represent the difference curve (/4.2°x—J rr) 
with no field and the open circles represent the same 
pattern with a field of 4500 oersteds applied along the 
scattering vector. It is evident from these curves that 
the superlattice peaks are unaffected within experi- 
mental error by the field. It is also evident that with 
the available field the ferromagnetic type reflections 
are only partially obliterated. The saturation nature of 
the approach of the (200) peak height to its minimum 
value is shown as the inset in the upper part of Fig. 10. 
This type of curve was obtained only for a temperature 
of 77°K. 

A discussion of the significance of the incomplete 
field sensitivity of the ferromagnetic type peaks in this 
and other patterns in the composition range will be 
discussed in Sec. 9 in connection with direct ferromag- 
netic saturation measurements. The fact that the mag- 
netic measurements show the (200) and (220) ferro- 
magnetic reflections to be field sensitive and the super- 
structure reflections (100) and (210) to be unaffected 
by the field is strong evidence in favor of accounting 
for the overall magnetic structure of samples in this 
composition range as consisting of an incoherent mix- 
ture of ferro- and antiferromagnetic regions or domains. 

Although the data for only one sample in the com- 
position range of Mn** less than 35%, has been discussed 
here, several samples have been investigated to show 
the trend of the mixing in the range from the purely 
antiferromagnetic phase to the essentially purely ferro- 
magnetic phase discussed in the last section. The other 
cases are tabulated in Table I and the nature of the 
overall results will be taken up in Sec. 13 in connection 
with the summary curve Fig. 19 of the ferro- and anti- 
ferromagnetic moments versus composition. 

To complete the region involving ferromagnetic scat- 
tering there is shown in Fig. 11 a difference pattern for a 
sample (0.6 La—0.4Ca)MnO; No. 4 with an Mn* 
content of 44%. This pattern shows primarily ferro- 
magnetic scattering as represented by the main peaks 
but one sees also a smal] amount of antiferromagnetic 
contribution in the angular range 7 to 15 degrees and 
in the neighborhood of 20 degrees. Although this 
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Fic. 11. Temperature difference pattern for (0.6 La—0.4 Ca)MnO, 
No. 4 for which there is some antiferromagnetic scattering. 


scattering is too weak to permit identification with a 
definite magnetic structure, there is good reason to 
believe from comparisons with other patterns taken 
with the same and better resolution that this corre- 
sponds to the C-E type of antiferromagnetic structure. 
One thus has most likely also on the high side of the 
maximum in the ferromagnetic saturation versus com- 
position curve a region of mixed ferro- and antiferro- 
magnetic phases. 


9. FERROMAGNETIC SATURATION MEASUREMENTS 


The ferromagnetic properties of samples in the low 
range of Mn** content as determined from the neutron 
studies did not fit too well with the saturation moment 
data of Jonker and Van Santen and hence it was felt 
that direct measurements of the saturation moments on 
the samples used in this study would be valuable. 
Since a double cryostat surrounded at its lower end by 
an oil cooled solenoid capable of producing a field of 
5000 oersteds constant over several inches was available 
in the laboratory,* the following simple method of 
making saturation magnetization measurements was 
used which tests indicated to be reliable at least to 
within a few percent. A small coil of 100 turns wound on 
a thin wall tube was located in the liquid helium 
cryostat near the center and with its axis parallel to 
the field of the solenoid. This tube projected through 
the top of the cryostat and another loosely fitting 
concentric tube was used to hold a sample approxi- 
mately coaxial with the 100 turn coil. The powdered 
samples contained in cylindrical cells 2 in. long by }-in. 
diameter were held in the center of the coil until they 
had come to thermal equilibrium with the cooling liquid. 
The measurements were made by withdrawing the 
samples and reading the deflection of a ballistic galva- 
nometer connected to the coil. The readings were 
standardized by comparison with the readings from a 
powdered Ni sample. For those samples for which these 
measurements were made, the results are tabulated in 


~ © We are indebted to Dr. L. D. Roberts for the use of this 
equipment. 
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Fic. 12. Ferromagnetic saturation data 2s composition. Open 
circles Jonker and Van Santen, solid circles present work. 


the last column of Table I as the average moment per 
atom in Bohr magnetons. These data are shown also 
in Fig. 12 together with the corresponding data of 
Jonker and Van Santen. It is to be noted that our 
measurements are lower than those of Jonker and 
Van Santen in the region of low Mn** content and this 
point will come into evidence again later when a com- 
parison is made with the corresponding neutron diffrac- 
tion results. 

An additional aspect of these measurements relates 
to the nature of the B-H curves. There would seem to 
be no question about temperature saturation since the 








Fic. 13. B-H curve for LaMnO, No. 73. 
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measurements were made at liquid helium temperature. 
There is, however, a problem in some samples about 
field saturation. Those samples such as No. 70 which 
have a high moment are found to behave very normally 
reaching saturation at low fields. For the case of sample 
No. 65 with ~14%§Mn* content (and for those of 
lower Mn** content) unusual B-H curve characteristics 
are“observed as illustrated in Fig. 13. There seem here 
to bé at least two types of magnetic behavior and it 
would appear also that saturation is not complete at 
5000 oersteds. The peculiar character of this B-H curve 
has a bearing on the data to be discussed in Sec. 19 but 
the nature of the magnetic phenomenon involved has 
not been determined. 


10. THE CURIE OR NEEL TEMPERATURE 


Since the intensity of a coherent magnetic reflection 
in a neutron pattern depends upon the degree of tem- 
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Fic. 14. Typical —- saturation data 
with Brillouin curve. 


perature saturation of the magnetic lattice one can 
measure the temperature of transition to an ordered 
magnetic state by observing the temperature depend- 
ence of the intensity of a coherent magnetic reflection. 
Temperature-intensity curves were obtained for a num- 
ber of the samples listed in Table I and a representative 
set of data is shown in Fig. 14. Intensity data were 
taken during a slow warmup from 77°K, and they were 
fitted by a Brillouin function, the intercept with the 
temperature axis of which was taken as the Néel tem- 
perature. The excess scattering at temperatures above 
the Neél point is probably due to short range magnetic 
ordering. This procedure was followed in cases for 
which 77°K was the lowest temperature at which 
patterns were obtained. In other cases, data at two or 
more fixed temperatures were extrapolated with a 
Brillouin function to give an estimate of the Néel or 
Curie point. In those instances where two phases are 
present, the transition temperature given in the table 
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refers to the dominant phase. In one case of a mixed 
phase sample (LaMnO, No. 3) the two transition tem- 
peratures appeared to be approximately equal. In 
another case (LaMnO; No. 73) there was an indication 
that the Neél temperature was some 30°K lower than 
the Curie temperature, but since the minor phase 
reflections are weak even at saturation, it is difficult to 
evaluate the minor phase transition points. The transi- 
tion temperatures obtained by one or the other method 
outlined above are plotted in Fig. 15 in which are also 
shown the ferromagnetic Curie temperatures obtained 
by Jonker and Van Santen. 


11. DETERMINATIONS OF APPARENT SYMMETRY 
AND LATTICE PARAMETERS 


As a part of this investigation, x-ray diffraction data 
have been obtained by Yakel for all preparations at 
room temperature, and also at lower temperatures for 
a few selected samples. The room temperature results 
have already been described.’ As Yakel has pointed out, 
the differences between the diffraction patterns ob- 
tained and those expected from an ideal perovskite 
structure consist of split reflections, and superlattice 
reflections which imply distortions of the lattice from 
cubic symmetry. Since, as shown by Megaw,' the 
number and relative intensities of the diffraction lines 
into which a given ideal reflection splits by distortion 
of the unit cube is characteristic of the symmetry of 
the distorted structure, it was possible to index the 
patterns and to determine the apparent symmetry of 
the preparations in most cases. In a few instances the 
splitting was so slight as to make the separate reflections 
almost indistinguishable, and in such cases only an 
average lattice parameter was measured. 

The room temperature x-ray diffraction data are 
summarized in Fig. 16 in which are plotted the lattice 
parameters of our preparations against tetravalent 
manganese concentration. For tetravalent manganese 
concentrations up to about 25%, the splitting is charac- 
teristic of a monoclinic or orthorhombic symmetry, and 
this splitting decreases with increasing tetravalent 
manganese concentration. As represented in the figure, 
the apparent symmetry is taken as monoclinic, but 
since within experimental error the a; and a; axes of 
the monoclinic cell are equal, an orthorhombic cell 
with a; and a; axes equal to the diagonals of the rhombus 
formed by the monoclinic a; and a; axes may also be 
defined. Waich of these correctly describes the sym- 
metry of the unit cell cannot be decided from powder 
data alone. The splitting which is observed in the 0-25% 
concentration range seems to depend primarily upon 
the tetravalent manganese content of the preparation 
since mixed oxides and LaMnO; preparations with 
corresponding ion concentrations exhibit similar split- 
tings. For the entire series of preparations except for the 
7H. L. Yakel, Acta Cryst. (to be published). 

*H. D. Megaw, Proc. Phys. Soc. (London) 58, 133 (1946). 
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Fic. 15. Curie and Néel temperatures vs composition. Solid 
circles Jonker and Van Santen ferromagnetic saturation data, 
open triangles ferromagnetic neutron data, open circles and 
squares antiferromagnetic data, square referring to CaMnQO, 
series. 


CaMnO; samples with fairly high trivalent manganese 
concentration, the average lattice constant as defined 
by the approximate relation d=V! (where V is the 





8.0 ¢ 


























->ae 

















40 60 60 100 
TETRAVALENT MANGANESE (%) 


Fic. 16. Room temperature lattice constants from 
x-ray measurements. Yakel. 
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Taste III. Summary of x-ray diffraction data. 
R.T Apparent Low temp. 
Sam ple Ma*% symmetry Lattice parameters T (°K) Remarks 
LaMnO; No. 12 2 Monoclinic 4; 63 =7.973 A, o: =7.693 A, 8B =92° 7’ 80 No further splitting : 
LaMnOs No. 44 y Monoclinic @; =a; ~7.960 A, a: =7.698 A, 8 =91° 52’ 93 Very slight additional splitting 
LaMnO; No. 65 12 Monoclinic 6, *G3 =7.891 A, 2 =7.737 A, B=91°9 80 No further splitting 
LaMnO; No. 3 20 Monoclinic @; =a; =7.809 A, a: ”-7.782 A, 8 ~90° 12’ 93 No further splitting 
0.85 La ~0.15 Caj)MnO, No. 21 18 Monoclinic @; =a; ~7.848 A, a: =7.734 A, 8 =90° 45’ 83 Very slight additional splitting 
0.5 La ~—O.5 Ca)MnOns No. 16 40 Cubic 4:=7697 A 93 No splitting 
0.5 La —0.5 Ca)MnO; No. 75 46 lnmeasurable 4 =7662A 78 No further splitting 
splitting 
0.5 La ~0.5 Ca)MnO, No. 66 58 Monoclink @: cs ~7.672 A, @:=7.638 A, 8 =90* 12° 78 Tetragonal a; =7.713 A, a2=7.515 A 
0.4 La ~06 “a)MnO, No. § M1 Tetragonal 4, =7.628 A, a3=7.584 A 87 Tetragonal a: = 7.668 A, a: =7.508 A 
6.25 La —0.75 Ca)MnO; No. i8 78 Cubix a: =7.568 A 81 Tetragonal 4; =7.612 A, as=7.476A 
0.20 La ~0.80 Ca)MnO; No. 74 80 Cubic a =7.539A 86 Tetragonal a; =7.466 A, a;=7.636 A 
CaMnOy No. 6 71 Monoclinic @i =a; ~7.481 A, a2 =7.449 A, 8 =91° 7’ 93 No further splitting 
CaMnO; No. 26 91 Cubic @:=7465A aU No splitting 


volume of the unit cell) follows a straight line with 
negative slope and displays the expected decrease in 
cell size due to the smaller ionic radius of tetravalent 
manganese. This relation for the average spacing also 
holds for the compounds in the 0-25%% region but it is 
to be noted that the a, axis increases, the a, and a; 
axes decrease over this region. It is therefore indicated 
that the LaMnO, preparations are characterized by 
cation defects rather than by interstitial anions but 
that the defects do not play a very important role with 
regard to the interatomic distances. 

Some observations were also made which suggest 
that these defects adjust themselves to the atmosphere 
and temperature of firing and are formed reversibly. 
For instance a preparation of LaMnO, was fired at 
1400°C in an atmosphere containing 19% O,-999% N2 
and the resulting preparation showed a large room 
temperature splitting with a; = 4a;= 7.950 A, a2=7.700A. 
This same preparation was then refired in oxygen at 
1200°C and diffraction patterns showed a very much 
decreased splitting; @;=@;=7.812, a,=7.794. After 
firing again in nitrogen at 1400°C, the large splitting 
corresponding to @,;=4@;=7.960 A, a,.=7.698A was 
again observed. 

Some preparations of CaMnQ, with less than 100% 
tetravalent manganese were obtained in the course of 
preparing a pure sample. One of these was apparently 
monoclinic, the other three cubic but in every case the 
average lattice constant was approximately the same. 
Since the presence of trivalent manganese would be 
expected to increase the average lattice spacing, these 
results suggest the presence of anion defects which 
would offset the expected expansion of the cell. 

For intermediate ion concentrations there are ob- 
served at room temperature apparent symmetries which 
are cubic, tetragonal, and monoclinic or orthorhombic. 
Some of the preparations are described in Table III, 
and a complete tabulation is given by Yakel.’ 

Crystallographic changes which are associated with 
magnetic ordering, particularly with the development 
of antiferromagnetic structures have been observed for 
a large number of compounds.’ Since the magnetic 


* See for instance the review article by Nagamiya, Yosida, and 
Kudo, Advances in Physics 4, 2 (1955). 








ordering which develops in the manganites does so at 
low temperatures, a number of preparations have been 
examined by x-ray diffraction methods at temperatures 
slightly above 77°K. The results of this study are shown 
in Table III." For specimens in the 0-50%% concen- 
tration range, very little further splitting was observed. 
In the region of 55%-85% except for CaMnO; No. 6 an 
additional splitting of appreciable magnitude was de- 
tected. Of the four samples listed which show this 
effect, the first three exhibit the magnetic structure 
which we have designated as the C-E type, the fourth 
one belongs to the C type. In each case the splitting 
pattern suggests a tetragonal cell but in the first three 
instances the tetragonal axis decreases whereas for the 
C type magnetic structure the tetragonal axis increases 
over the room temperature value. The transition from 
the room temperature to the low temperature diffraction 
patterns for these substances is not sharp but extends 
over a large temperature range. A typical curve showing 
the variation of lattice parameter with temperature is 
shown in Fig. 17. One sees from this curve that the 
splitting increases with decreasing temperature and 
apparently levels off to a maximum at about 150°K. 
The Neél temperature for this sample as determined 
from the neutron data is approximately 165°K. 

It is indicated that the crystallographic distortion 
which occurs, does so at a temperature considerably 
above the Neél point and it has been suggested by 
Goodenough" that the crystallographic distortion is 
due to an ordering of covalent bonds in such a way 
as to minimize the elastic distortions while permitting 
the formation of the optimum number of covalent 
bonds. In pursuing these arguments Goodenough has 
been led to infer from the c/a ratios (<1 for C-E; >1 
for C) a system of ionic ordering which is in agreement 
with the neutron diffraction observations and thus 
lends support to our assignment of sample 18 to the 
C-E structure type. 

The room temperature neutron patterns, even for the 
concentration range for which the apparent symmetry 
was found by x-ray measurements to be cubic, all 


® H. L. Yakel (private communication). 
" John B. Goodenough, following paper, Phys. Rev. 100, 564 
(1955). 
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showed evidences of distortion from the simple cubic 
perovskite structure. This evidence consists of (1) the 
lack of agreement between the neutron intensities 
observed and those calculated on the basis of the simple 
cubic perovskite structure and (2) in some cases weak 
but measurable lines at positions which require a 
doubling of the simple cell. Such effects have been 
noted also by Roth in a preparation of (La, Ba)MnQ,." 

The observed powder intensities can be better corre- 
lated if the oxygen ions are displaced from the special 
positions of the ideal perovskite cell, for instance, if the 
oxygen tetrahedra are rigidly rotated in the manner 
proposed by Naray-Szabo in the CaTiO; structure.” 
Other conceivable distortions of the oxygen ion system 
all tend to improve the intensity agreement. Therefore, 
powder data alone do not seem sufficient for a definite 
decision as to the structure distortions and a more 
complete study must be carried out with single crystals. 


12. SUGGESTED DISTRIBUTION AND COUPLING OF 
Mn** AND Mn* IONS IN VARIOUS 
MAGNETIC STRUCTURES 


The correlation of the observed magnetic structures 
of this series of compounds with Mn** and Mn** ion 
concentration should give information about the type 
and strength of coupling between these ions. From the 
over-all structura! aspects of the system one is led to the 
conclusion that the exchange coupling in general is 
(a) ferromagnetic between Mn** and Mn** ions (b) anti- 
ferromagnetic between Mn** ions and (c) either ferro- 
magnetic or antiferromagnetic between Mn** ions, the 
type being related to the separation between ions. 

It would also seem reasonable to suppose that long 
range ordering of the magnetic moments would be 
accompanied by some degree of ordering of Mn** and 
Mn** ions on correspondingly appropriate lattice sites. 
This ordering requires only that an electron be free to 
shift readily from one ion to another. 

On the basis of these hypotheses a system of ordered 
magnetic structures can be developed as shown by the 
single octant entries in Columns 3 to 7 of Fig. 18. 
Pertinent points relative to these proposed structures 
will be considered in the order in which they appear. 
For convenience they will sometimes be labeled with the 
letter in the first column and the Mn**, Mn** content 
listed at the top of Columns 3 to 7. It will be seen in 
the following that one or more of the set of preliminary 
conclusions above must be relaxed for certain com- 
position ranges. 


Pure Mn** Phase (x=0) 


In the ideal LaMnO, phase all manganese ions are 
trivalent and one must look to a crystallographic or 
bond character origin for the fact that there is ferro- 

Walter L. Roth, Pittsburgh Diffraction Conference, No- 


vember, 1954 (unpublished). 
4S. Naray-Szabo, Naturwiss. 31, 202 (1943). 
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Fic. 17. Temperature dependence of lattice constants for a 
typical CE-Type sample. Lattice constants are twice those of 
the simple cubic cell. 


magnetic coupling along two axes and antiferromagnetic 
coupling along the third axis. There is indeed a striking 
correlation between the magnetic structure and the 
nearly tetragonal character of the crystal structure for 
x=(, the lattice parameters of which are shown in 
Fig. 16 for room temperature and which are not much 
altered for temperatures below the Neél point. The 
magnetic and crystal structure properties of this phase 
are both well accounted for by Goodenough’s theory 
of bonding for these compounds. He associates with the 
Mn** ions four-lobed planar hybrid orbitals which can 
thus overlap the orbitals of only four of the six oxygen 
neighbors. His proposal of an ordered system of such 
orbitals as represented schematically by the arrow 
heads in the A-8-0 entry in Fig. 18 will thus lead to 
the observed crystal symmetry if, as is to be expected, 
overlap on both sides of an intervening oxygen ion leads 
to a shorter Mn-O-Mn distance. His theory also makes 
overlap on both sides of an intervening oxygen ion the 
condition for antiferromagnetic coupling and hence this 
will correspond to the unique a, axis. From the x-ray 
measurements it may thus also be concluded that the 
Mn**-0-Mn** coupling will be antiferromagnetic when 
the separation of two Mn* ions is not much greater 
than 3.8 A. 


Ferromagnetic Region (0 <x <0.5) 


With a relatively strong ferromagnetic coupling for 
Mn**-O0-Mn** one is led to predict a stable ferromag- 
netic cell B-6-2 for a 25% Mn** content as shown in 
Column 4, Fig. 18. The presence of two Mn* ions per 
unit cell would then be sufficient to stabilize the ferro- 
magnetic phase. With increasing Mn** content one 
would expect, if the ferromagnetic Mn**-O-Mn* ex- 
change is dominant, the development of a structure 
B-4-4 in which every Mn** ion has six Mn** nearest 
neighbors. The behavior of the moments in the mixed 
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D and F. Ion ordering schemes represent arrangements consistent with certain coupling criteria. Arrowheads are a schematic representa- 


tion of Goodenough’s semicovalent exchange coupling 
phase region (0.1<2<0.25) discussed in Sec. 13 indi- 
cates that there is a tendency for the Mn** ions to 
cluster and hence some tendency toward ordering of 
the type suggested by B-6-2. 

Conversely, in the region (0.25<x<0.35) where the 
observed ferromagnetic moment is nearly equal to the 
total spin-only value ; an ordered structure intermediate 
to B-6-2 and B-4-4 should give rise to a diffraction 
pattern exhibiting superlattice lines, the intensities of 
which depend upon the square of the difference of the 
magnetic scattering amplitude of Mn** and Mn*. 
These superlattice reflections will always be weak but 
in favorable cases should be just observable. No such 
superlattice lines were found and this suggests that the 
system is not completely ordered. A disordered arrange- 
ment of Mn** and Mn** ions over the lattice sites is 
consistent with the resistance minimum" observed near 
x=0.3 and with the fact that for these compositions 
the structure is nearly cubic." 

The sharp decline of the ferromagnetic moment as 
x—0.5 suggests that there is a strong tendency for anti- 
ferromagnetic coupling beyond this region. This trend 


™ J. H. Van Santen and G. H. Jonker, Physica 16, 599 (1950) 








can be reasonably accounted for on the bases (a) that 
beyond x=0.5 Mn**-O-Mn* antiferromagnetic bonds 
develop (b) the lattice spacings for x>0.5 are less than 
or equal to the spacing in the A type structure which is 
associated with a Mn**-O-Mn* antiferromagnetic bond, 
and (c) the antiferromagnetic C-E type structure which 
satisfies very well the over-all coupling requirements for 
x=0.5 is known to develop at nearly this composition. 


Antiferromagnetic Region x>0.5 


The various possible ordered arrangements of man- 
ganese ions in antiferromagnetic structures exhibited in 
Fig. 18 were postulated for the most part on the basis 
of the exchanges (a), (b), and (c) suggested in the first 
part of this section. 

The structure type A-4-4 would be consistent with 
these exchange criteria if the Mn**-O-Mn** ferromag- 
netic exchange remained strong at this concentration. 
The fact that this structure is not observed for the 
x=0.5 composition may be due to other arrangements 
with fewer ferromagnetic bonds being more stable. For 
example the C-4-4 structure would also satisfy the 
requirements of the above exchange assumptions but 
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this also was not observed. The C-E structure however, 
is a satisfactory and interesting occupant of the 50% 
Mn** region. On the basis of the previous assumptions 
of the coupling between Mn** and Mn** ions the order- 
ing would be a combination of the elements C-4-4, E-6-2, 
and E-2-6. It is this type of ordering which gives the 
intensities shown in the second column of Table II, 
which we have seen can be improved by the alternative 
ordering scheme, shown as the C-E arrangement in the 
inset of Fig. 18. This arrangement which calls for both 
ferro- and antiferromagnetic coupling in the Mn**-O- 
Mn** bond is in perfect accord with the semicovalent 
coupling criteria of Goodenough. The arrowheads in 
the diagram of this structure have been incorporated to 
bring out in a simple way some of the elements of the 
theory. Each arrow represents essentially the overlap 
of a hydridized manganese ion orbital with a neighbor- 
ing oxygen p orbital. According to the theory overlap 
on both sides of the intervening oxygen ion gives anti- 
ferromagnetic coupling whereas overlap on only one 
side leads to ferromagnetic coupling. In the figure which 
is meant only to be suggestive of the ideas involved, 
Mn‘** ions are represented as having octohedral orbitals 
and Mn** ions as having square coplanar orbitals, 
wherever this is consistent with the coupling criteria. 
The details are given in the following paper. 

With increasing Mn** content for x>0.5, the mag- 
netic structure changes from the C-E type to the C 
type which is found at concentrations near x=0.75. 
No ideal ordering scheme for the C-type has been found 
but an arrangement can be built up of units such as 
that illustrated under C-2-6 in which one-third of the 
Mn** ions are mismatched with respect to the preferred 
antiferromagnetic coupling. It must be emphasized, 
however, that the C-2-6 entry is not now an octant of 
the unit cell but it is included to illustrate the type of 
ordering suggested. 

For ion concentrations near x= 1 the G type structure 
is stable. This structure can be considered as consisting 
of two interpenetrating antiferromagnetically coupled 
lattices. For CaMnO, samples with some admixture of 
Mn** ions the data (see Sec. 13) were found to be con- 
sistent with the hypothesis that the net moment of 
each lattice is reduced because the Mn** ions enter the 
lattice with opposite spin to the Mn** ions which they 
replace, and hence it can be concluded that in this 
region also the Mn**-O-Mn* exchange is ferromagnetic. 

It has been found that the set of magnetic structures 
and transitions which have been deduced from the 
experimental data on this series of compounds are in 
most respects consistent with the simple empirical rules 
(a), (b), and (c) regarding the types of indirect coupling 
between the manganese ions in these compounds. 
A basis for the types of compounds encountered in this 
problem and consequences thereof is given by Good- 
enough in terms of a semicovalent theory of exchange 
in the following paper wherein some discussion will be 
found also on the relation of the superexchange mecha- 


DIFFRACTION STUDY 


561 





00 TT cee ws Me PE nae 


@ @ ANTIFERROMAGNE TIC] 
© FERROMAGNE TIC 4 







OMsar *Aneony  _] 
On, 








= (2.0 } ly 
M4 i 
e g 
ee 
2 | 
" i 
or 
<= 60 - 
we | i 
a} t- a 
2 / 
4 t / 
Fd » ili 
< i Comn0, / 
3 = / 
a / 
ry 40 ; / - 
é | Sy, 
/ 
wZ / “4 
/ 
/ -+ 
7 
4 
4 
< hed 
0 4 i. 
° 20 «a 60 60 100 
TETRAVALENT MANGANESE (%) 


Fic. 19. Ferromagnetic and antiferromagnetic moments as 
a function of sample ion composition. 


nism of Kramers'® and Anderson" and of the double ex- 
change of Zener’ to these perovskite-type compounds. 


13. FERROMAGNETIC AND ANTIFERROMAGNETIC 
MOMENTS VERSUS COMPOSITION 


The magnetic moment data which have been obtained 
in this investigation are summarized in Table I and are 
presented graphically as a function of sample composi- 
tion in Fig. 19. For the discussion of this figure it will 
be necessary to show the relation of the plotted quanti- 
ties to the experimental data, 

In the neutron diffraction experiments the measured 
quantities are the absolute values of the integrated 
power in the various magnetic reflections. From the 
power in a given peak and the known parameters one 
obtains the quantities which for all the cases to be 
considered here"* can be represented as g°jFy4;° where j 
is the multiplicity of the set of planes (hkl) and 
q’= 1—(e-k)* where e is the unit scattering vector and 
k is a unit vector in the direction of alignment of the 
ionic magnetic moments. For some structures, ¢.g., 
B and G, q*= 4 for all reflections and hence one can 
obtain no information about the moment orientation in 
the lattice. For other structures, such as Type A, the 
intensities in the pattern depend upon the moment 
orientation relative to the crystalline axes and therefore 
in such cases information relative to the moment 
orientation can be obtained. When g’* has been evalu- 
ated for a given magnetic system one can obtain the 
quantity was: which is defined in terms of the measured 


HH. A. Kramers, Physica 1, 182 (1933). 

* P. W. Anderson, Phys. Rev. 79, 350 (1950) ; 79, 705 (1950). 

1 C, Zener, Phys. Rev. 82, 403 (1951). 

‘*In common antiferromagnetic lattices where there are only 
parallel and antiparallel spin orientations ¢ can be represented as 
shown for unpolarized neutrons whereas in the more case 
the vector q= e—(e-k)k must be appropriately introduced under 
the summation sign in Eq. (1). 
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where is the neutron magnetic moment, {(6) is the 
form factor of the magnetic electrons and is assumed 
here to be the same for all the ions in the system, u, is 
the magnitude of the ionic moment and ¢,=0 or x for 
orientations parallel or antiparallel to the direction of 
alignment of the spin system. The sum is to be taken 
over the m atoms of a unit cell. For a system which has 
some degree of randomness in the location of the 
moments on the lattice sites proper account must be 
taken of the randomness in applying Eq. (1) to the 
observations. 

The values of u.; obtained from the measured intensi- 
ties may involve the individual ionic moments in differ- 
ent ways depending upon the structure and upon the 
particular reflection (hkl) considered. In succeeding 
paragraphs the measured quantities ys," are interpreted 
in terms of the individual ionic moments for a number 
of cases experimentally encountered and these are the 
quantities which are plotted in the figure and entered 
in the table. This representation has been adopted to 
represent on a single plot as much of the magnetic 
data as possible although this is not entirely satisfactory 
for all aspects of the problem 

For the pure A and G type structures where there is 
only one kind of magnetic ion, the value of yx: as 
obtained from the observed Fy; yields the magnetic 
moment per Mn** or Mn* ion respectively. It is seen 
that for the purest LaMnO,; sample (Mn**~2%) the 
point on the graph is in good agreement with the ex- 
pected value. The CaMnO, case will be considered later. 

For the magnetic structure involving mixed Mn** 
and Mn** compositions an evaluation of the ionic 
moments requires in general a determination of the 
type of ionic ordering on the lattice sites. For the ferro- 
magnetic cells opposite B in Fig. 18 the reflections with 
all indices even give urer= Past pag Where p; and py 
are the fractional Mn** and Mn* contents, respectively, 
and yw; and yu, refer to the magnitudes of the moments 
of trivalent and tetravalent ions, respectively. This is 
the same result that one would obtain for a random 
distribution of Mn** and Mn** ions over the lattice 
sites. Depending upon the particular ordering scheme 
there will also be reflections other than those with all 
even indices which will yield the difference of the 
moments (us;—,). A discussion of the ordering in the 
ferromagnetic region was given in the last section. In 
any case fir= piwist+ pu, is the weighted average mo- 
ment per ion in the ferromagnetic lattice and it is the 
square of this quantity, as determined from the neutron 
intensities which is plotted in Fig. 19 and listed in 
Table I. 

In the mixed phase region (0 <x <0.25) the measured 
values of g*jFi;* for the two types of phases A and B 
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should be proportional to p44? and prfir’, respectively, 
in which pz, is that fraction of the atoms in the sample 
which are associated with long-range antiferromagnetic 
ordering and pr is the corresponding fraction for long- 
range ferromagnetic ordering. The average moment per 
ion in the ferromagnetic phase denoted by fr has the 
definition given above. The average moment per ion 
in the antiferromagnetic phase f,4 would be 4; if all 
the available Mn* ions tended to cluster in the ferro- 
magnetic phase or would be paus+puy if a fraction 
fs of the ions in the antiferromagnetic phase were 
tetravalent. 

In the figure the effective squared moments pprjir’ 
and p4fis* have been plotted as a function of ion con- 
centration. It is evident from the figure that the 
growth of the effective ferromagnetic moment with 
increasing Mn** content in the low Mn** percentage 
region is less rapid than the line from 0 to x=0.25 
which represents the maximum rate of formation of 
B-6-2 type ferromagnetic cells. It is not unreasonable to 
expect that for very small concentrations of Mn* a 
modified A-type structure would develop and that 
moderately high concentrations would be necessary for 
the cooperative coupling of Mn**-O-Mn* ions to pro- 
duce long range ferromagnetic order. The long-range 
ferromagnetic order is seen to develop very rapidly 
near x=0.15, approaches full development in the 
vicinity of x=0.25 and remains large until x approaches 
0.5. These results tend to lend support to the proposed 
ionic ordering schemes B-6-2 and B-4-4. 

Information on the ferromagnetic moments, which 
has so far been discussed in this section in terms of 
the neutron measurements only, can also be obtained 
from direct magnetic saturation measurements (see 
Sec. 9). In the case of incoherent mixtures of ferro- and 
antiferromagnetic phases one would expect the ob- 
served saturation moment per magnetic ion in the 
sample to be given by jisa=prir where as previously 
pr represents the fraction of the magnetic ions which 
are ferromagnetically aligned with an average mo- 
ment fr. Comparison of these measurements with 
those obtained from neutron diffraction, which gives 
priir’, is conveniently done by plotting in Fig. 19 the 
quantity fies: ir= prir* where the multiplying factor 
fir is taken as the spin only value appropriate to the 
particular Mn* concentration. These data are repre- 
sented by the triangles in Fig. 19, and it is seen that 
they agree quite closely with open circles from neutron 
diffraction measurements. 

The validity of the above comparison and the 
apparent agreement between the neutron and satura- 
tion moment data depends on the criteria used to 
determine the ferromagnetic scattering from the neu- 
tron pattern. It was seen in connection with the dis- 
cussion of Fig. 9 that measurements (a) above and 
below the Curie point and (b) with and without a 
magnetic field, gave essentially the same ferromagnetic 
scattering value in the first two reflections [but not 
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for the strong (222) reflection] and the moment corre- 
sponding to these two reflections agrees with that 
obtained from the magnetic saturation measurements. 

In the case of the ferro- and antiferromagnetic mixed 
phases there is, however, some ambiguity in the inter- 
pretation of the ferromagnetic moments. It was shown 
in Fig. 10 that a magnetic field of about 4500 oersteds 
did not obliterate the (200) reflection and in fact for 
samples with low (<14%)Mn* content no change in 
the (200) intensity was produced by the applied field. 
The moments determined by the field effects on the 
(200) reflections are represented in Fig. 19 by the 
squares. 

If on the other hand the ferromagnetic moments are 
given by the total integrated intensity of the (200) 
temperature difference reflections one obtains the values 
plotted as open circles in Fig. 19. These values are seen 
to agree well with the corresponding ferromagnetic 
saturation measurements represented by the triangles 
in the figure. 

In determining the trend of the ferromagnetic mo- 
ment data the solid line was drawn through the jr* 
data obtained from the temperature difference curves, 
because it was felt that the agreement of these data 
with the ferromagnetic saturation measurements was 
strong evidence for identifying the (200) temperature 
difference peaks with the coherent magnetic scattering 
even if their intensities could not be effected by a 
magnetic field. The lack of field sensitivity for the 
coherent reflections and not for the usual saturation 
measurements is a point for which we have no satis- 
factory explanation at this time. The nature of the 
magnetization and hysteresis curves for the LaMnO, 
No. 65 sample for which the neutron magnetic field 
effect is negligible will also need further study before it 
can be satisfactorily accounted for. 

For the C-E type structure observed at a Mn* 
content of about 58°, the values of uj; obtained from 
the data can, as has been described, lead to an estimate 
of the moments occupying the several types of lattice 
sites. For the ordering shown in Fig. 18 and for the ideal 
composition, there will be two values of uax:*, of which 
one is proportional to u;* the other to u,?. The departure 
of the sample from the ideal stoichiometric composition 
was shown to introduce modifications in the intensity 
pattern which could be accounted for if the excess 
Mn** ions were introduced into the Mn** sites at 
random but with reversed spin. In this case the ob- 
served us:* for the Mn* sites can be said to be pro- 
portional to fj? where fs;=pyus— puss and is the 
weighted average, taking into account the spin reversal, 
of the moments of the ions on the idea] Mn** sites. For 
this case one cannot define an average magnetic mo- 
ment in the sense described above and hence no entry 
is made in the figure. 
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In the case of the C type pattern, the us values for 
reflections 110, 112, 130, etc., will all be proportional to 
puist Puss=A4 irrespective of the type of ordering 
provided that where there are misfits there are no spin 
inversions. That this seems to be the case is indicated 
by the fair agreement of the observed @ value with 
that expected from the above model (2.99 observed vs 
3.20 calculated). The observed vaiue is however some- 
what lower than expectel and may represent an in- 
complete development of the structure. Accordingly for 
this case also no entry has been made in the figure. 

The suggested growth of antiferromagnetic phases in 
the region x>0.5 is indicated by a rising and leveling 
off of the antiferromagnetic moment curve in this 
region. 

The G type structure is apparently stable for com- 
positions with x>0.8. For this structure only reflections 
which have all indices odd are permitted and for them 
Mnet= Puss Paus= fa. The + sign is to be taken if the 
Mn** ion in compositions different from x=1 replace 
Mn* with the same spin and the negative sign if they 
go into the lattice with spin opposite to the replaced 
Mn* ions. The predicted curve for this latter case is 
shown in the figure and it seems to agree well with the 
observed points. For the first case the average moments 
would have increased with Mn** content. 
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Note added in proof.—Additional data on the tem- 
perature dependence of lattice constants similar to that 
shown in Fig. 17 has recently been obtained by Yakel. 
These data concern the nearly ionically pure sample 
of LaMnO, No. 12 which shows the large lattice dis- 
tortion at room temperature and below. The new data 
taken at elevated temperatures show a slow gradual 
decrease in splitting up to about 400°C after which 
there is a much more rapid decrease until at about 
485°C the apparent symmetry becomes cubic. This 
constitutes a further illustration of the ordering trans- 
formation in the directed orbitals proposed by Good- 
enough for these compounds. We wish to thank Dr. 
H. L. Yakel for permission to quote these results. 
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Theory of the Role of Covalence in the Perovskite-Type Manganites [La,M(II) |MnO,t 
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The theory of semicovalent exchange is reviewed and applied to the perovskite-type manganites 
[La,M (IT) JMnOy;. With the hypothesis of covalent and semicovalent bonding between the oxygen and 
manganese ions plus the mechanism of double exchange, detailed qualitative predictions are made about the 
magnetic lattice, the crystallographic lattice, the electrical resistivity, and the Curie temperature as functions 
of the fraction of Mn** present. These predictions are found to be in accord with recent findings from neutron- 
diffraction and x-ray data as well as with the earlier experiments on this system by Jonker and van Santen. 





I. INTRODUCTION 


N a recent paper' on the influence of covalent effects 

in spinel-type structures, it was shown how covalent 
bonding influences lattice distortions and indirect mag- 
netic-exchange interactions between two magnetic 
cations separated by an anion. The magnetic interaction 
was termed semicovalent exchange since it depends upon 
the concept of semicovalent bonding, a concept which 
was also introduced in that same paper. Although there 
are certain similarities between this exchange mechanism 
and the superexchange mechanism which was first pro- 
posed by Kramers* in 1934, the two have fundamental 
differences: in some oxides the two lead to identical 
predictions, but in others they lead to opposite predic- 
tions. The perovskite-type manganites represent a sys- 
tem in which the magnetic moments of the manganese 
ions are coupled by indirect exchange mechanisms; it is 
a system for which semicovalent exchange and super- 
exchange give opposite predictions. It is, therefore, a 
particularly appropriate system for evaluating the 
merits of the semicovalent-exchange hypothesis, espe- 
cially as Wollan and Koehler,’ with the support of x-ray 
work by Yakel, have just completed a beautiful experi- 
mental study of its magnetic and crystallographic 
lattices as functions of Mn** content. 

In Sec. I, there is a discussion of semicovalence, and 
in Sec. III there is a restatement of the indirect magnetic 
coupling between the various manganese ions in a 
perovskite-type oxide if semicovalence occurs. The 
effects of covalence on bond length are also pointed out. 
his discussion is summarized in Table I. The predic- 
tions resulting from the superexchange model are con- 
trasted with those from the covalent-bond and semi- 
covalent-exchange models which, in Sec. IV, are applied 
to the system [La,M (II) ]MnO,, where M(II) is Ca’, 
Sr**, or Ba**. These predictions are summarized in 
Sec. V and Fig. 6. 

t The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology 

' J. B. Goodenough and A. L. Loeb, Phys. Rev. 98, 391 (1955). 

*H. A. Kramers, Physica 1, 182 (1934); P. W. Anderson, Phys. 
Rev. 79, 350 (1950); J. H. Van Vieck, J. phys. radium 12, 262 

951) 
° EO Wollan and W. C. Koehler, preceding paper [Phys. Rev. 
100, S45 (1955) }. 


Il. SEMICOVALENCE 


There are three principal contributions to the internal 
energy of a solid, the electrostatic, electronic, and elastic 
contributions. In an ideal ionic lattice the electronic 
contribution is negligible, the principal binding energy 
coming from the electrostatic term. In a homopolar or 
metallic lattice the electrostatic term is negligible, the 
principal binding energy coming from the electronic 
term. 

Previous workers have assumed that the transition- 
element cations in oxide lattices are ionically bound. 
Although the superexchange mechanism depends upon 
the nonionic component of the cation-oxygen bonds, in 
this model it is presumed that the atomic electron 
orbitals provide a fairly accurate description for the 
electrons in the lattice, or that a tight-binding ap- 
proximation is valid. Whereas various authors* have 
considered the perturbations of the cation d orbitals 
caused by internal electric fields, there has been no 
serious consideration of the perturbations of the empty 
cation orbitals. The empty cation orbitals are assumed 
to have so much higher an energy than either the cation 
d orbitals or the anion # orbitals that their influence on 
the state of the electrons in the system is qualitatively 
similar to that of unperturbed empty orbitals. 

Such an assumption is extremely dangerous. Because 
of the strong perturbations of neighboring atoms on one 
another, the empty energy levels correspond to lattice 
orbitals, not atomic orbitals, and these lattice orbitals 
may have energies which are nearly degenerate with the 
atomic d orbitals. A qualitative table has been given! in 
which the most stable hybrid orbitals were listed for 
various transition-element cations. Because of extreme 
steric hindrance in a close-packed lattice, the most 
stable of the cation hybrid orbitals may not overlap 
appreciably the neighboring anion orbitals. In such a 
case the empty lattice orbital may have little effect on 
the state of the electrons in the solid, and the assump- 
tion of ionic bonding is suitable. However, if the most 
stable of the empty cation orbitals strongly overlap the 
full orbitals of neighboring anions, the anion p electrons 
may spend some of their time in the cation orbitals. The 


*H. A. Bethe, Ann. Physik 3, 133 (1929); J. H. van Santen and 
J. S. van Wieringen, Rec. trav. chim. 71, 420 (1952). 
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amount of electron sharing between cation and anion 
depends, of course, on the relative stabilities of their 
orbitals. The degree of electron sharing is a measure of 
the homopolar bonding. 

The full anion p orbital which overlaps an empty 
cation orbital contains two electrons of opposite spin. In 
ordinary homopolar bonding each of these electrons has 
an equal probability of being shared by the cation. If the 
cation has an oriented net magnetic moment, however, 
these electrons will not have an equal probability of 
being shared by the cation. Because of the presence of 
exchange forces, that anion electron whose spin is 
parallel to the net cation spin will spend more time on 
the cation than that with antiparallel spin. This is in 
accordance with Hund’s rule if it is imagined that the d 
shell is extended by the s and # orbitals when an atom is 
in a lattice where hybrid orbitals are formed. Because a 
single electron predominates in this bond, it is called 
semicovalent. 

Semicovalence assumes, therefore, that the exchange 
energy between the shared electron and the cation d-shell 
electrons is greater than the energy difference between 
the empty lattice orbital and the d-orbital energy levels 
occupied by one electron. It can only occur in those 
bonds where there is strong overlap of stable, empty 
cation orbitals and an anion orbital; semicovalent 
bonds are directed in the same manner as normal 
covalent bonds. Semicovalence occurs only below the 
Curie temperature where the net cation magnetic 
moment is oriented. Above the Curie temperature there 
is normal coordinate covalence. If the formation of 
covalent bonding causes a distortion of the lattice from 
cubic symmetry, there is a transition temperature above 
which the covalent bonding is not ordered and cubic 
symmetry results. This transition temperature is above 
the Curie temperature if the magnetic coupling is due to 
semicovalent exchange. Normally a distortion of a 
lattice from cubic symmetry increases the energy gap 
between the valence and conduction bands so that 
covalent-bond ordering is a cooperative phenomenon! 
and the ordering temperature can be defined within 
fairly narrow temperature limits. However, it is possible 
that covalent-bond ordering may, in some instances, 
reduce the energy gap between the conduction band and 
the valence band. In such a case there will not be a well- 
defined ordering temperature; rather, covalent-bond 
ordering will occur over a wide temperature range. 


Ill. Mn—Mn MAGNETIC EXCHANGE 


In order to give an interpretation of the system 
[La,M (II) JMnO,, it is first necessary to outline the 
model of Mn—O bonding and Mn—Mn magnetic ex- 
change on which this interpretation is based. 

First it is assumed that Mn**, with an outer-electron 
configuration d‘, hybridizes stable (dsp*) lattice orbitals. 
These lattice orbitals are square and coplanar. The 
reason for postulating their stability is the availability 
of but a single empty d orbital. Experimental evidence’ 
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TABLE I. Semicovalent model for the magnetic coupling of man- 
ese ions in the perovskite-type manganites [La,M (ID) MnO}, 

y is the number of semicovalent bonds which can be formed by a 
manganese ion with its six neighboring oxygen ions. 7, and 7, are 
the transition tem ures for bond ordering and magnetic 
ordering, respectively. In the column for schematic electron-spin 
configurations the cations, marked 4+ and 3+-, have an empty 
9 pointing toward the O*~ » orbitals if they are joined by a 
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for this postulate is the tetragonality of hausmannite, 
Mn,Q,, with c/a>1. To be consistent with this assump- 
tion, it is further postulated that Mn**, with outer- 
electron configuration d*, hybridizes stable (d*sp*) 
orbitals, two empty d orbitals being available. These 
lattice orbitals are octahedral and can therefore point 
simultaneously toward all six oxygen near neighbors if 
the Mn* ion is in an octahedral site, as it is in the 
perovskite-type manganites [La,M(iI)]MnQO;. The 
preference of Cr+ for octahedral coordination when in a 
spinel lattice is experimental evidence that cations with 
outer-electron configurations d* do hybridize (d*sp’) 
orbitals which are stable enough to effect the cation- 
anion bonds.'* 

In the perovskite-type manganites there are three 
possible Mn—O bonds: a covalent or semicovalent bond 
if an empty manganese orbital points toward the 0?- 
ion, an ionic bond if the empty Mn**+— (dsp*) orbitals 
point away from the O*- ion, or a metallic-like bond if 
the O- ion is between a Mn** and a Mn* ion in a 
lattice of disordered Mn**, Mn** ions. The first of these 
bonds is the most stable; it is therefore the shortest 
bond. The second is the least stable; it is the longest 


* E. W. Gorter, Philips Research Repts. 9, 403 (1955), 








566 


bond. These bond types are admixed above some 
transition temperature. The transition from covalent or 
ionic bonding to admixed bonding is not necessarily 
associated with a magnetic transition. Judging from the 
covalent transition’ in Mn,O, at 1170°C, the covalent- 
admixed transition should occur well above room tem- 
perature in the perovskite-type manganites. Any ionic- 
admixed transition temperature should also be greater 
than the Curie temperature. On the other hand a 
transition from semicovalent to covalent, or from 
metallic-like to admixed, bounding is accompanied by a 
magnetic transition. If two or more bond types occur in 
the same crystal, the long-range magnetic transitions all 
occur at about the same temperature because of the 
cooperative character of magnetic ordering. 

There are four possible Mn —O— Mn bonding arrange- 
ments, and with each of these four arrangements there 
is a different Mn—Mn separation and a different in- 
direct coupling of the manganese magnetic moments. If 
both Mn—O bonds can be covalent, the Mn—Mn 
separation is smallest and the cations couple anti- 
ferromagnetically below the Curie temperature, the 
transition temperature from two semicovalent bonds to 
partially covalent bonds. It should be noted that it is 
the same O*~ p orbital which extends towards both near- 
neighbor manganese ions so that above the Curie 
temperature no one bond is covalent all the time; the 
two O* electrons are shared equally with the manganese 
ions on either side. Below the Curie temperature the 
bonds are semicovalent, each of the O* electrons 
spending the majority of its time on a different side of 
the O*~ ion. Since the two O*~ electrons are antiparallel 
and, by semicovalence, each couples ferromagnetically 
with the net manganese-ion spin with which it is 
predominantly associated, the two manganese ions are 
coupled antiferromagnetically. The Curie temperature 
is a measure of the exchange-energy gain associated with 
the ordering of the anion electrons. This argument is 
summarized in Case 1 of Table I. 

If only one Mn—O bond can be covalent, below the 
covalent-admixed transition one bond is ionic, the other 
covalent. The Mn— Mn separation is greater than in the 
case where both bonds can be covalent, and the O*~ ion 
is displaced toward the manganese ion with which it 
forms the covalent bond. Below the Curie temperature 
the covalent bond becomes semicovalent so that a net 
magnetic moment is associated with the O?~ ion. This 
moment is due to the anion electron which participates 
less in the semicovalent bond; it is therefore antiparallel 
to the net moment of the manganese ion which is 
coupled ferromagnetically via semicovalent bonding to 
the other anion electron. Since there is a direct exchange 
interaction between the magnetic moment of the anion 
and that of the neighboring manganese ion which is 
ionically bound to it, the second manganese-ion moment 
is also antiparallel to the anion moment, and the two 
manganese ions are coupled ferromagnetically, as shown 
in Case 2 of Table I. 
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If neither Mn—O bond can be covalent, both bonds 
are ionic. The Mn— Mn separation is largest, and these 
is no indirect magnetic exchange between the manganere 
ions. This is illustrated as Case 3 of Table I 

Finally, if the anion separates ferromagnetically 
coupled Mn** and Mn** ions in a lattice of disordered 
Mn**, Mn* ions, the state Mn**—O—Mn* is de- 
generate with the state Mn**—O— Mn” so that below 
the Curie temperature ferromagnetic double exchange 
takes place between the manganese ions, one electron 
being free to jump through the anion between the two 
manganese ions to form a metallic-like bond. The 
double-exchange mechanism was first proposed by 
Zener.® If the Mn** and Mn* ions form part of an 
ordered lattice, however, double exchange is inhibited as 
the degeneracy is removed. It should also be noted that 
low electrical resistivity accompanies the double-ex- 
change phenomenon; high electrical resistivity is as- 
sociated with the other exchange mechanisms even if 
there is ferromagnetic coupling of the manganese mag- 
netic moments. 

These predictions are in sharp contrast to those based 
on a superexchange model. Although superexchange is 
also based on the nonionic character of the lattice, it is 
assumed in this model that the cation s and p orbitals 
are of little relevance ; the electron which is excited from 
an anion to a neighboring transition-element cation is 
said to go into a cation d orbital. According to this 
model it is that anion electron which is antiparallel to 
the net cation spin which is excited whenever the d shell 
is half or more filled, that electron which is parallel 
whenever the d shell is less than half full. Also in the 
superexchange model only one anion electron can be 
excited at a time so that two magnetic cations on 
opposite sides of an anion are coupled parallel if their d 
shell is less than half full, antiparallel if the d shell is 
half or more filled; In this model it is assumed that the 
exchange energy is smaller than the energy difference 
between the lattice-orbital and the d-orbital energy 
levels whereas the opposite is assumed in the semi- 
covalent-exchange model. From such a model the system 
[La,M (II) }MnO; should be ferromagnetic for all com- 
positions with a maximum Curie temperature and a 
minimum electrical resistivity for x=0.5, where x is 
defined as the fraction of manganese ions which are 
Mn**. This follows from the fact that both Mn** and 
Mn* ions have d shells which are less than half full and 
that double exchange should be a more stable mecha- 
nism than superexchange. This prediction is not verified 
by experiment : the ferromagnetic compositional region 
is only found for 0.2<x<0.4, and the maximum Curie 
temperature and minimum electrical resistivity is in the 
composition x~0.3.? In the superexchange model there 
is no way for atoms to couple ferromagnetically in one 
direction, antiferromagnetically in another as it con- 


*C. Zener, Phys. Rev. 82, 403 (1951). 
7G. H. Jonker and J. H. van Santen, Physica 16, 337 (1950); J. 
H. van Santen and G. H. Jonker, Physica 16, 599 (1950). 
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tains no anisotropy ; similarly the superexchange model 
cannot account for lattice distortions. Wollan and 
Koehler’ have shown that both of these features 
are required of an adequate model for the system 
[La,M(II)]MnOy. It can be concluded that super- 
exchange is completely inadequate for this chemical 
system; it remains to be shown that the covalent and 
semicovalent-exchange model is adequate. 


IV. INTERPRETATION OF THE PEROVSKITE-TYPE 
SYSTEM [La,M (II) }MnO, 


Attention is first focused on the manganese ions of the 
manganites as these are believed to be primarily re- 
sponsible for the lattice distortions, magnetism, and 
electrical-resistivity variations which occur. Discussion 
of the large-cation effects are deferred until the end of 
this section. Furthermore, it is assumed that the lowest 
internal energy of a system is that which permits the 
largest number of covalent, or semicovalent, manganese- 
oxygen bonds. Frequent reference will be made to the 
experimental determinations of Wollan and Koehler.* 
The fraction of manganese ions that are Mn** is 
designated by x, and a perovskite-type lattice with 
manganese ions in octahedral O*~ interstices is assumed 
throughout. 


A. Compositions x= 1 


In the ideal case of x= 1, all the manganese ions are 
Mn* and every Mn—O bond can be semicovalent. The 
Mn**— Mn* coupling corresponds, therefore, to Case 1 
of Table I, and each Mn** ion is antiferromagnetically 
coupled to its six near-neighbor cations as shown in 
Fig. 1. This is just the magnetic lattice which was 
observed by Wollan and Koehler for CaMnO, with 
x=0.97. It corresponds to their type-G magnetic lattice. 
Since all the Mn—O bonds are identical, cubic sym- 
metry is predicted for the lattice. This was also observed. 


B. Compositions 0.9<x<1l 


If one of the Mn** ions of a composition with x= 1 is 
replaced by a Mn** ion, the Mn** ion is surrounded by 
Mn** ions of opposite spin to the one it replaced. Since a 





Fic. 1. Magnetic lattice for = 1; type G. 
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Fic. 2. Magnetic lattice for x=0; type A. 


single Mn** ion cannot be said to be ordered, it couples 
ferromagnetically with its six neighbors via double ex- 
change, Case 4 of Table I. (However, because of the 
antiferromagnetic character of the parent lattice, the 
extra electron associated with the Mn** ion does not 
migrate freely through the lattice as would a single 
electron in the conduction band of a semiconductor). 
The generalization then follows that if a small fraction 
of Mn** ions are present, these ions should orient them- 
selves antiparallel to the Mn** ion they replace; this 
reduces the net moment of the magnetic sublattices to 
which they belong. The Mn** ions are randomly dis- 
tributed, so the two sublattices of the type-G structure 
are equally reduced; Wollan and Koehler have found 
this effect by measuring a decrease in the average 
moment per ion in the antiferromagnetic phase with 
increasing Mn** content (see their Fig. 19). This effect 
should predominate in the compositional region 0.9<x 
<1 since the Mn** ions are essentially isolated and 
randomly distributed at these low Mn** concentrations. 
Further, since the Mn—O bonds of the double-exchange 
model are isotropic, the cubic structure of the lattice is 
preserved. Finally, since the double-exchange mecha- 
nism is stronger in this system than semicovalent ex- 
change, the Curie temperature may be expected to 
increase with increasing Mn** content. 


C. Compositions x=0 


In an ideal composition with x= 0, all the manganese 
ions are Mn** and only 3 of the Mn—O bonds can be 
covalent or semicovalent. The covalent bonds order 
below some transition temperature in order to reduce 
the elastic energy associated with the different Mn— Mn 
separations associated with different bond types. This 
ordering produces a cooperative elastic strain within the 
crystal. One possible arrangement of these bonds is an 
ordering of all the coplanar bonds in (100) planes. In 
such an arrangement the Mn—O— Mn bonds within a 
(100) plane correspond to Case 1 of Table I whereas 
those between (100) planes correspond to Case 3. Such 
an ordering would produce a large crystalline distortion 
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Fic. 3(a). High-energy ordered structure for x=0.5; type C 
to tetragonal symmetry with axial ratio c/a>1: a 
similar type of ordering in the spinel lattice’ of Mn;0, 
produces an axial ratio c/a=1.16. It is immediately seen 
that in the perovskite structure there is another ordered 
configuration for the covalent bonds which produces a 
smaller lattice distortion and is therefore more stable, 
less energy being expended to distort the cubic sym- 
metry. This configuration is pictured in Fig. 2. In this 
arrangement all of the O?~ ions are bonded covalently in 
at least one direction: in the (100) planes perpendicular 
to the a, axis the Mn—O— Mn bonds all correspond to 
Case 2 of Table I whereas all the bonds parallel to the a2 
axis correspond to Case 1. Such an ordering of the 
covalent bonds produces a lattice distortion with a3< a, 
a;: however, this distortion is smaller than the former 
possibility discussed because the Mn— Mn separation in 
Case 2 is smaller than that in Case 3. If use is made of 
the axial ratio of Mn;O, and of the lattice parameters 
a=8.14 A, a,=7.68 A of Mn,O, and LaMnQ,, respec- 
tively, the strain A= (a;— @2)/a,;=0.042 is calculated. 
Further, it was pointed out in the discussion of Case 2 
of Table I that the O*~ ion is closer to the manganese ion 
with which it forms a covalent bond than it is to its 
other neighbor with which it forms an ionic bond. This 
means that in the planes perpendicular to the a2 axis the 
oxygen ions about any Mn** ion form a rhombus rather 
than a square. Nowa characteristic feature of perovskite- 
type lattices is a “puckering” of the oxygen octahedra so 
that the unit cell is double that of the simple perovskite- 
type structure. This puckering is found, for example, in 
perovskite itself, CaTiO;.* Since the O*- ions in the 
manganese-containing planes perpendicular to the a, 
axis are bonded covalently to only one of their near 
neighbors, there is no distortion of covalent-bond angles 
if “puckering” occurs in this plane. Whereas such a 
puckering would not destroy the square symmetry of 
the plane were the manganese ion at the center of a 
square formation of O*~ ions, after puckering the square 
symmetry is replaced by rhombic symmetry when the 
manganese ions are at the center of a rhombic formation 
of O*- ions and the near-neighbor rhombuses alternate 


*H. D. Megaw, Acta Cryst. 5, 739 (1952). 
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the direction of their long axis, as in the case corre- 
sponding to Fig. 2. It follows, therefore, that at x=0 
the lattice may be orthorhombic, rather than tetragonal, 
with a2<a3= a. The x-ray data reported by Wollan and 
Koehler in a sample with x= 0.02 indicates orthorhombic 
symmetry and a2<a;=a; with the ratio a2/a;=0.965. 
An extrapolation of their values to x=0 gives the ratio 
a2/a,=0.959 with A=0.041. 

Finally, if the covalent bonds order as in Fig. 2, below 
the Curie temperature the magnetic coupling within the 
(100) planes is ferromagnetic, but that between planes is 
antiferromagnetic, Cases 2 and 1, respectively, of 
Table I. But this is just the type-A magnetic lattice 
which is reported by Wollan and Koehler. 

It should be noted that the transition temperature for 
covalent-bond ordering may be much higher than the 
Curie temperature. The crystalline distortion from cubic 
symmetry occurs at the transition temperature for 
covalent-bond ordering; at the Curie temperature the 
change in lattice parameter is only a second-order effect. 


D. Compositions 0 <x <0.1 


If a Mn* ion replaces one of the Mn** ions of the 
type-A lattice illustrated in Fig. 2, all six, instead of just 
four, of the oxygen ions around that site can form 
covalent bonds. Therefore the addition of Mn** ions 
reduces the ratio a2/a; and the transition temperature 
for covalent-bond ordering is lowered. Further, below 
the Curie temperature the spin of the Mn** ion remains 
parallel to that of the Mn** ion it replaced since four of 
the six bonds favor similar magnetic coupling to that 
with only Mn** ions present: Mn**, which is randomly 
located, couples ferromagnetically with its four neigh- 
bors in the (100) plane via double exchange, Case 4. 
Also it is capable of coupling antiferromagnetically with 
its two neighbors along the as axis via semicovalent ex- 
change, Case 1. Thus below the Curie temperature the 
Mn** ion is constrained to stay in its (100) plane, the 
antiferromagnetic coupling between planes inhibiting 
electron transfer from one plane to the other. 

It is concluded that the type-A antiferromagnetic 
lattice should predominate in the compositional region 
0<x<0.1 since the Mn* ions are essentially isolated 


Fic. 3(b). High-energy magnetic lattice for x=0.5; type C. 
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Fic. 4. Low-energy magnetic lattice for s=0.5; type CE. 


and randomly distributed at these low values of x. The 
Curie temperature increases with Mn** content because 
of the added possibilities for double exchange. The axial 
ratio a2/a3; increases toward one with the number of 
bonds in the a1, a3 plane which are changed from Case 2 
to Case 4 of Table I. 


E. Compositions x=0.5 


If x=0.5, there are just as many Mn* ions as Mn** 
ions present. Although the M (II) ions or lattice vacan- 
cies which are responsible for the presence of the Mn** 
ions may be randomly located, the ready migration of 
electrons from Mn** to Mn* ions makes it possible for 
ordering of the Mn** and Mn* ions to occur. This 
ordering occurs at transition temperatures which are 


similar to the covalent-bond ordering temperature since 
the driving force behind this ordering is due more to 
covalent-bond formation than Madelung-energy con- 
siderations. 

At x=0.5 there are three possible ordered-bond ar- 
rangements which give cooperative lattice strains: these 
are pictured in Figs. 3(a), 3(b), and 4. They correspond 
to an ordering of Mn** and Mn** ions in alternate (111), 
(100), or (110) planes, respectively. The electrostatic 
energies for these three configurations are only slightly 
different ; the elastic energy, however, is markedly re- 
duced for the configuration of Fig. 4. This follows from 
the fact that in the configurations in Fig. 3 the ratio 
(a,;—¢;)/a, corresponds to that for the composition 
«z=0, whereas in Fig. 4 this ratio is only half as great 
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since half of the bonds in a (100) plane correspond to 
Case 1 of Table I. The ordering within the (100) planes 
gives the optimum electrostatic configuration as well as 
a cooperative elastic strain which conserves the square 
symmetry. If the Mn’** ions establish the square sym- 
metry, the Mn** ions are displaced in the cooperative 
way indicated by the dotted lines in Fig. 4. Further, 
there are sufficient covalent bonds in these planes to 
inhibit a puckering of the oxygen octahedra. From 
binding-energy considerations it is predicted, therefore, 
that the covalent bonds order as shown in Fig. 4 and, 
using the lattice parameters for x=0, that the lattice 
distortion from cubic symmetry is to tetragonal with 
c/a=0.979. This corresponds to a measured value, as 
reported by Wollan and Koehler, of c/a=0.974 at 
r=0.58. 

Below the Curie temperature semicovalent bonds are 
formed to produce completely cooperative magneti 
coupling between the manganese ions: the resulting 
magnetic lattice is just the type-CE configuration which 
was determined by Wollan and Koehler from neutron- 
diffraction experiments on a sample with x=0.58. It is 
illustrated in Fig. 4. 

Finally, it is suggested that if the high-temperature 
cubic phase is puckered, the energy gap between the 
conduction band and the valence band might be reduced 
by a bond-ordering which inhibited a puckering of the 
lattice. This could account for the lack of a sharp 
ordering temperature on going from tetragonal to cubic 
symmetry as reported by Wollan and Koehler. 


F. Compositions x=0.75 


At x=0.75, half of the Mn** ions in any (100) plane of 
Fig. 4are replaced by Mn** ions, and a cooperative elastic 
strain within the plane can only occur if Mn—O— Mn 
bonds corresponding to Case 2 of Table I are aligned 
along the same axis. This is in contrast with the type-CE 
lattice shown in Fig. 4 where the Case-2 Mn—O— Mn 
bonds are so ordered that square symmetry within the 
(100) planes is preserved requiring any 
Mn—O-— Mn bond to be strained. This alignment of the 
ionic Mn—O bonds means that along two axes all bonds 
correspond to Case 1 whereas along the third axis half of 
the bonds correspond to Case 2. Such an ordering of the 
covalent bonds gives an axial ratio c/a=1.020>1 if the 
lattice parameters for x=0 are used to give a measure of 
the relative Mn— Mn separations for Cases 1 and 2. The 
measured? axial ratio for a sample with x=0.8 is c/a 

= 1.022. It should be noted that elastic considerations 
inhibit the location of neighboring Mn** ions along the c 
axis as such a configuration would introduce a Mn— Mn 
configuration corresponding to Case 3. If the ions order 
as shown in Fig. 5, the elastic energies are minimized; 
each row of manganese ions parallel to the c-axis have 
the same length. 

Below the Curie temperature the magnetic exchange 
interactions are not completely cooperative. Because of 
the ordering induced by elastic-energy considerations, 


without 
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there are no double-exchange interactions. If the mag- 
netic lattice orders as shown in Fig. 5, one third of the 
Mn* ions have only two of their six near-neighbor 
interactions opposed to the configuration while four 
favor it, and all other interactions are cooperative. This 
is the most nearly cooperative coupling possible, and it 
corresponds to Wollan and Koehler’s type-C con- 
figuration. 


G. Compositions 0.5 <x <0.75 


If a Mn* ion replaces a Mn** ion in the type-CE 
configuration of Fig. 4, the lattice distortion is dimin- 
ished since the number of covalent bonds in the (100) 
plane is increased. Also the Mn— Mn separations in the 
(100) plane are no longer completely cooperative and the 
covalent-bond ordering temperature is reduced. Experi- 
mentally it is observed that the covalent-ordering 
transition-temperature region decreases from just above 
room temperature to below room temperature in this 
compositional range. 

Below the Curie temperature the added Mn* ion is 
antiparallel to the Mn** ion it replaces since four out of 
six of its neighbors favor this magnetic arrangement: it 
couples ferromagnetically with the Mn** ions in the two 
neighboring (100) planes via double exchange, Case 4 of 


Fic. 5. Magnetic 
lattice for x=0.75; 
type C bonds marked 
with an X are mis 
matched. 
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Table I, while the four Mn** neighbors compete equally 
via Case 1 for a spin parallel or antiparallel to that of the 
original Mn** ion. This corresponds to the experimental 
conclusions of Wollan and Koehler from neutron- 
diffraction intensity measurements in patterns from 
compositions with 0.5<2<0.71. 

At some point between x=0.5 and'x=0.75 there will 
be a two-phase region in which the modified type-CE 
elastic and magnetic configuration described above is 
mixed with the type-C pattern corresponding tox=0.75. 
This is probably an extremely small region near the 
composition x=0.75 since ordering of the bonds within 
the (100) planes should be a cooperative phenomenon. 


H. Compositions 0.75 <x <0.9 


If a Mn* ion replaces a Mn** ion in the type-C 
lattice of Fig. 5, the lattice distortion and the covalent- 
bond transition temperature are reduced ; magnetically 
the Mn** ion couples parallel to the Mn** ion it replaces, 
and the type-C magnetic structure is preserved. As more 
Mn** ions are added, however, a composition is reached 
where the elastic forces no longer order the lattice; the 
structure then becomes cubic with a magnetic con- 
figuration corresponding to the modified type-G lattice 
described for compositions 0.9<*%<1. Between the 
type-C and the modified type-G lattices there is a two- 
phase region: this region probably lies within the 
compositional range 0.85<*<0.9. 


I. Compositions 0.25 <x <0.375 


At x=0.25 the electrostatic energy is minimized if 
the Mn* ions order so as to form a b.c.c. array of cell 
edge two Mn-—O— Mn distances. A subsequent order- 
ing of the covalent bonding which makes every Mn**— 
O—Mn* bond correspond to Case 4 of Table I and 
every Mn**—O— Mn* bond to Case 2 would produce 
a cooperative elastic strain to rhombohedral symmetry, 
the Case 4 Mn—Mn separations being smaller than 
those corresponding to Case 2. Further, there is ferro- 
magnetic coupling throughout and a mechanism for 
relatively high electric conductivity through the Case 4 
bonds. 

In such a structure the strength of the double- 
exchange mechanism is reduced by the electrostatic 
ordering, the reduction increasing with the polarity 
difference between the ions designated Mn** and Mn**. 
It is probable, therefore, that at last at higher tem- 
peratures the Mn** ions are randomly distributed 
throughout the lattice so that the lattice remains cubic 
even below the Curie temperature where the prevalence 
of double exchange makes the lattice ferromagnetic. 

For the compositional range 0.25 <x<0.375 there is 
less reason to expect an ordering of the Mn** ions. The 
disordered lattice is cubic with a relatively high Curie 
temperature. Since its bonds are metallic-like, it has a 
low resistivity. The maximum Curie temperature and 
minimum electrical resistivity must occur at that com- 
position for which the double-exchange mechanism is 
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optimized; this optimum occurs for that disordered 
composition which has the largest number of Mn** ions 
with one, and only one, Mn** near neighbor. In an 
ordered lattice this occurs for x=0.25; in a disordered 
lattice this occurs at an x>0.25. Since the double- 
exchange mechanism requires a disordered arrange- 
ment, in the Appendix there is a calculation of the 
value of x at which there are the largest number of 
Mn** ions with one, and only one, Mn** near neighbor 
in a randem matrix of Mn** and Mn** ions. This value 
is x=0.31. Any deviation of the lattice from complete 
randomness of the Mn** ions reduces this value toward 
x=0.25. The measurements of Jonker and van Santen’ 
indicate a maximum Curie temperature and a minimum 
resistivity at x~0.3. 


J. Compositions 0.1 <x <0.25 and 0.375 <x <0.5 


The compositional regions between the modified 
type-A and the ferromagnetic phases and between the 
ferromagnetic and the type-CE phases must be two- 
phase. Therefore within 0.1<2<0.25 there must be a 
two-phase region in which the modified type-A and the 
ferromagnetic lattice are both present. The axial ratio 
a2/a3 for the solubility limit of the modified type-A 
lattice will be closer to one than its value at x=0; 
nevertheless it appears it should be possible to detect the 
two-phase character of this lattice by x-ray as well as 
neutron-diffraction methods as one phase is cubic, the 
other is not. Wollan and Koehler have observed the two 
magnetic phases; they were unable to detect two 
crystallographic phases within this compositional region. 

Similarly within the compositional range 0.375<2 
<0.5 there must be a ferromagnetic, cubic phase 
coexistent with an antiferromagnetic, tetragonal phase. 
Again only the two magnetic phases have been identified. 


K. Effect of the Large Cations 


So far only the role of the manganese cations has been 
considered. The large cations must also influence the 
lattice structure and the covalent-bond formation. If the 
bivalent cations which replace the La** ions are too 
large, there will be a composition at which the perovskite 
structure is no longer maintained. This is found’ for 
(La,Sr)MnO; and (La,Ba)MnO; at concentrations of 
Sr’+ or Ba** much above 0.5. The series (La,Ca)MnO, 
forms solid solutions of perovskite-type structure 
throughout the entire compositional range. 

If the large cations form bonds with considerable 
covalent character in this structure, this influences the 
transition temperature from an ordered to disordered 
covalent-bond arrangement. The most stable hybrid 
orbitals of the larger cations are tetrahedral (sp’) 
orbitals. If the large cations form partially covalent 
bonds with four of their neighboring twelve oxygen ions, 
these bonds are in planes which are perpendicular to the 
edges of the cubes formed by the manganese ions. If a p 
orbit of an O*~ ion is oriented through covalence toward 
a large cation, it has a perpendicular p orbit which may 
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Fic. 6. Predicted intensity of magnetization M, and phase 
diagram for the system. [La,M (II) JMnO, according to covalent 
bond, semicovalent-exchange model 


lie along a Mn—O—Mhn axis. This is the optimum 
configuration for either Mn—O covalent-bond formation 
or for double exchange. It follows, therefore, that the 
more stable the tetrahedral (sp*) orbital associated with 
the large cation, the higher the temperature at which the 
lattice bonds order or, in the case of ferromagnetism via 
double exchange, the higher the Curie temperature. 

Jonker and van Santen have found a maximum 
ferromagnetic Curie temperature at x~0.3 for Ca-, Sr-, 
and Ba-substituted manganites; these maximum tem- 
peratures are, respectively, 270°K, 375°K, and 350°K. 
Since the stability of the M?*—O covalent bond in- 
creases from Ca** to Sr*+ and Ba’, the increase of 100°C 
in the maximum Curie temperature can be understood 
as due to the differing amounts of covalence associated 
with the large-cation bonds. Apparently the reduction 
in Mn—O bond strength with increasing lattice parame- 
ter compensates for the increased covalent-bond strength 
of the large cation on going from (La,Sr)MnO; to 
(La,Ba)MnOy. 


Vv. SUMMARY 


The predictions of Sec. IV are summarized in Fig. 6 
where the compositional regions marked a, a+, 8, 
8+, v, +4, 6, 6+, and ¢ correspond to the following 
phases : 

Phase a: 

(i) Orthorhombic (a;<a;=a,). At r=0 A=(a;—a 
a,;= 0.042. 

(ii) Antiferromagnetic type A with T)>>7.=T." at 
x=0, where 7» is the covalent-bond ordering tempera- 
ture, 7." is the Curie temperature for semicovalent 
exchange. 

(iii) As x increases, (a;—a:) and T>) decrease while 
T.. increases; the Mn** ions couple parallel to the Mn** 
ions they replace. 

(iv) High resistivity. 
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Phase a+3: 

(i) Orthorhombic (a;<4;= 4) plus cubic. 

(ii) Antiferromagnetic type A plus ferromagnetic 
with Ty>T, and T.*<7T,<T,4, where T.4 is Curie tem- 
perature for double exchange and T.4>T." is assumed. 

(iii) As x increases, Ty decreases toward T,4, T, in- 
creases toward 7.*, and resistivity decreases sharply. 

Phase 8: 

(i) Cubic. (Rhombohedral possible). 

(ii) Ferromagnetic with Ty>=7.~ 7.4. 

(iii) Resistivity low. 

(iv) Maximum 7, and minimum resistivity at 
x=0.31. 

Phase 6+7: 

(i) Cubic plus tetragonal (c/a<1). 

(ii) Ferromagnetic plus antiferromagnetic type CE 
with T)>>T. and T.4>T.>T-’. 

(iii) As x increases, T, decreases toward T.", Ty) and 
resistivity increase. 

Phase y+: 

(i) Tetragonal (c/a<1) with (c—a)~A/2 at x=0.5. 

(ii) Antiferromagnetic type CE with To>T.=T-' at 
z=0.5. 

(iii) As x increases, (c—a) and T» decrease, T, passes 
through maximum, and the added Mn** ions couple 
antiparallel to the Mn** ions they replace. 

(iv) High resistivity. 

Phase y+6: 

(i) Tetragonal (c/a<1) plus tetragonal (c/a>1). 

(ii) Antiferromagnetic types CE and C with T,.>T-’. 

(iii) As x increases, T, decreases and 7 passes 
through a minimum value. 

(iv) High resistivity. 

Phase 6: 

(i) Tetragonal (c/a>1) with (c—a)~A/2 at x=0.75. 

(ii) Antiferromagnetic type C with To>T.>T-. 

(iii) As x increases, (c—a), To, and T. decrease, and 
added Mn** ions couple parallel to the Mn** ions they 
replace. 

(iv) High resistivity. 

Phase 5+: 

(i) Tetragonal (c/a>1) plus cubic. 

(ii) Antiferromagnetic types C and G with T»>T, 
> T.'. 

(iii) As x increases, T, decreases and T» passes 
through a minimum. 

(iv) High resistivity. 

Phase e: 

(i) Cubic. 

(ii) Antiferromagnetic type G with T.>T-". 

(iii) As x increases, T. decreases to T.* at x=1 and 
the Mn** ions couple antiparallel to the Mn** ions they 
replace. 

(iv) High resistivity. 





PEROVSKITE-TYPE MANGANITES 


It should be noted that the Mn*t—O bond has been 
assumed equal in"length to the Mn**—O bond with 
covalent character. This is a fair approximation if the 
covalent character of the Mn**—O bond is less than 
that in the Mn**—O bond; the general decrease in T» 
with added Mn* content is consistent with this 
hypothesis. 

It is concluded, therefore, that at least in the 
manganites [La,M(II) ]MnO; the theory of superex- 
change is inadequate whereas the concepts of covalence 
and semicovalent exchange offer a consistent model for 
explaining complicated variations with chemical compo- 
sition of crystal structure and magnetic interactions. 
These concepts were first developed to account for 
cation ordering, lattice distortions, and magnetic inter- 
actions in spinel-type lattices' ; their generality demands 
that they be valid for other crystal types. It is therefore 
significant that they apply so strikingly to this 
perovskite-type system. 
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APPENDIX 


Consider the following problem: assume that when a 
La** ion is replaced by a M** ion, two Mn** ions become 
Mn* and a neighboring La** becomes La** so as to 
minimize the Madelung energy of the configuration. 
Calculate the fraction of M** ions necessary to make half 
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the manganese ions Mn* if the M* ions replace 
lanthanum ions randomly and the replacement of a 
La** by M** causes no change in the valencies of the 
manganese ions. This problem has identical boundary 
conditions and is mathematically similar to the problem 
of calculating the fraction of randomly distributed Mn** 
ions which gives the largest number of Mn** ions with 
one, and only one, Mn** near neighbor. 

Two Mn** ions are created by the first La** ion re- 
placed by a M** ion. When the second lanthanum ion is 
replaced, the probability that it be a La** ion is p; 
= 1/(N—1), and that it be a La** ion is (1— p,), where 
N is the total number of lanthanum ions present. When 
the third lanthanum ion is replaced, the probability that 
it be a La** ion is pp= (2—p,)/(N—2), and that it be a 
La** ion is (1— 2). When the (#+-1)th lanthanum ion 
is replaced, the probability, that it be a La** ion is 
Pr=(n—pr-.»)/(N—n), and that it be a La* ion is 
(1— p,). Half the manganese ions are Mn** when 


ya N 
2(n»-E ‘)- ". (1) 
n N—n 2 


When N is large, the summation can be approximated 
by 
ey, * x'dx' 
x - ~vf ——-= —N[x+log(1—x)], (2) 
n N—n » 1-2’ 
where x=n/N. Equation (1) reduces, therefore, to 
2x=0.25—log(1—-x), 
x=0.31. 
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The symmetry properties of the one-electron energy bands of a crystal of the zinc blende structure are 
studied by means of group theory. This is done both with and without the inclusion of spin-orbit coupling. 
The character tables and compatability tables are obtained for the various irreducible representations of the 
space group 7? associated with the zinc blende structure. The degeneracies and the gradients of the various 
possible energy bands are studied at lines and points of symmetry in the Brillouin zone. These results are 
compared with those for the equivalent energy bands in a crystal of the diamond structure 


I. INTRODUCTION 


OMPOUNDS of the zinc blende structure are today 
assuming positions of increasing importance and 
interest in solid-state physics. The III-V compounds 
such as InSb are being intensively studied as semicon- 
ductors,' while II-VI compounds such as ZnS are used 
both as photoconductors and as phosphors.? There is 


1H. Welker, Z. Naturforsch. 7a, 744 (1952); 8a, 248 (1953). 
2 R. H. Bube, Phys. Rev. 83, 393 (1951). 


thus much interest in the nature of the one-electro 
energy bands in these compounds. Considerable infor 
mation of a qualitative nature can be deduced about the 
energy-band maxima and minima in these compounds 
by means of a judicious combination of symmetry argu- 
ments, perturbation theory, and experimental informa- 
tion.’ Here we propose to determine what can be said 


*F, Herman, J. Electronics (to be published); Phys. Rev. (to 
be published). 
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Fic. 1. Lines and points of symmetry in the Brillouin zone of the 
zinc blende structure 


about the energy bands in these compounds on the basis 
of symmetry alone. In order to do this we will first 
construct the group-theoretic character tables associ- 
ated with the zinc blende structure. These character 
tables are the basic quantities from which all symmetry 
properties will be deduced. As was first emphasized by 
Elliott* and by Dresselhaus, Kip, and Kittel,’ the spin- 
orbit coupling energy, 


(h/4m2) (9 V Xp)-e], (1 


may have a profound effect upon the one-electron 
energy levels in semiconductors. (Here V is the crystal 
potential, p the electron momentum operator, and @ 
the electron spin operator.) Therefore we will consider 
the symmetry problem first without and then with the 
inclusion of spin. Since the diamond structure may be 
considered to be a special case of the zinc blende 
structure (i.e., a IV-IV compound), we will compare 
some of the symmetry properties of the energy bands of 
blende structure with those of the diamond 
structure, character tables for the latter being available 
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both with® and without’ spin. 


Il. CHARACTER TABLES 


The space groups of many of the 
structures are referred to as point space groups.* Every 
element of a point space group may be written as the 
product of an element of a translation group with an 
element of a point group, every element of the latter 
being either a rotation or the product of a rotation and 


an inversion. For example, the zinc blende structure has 


simpler crystal 


‘ Private communication to E. N. Adams, IT. See E. N. Adams, 


Il, Phys. Rev 92, 1063 (1953), reference 7 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954). 

*R. J. Elliott, Phys. Rev. 96, 280 (1954). Elliott’s character 
table for the extra representations of A and F is in error. The 
correct table is identical with Table III of the present paper; i.e., 
the character table for A and F is identical for the simple cubic, 
body-centered cubic, face-centered cubic, diamond, and zinc 
blende structures 

* C. Herring, J. Franklin Inst. 233, 525 (1942). Table XI of this 
reference is in error, but it is corrected in Table VITI of reference 6 

*W. H. Zachariasen, Theory of X-Ray Diffraction in Crystals 
(John Wiley and Sons, Inc. New York, 1945), Chap. 2 
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the point space group 77, associated with which are the 
face-centered cubic translation group and the tetra- 
hedral point group 74. Similarly, the face-centered 
cubic structure has the point space group O,°, associated 
with which are the face-centered cubic translation group 
and the full cubic point group O,. (The space group for 
the diamond structure, O,’, however, is not a point 
space group.) 

An electronic wave function without spin is a scalar 
function of position and always transforms into itself 
under a 360° rotation; with spin included, however, the 
wave function is a spinor and always transforms into the 
negative of itself under any 360° rotation.’ Thus, if 
without spin a crystallographic point group contains n 
elements C;, then with spin the point group will contain 
2n elements, namely n elements C; and n elements C; 
where C, is defined as 

C=EC,, (2) 
E being defined as some 360° rotation (E is the identity 
element). C; and C, are of course identical in their 
operation on a point in space. The crystallographic 
groups without and with spin are referred to as single 
and double groups, respectively. 

Since in Schrédinger’s equation the Hamiltonian 
operator H is such that H and H* describe equivalent 
physical situations; i.e., 7* differs from H only by some 
unitary transformation U, 


H*=U-"'HU, (3) 


it immediately follows'® that any eigenfunction of H, 
namely W(r,/), is degenerate with UW*(r, —1), also an 
eigenfunction of H. Without electron spin in the 
Hamiltonian, U =1. With spin, V =¢,, the y-component 
of the Pauli spin operator. This result is referred to as 
time-reversal symmetry in the Schrédinger equation®"-” 
in addition to the crystallographic symmetries present. 
Time-reversal symmetry clearly leads to inversion sym- 
metry of the energy bands in k-space. Since time- 
reversal symmetry is distinct from the symmetries as- 
sociated with the space group, it will be necessary to 
consider the effects of the former after having con- 
structed the character tables for the space group 7 /. 

The shape of the Brillouin zone in k-space associated 
with the zinc blende structure will be taken identical 
with that conventionally chosen for the diamond’ and 
the face-centered cubic structures, namely a truncated 
octahedron. Along with the lines and points of sym- 
metry, it is shown in Fig. 1. It should be emphasized, 
however, that this choice of shape is not unique. In fact, 
the only parts of the surface of the Brillouin zone which 
are uniquely specified by symmetry are the lines Z 

* See, for example, E. Feenberg and G. E. Pake, Notes on the 
Quantum Theory of Angular Momentum (Addison-Wesley Press, 
Cambridge, 1953), p. 28 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 525 

1 FE. Wigner, Gétt. Nachr. p. 546 (1932). 

"C. Herring, Phys. Rev. 52, 361 (1937) 

4% Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936 
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and the points L lying in the centers of the hexagonal 
faces. As far as the space group 7 is concerned, L has 
no higher symmetry than that of A, so that L will not be 
mentioned in constructing the character tables. The 
additional symmetry of L arises from time-reversal. 
Consider a given point space group. For a given wave 
vector k associated with some symmetry point in 
k-space, we find those operations of the point group 
associated with the space group which transform k into 
itself plus some reciprocal-lattice vector. Such a set of 
operations forms a group called the group of the wave 
vector k. There will be a distinct wave-vector group for 
each type of symmetry line and point in the Brillouin 
zone. All the wave-vector groups are subgroups of the 
point group associated with the space group. We now 
determine the members of the wave-vector group for 
zinc blende for each type of symmetry point in the 
Brillouin zone and compare each of these groups with 
the corresponding wave-vector group for the face- 
centered cubic structure as given in reference 13 (with- 
out spin) and reference 6 (with spin). (We use the 
terminology of reference 13 to denote the group opera- 
tions and the lines and points of symmetry.) For A, the 
wave-vector groups for zinc blende and fcc are identical, 
and thus so are the character tables (note comment of 
reference 6). For both T and X. the wave-vector group 
for fcc is the direct product of the corresponding wave- 
vector group for zinc blende and the group of order two, 
€., whose elements are E, the identity element, and J, 
the inversion element."* Group theory states that, con- 


TaBLe I. Character table for the representations of the 
single group of I. 


IC, 
IC; 


Taste II. Character table for the representations of the single 
group of A. (The two distinct operations JC; are those about the 
two twofold axes ns aman to 4.) Ay and A, stick koro ther. 





4 1 As 
E 1 
IC: 1 
IC: —1 
CA -] 





Taste III. Character table for the representations of the 
was group of A. 





u“ Consider a group @ with elements a; and a group ® with 
elements 6;, where a,b; =b ja;. The direct product of groups @ and 
@ is a group C= @X @ whose elements are 644 4b}. 
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Taste IV. Character table for the representations of the single 
groups of Z and Z, 








z Zz =: 


E E 1 
IC: CA, —1 





Tasue V. Character table for the representations of the 
single group of X. 


TaBLe VI. Character table for the representations of the single 
group of W. (The two distinct operations JC, are those about the 
fourfold axis parallel to the face diagonal containing W.) W, and 
W, are degenerate by time-reversal symmetry. 








sidered as a matrix,'* the character table appropriate to 
a direct-product group is itself the direct product'* of the 
matrices representing the character tables of the groups 
occurring as factors of the direct-product group.'’ With 
the aid of the character table of the group @C, (it is 
equivalent to Table IV), it is a simple matter to obtain 
the character tables for zinc blende for the points T' and 
X from the corresponding character tables for fcc. 
Considering the = and Z lines in zinc blende, it is ap- 
parent that without spin these wave-vector groups each 
contain only two elements and are thus both simply 
isomorphic with the group @,. Including spin, it is 
evident that these two groups are simply isomorphic 
with the cyclic group of order four. Thus for each group 
the characters are the appropriate powers of a fourth 
root of unity.'* Turning to the point W, without spin the 
wave-vector group is also the fourth-order cyclic group, 
the elements of the group being various powers of JC4, 
an inversion combined with a 90° rotation about the 
fourfold axis parallel to the face diagonal containing W. 


* A character table may be considered a square matrix whose 
rows designate the classes of elements and whose columns desig- 
nate the irreducible representations. 

§ The direct product of an mX m matrix having elements a;; and 
ann Xn matrix having elements 8, ; is an ma mn matrix having 
clements a; 8; ;, i and # designating the row and j and j’ the 
eolumn. 

7 F. D. Murnaghan, The Theory of Group Representations (Johns 
Hopkins Press, Baltimore, 1938), p. 101. 

% The cyclic group of order nm contains the elements C, C’, 
Ci, ---C*=mE. Since any two elements commute, each element 
forms a class by itself. Since there are m classes, there are n 
representations, each necessarily one-dimensional. A one-di- 
mensional representation and its character being ror ge Woe = 
characters must transform as do their corresponding 
elements and thus must be appropriate powers of an sth rout aa af 
unity. 
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Tasie VII. Character table for the extra representations of the 
double group of T 


Taste VIII. Character table for the extra representation of the 
double group of A 


Tasce IX. Character table for the extra representations of 
the double group of A, Aq, and As are degenerate by time-reversal 


symmetry 


E 
a 
lL; 
Cs 


IC, 
IC, 


Similarly, with spin the wave-vector group is the 
eighth-order cyclic group, so that the characters are the 
appropriate powers of an eighth root of unity. For the 
fourfold axis A, without spin the wave-vector group 
contains the identity element E, the two commuting 
elements JC, (representing reflections in the planes 
perpendicular to the twofold axes which are in turn 
perpendicular to A), and the element C¢),; (representing 
a 180° rotation about A) which is the product of the two 
reflections. Thus the group may be considered to be the 
direct product of two second-order groups C2, and the 
character table follows immediately. With spin the 
wave-vector group for A can be seen to be simply 
isomorphic with the group for X without spin, with the 
result that the two character tables are equivalent. 

In this simple fashion we have obtained the character 
tables for the zinc blende structure for both the single 
and the double groups. The single groups without spin 
are listed in Tables I-VI. A perusal of our results 
demonstrates a rule generally valid” that the irreducible 
representations of the single group occur unchanged in 
the double group with the elements C, and C , having the 
same character. For this reason, we do not bother to list 
these representations again in the double groups, but 
restrict ourselves to listing the additional or extra 
representations, which are given in Tables VIT-XII. In 


” W. Opechowski, Physica 7, 552 (1940). 
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contrast with the other representations, the extra 
representations always occur with the elements C; and 
C, having characters of opposite sign. (Thus whenever 
C; and C; occur in the same class, the corresponding 
characters of the extra representations always vanish.) 
Ill. RESULTS 

As we move continuously in k-space from a point of 
higher symmetry to a point of lower symmetry, we wish 
to know how the various irreducible representations 
associated with the former point transform into those 
associated with the latter point. To do this we construct 
what are known as compatability tables.” We express 
the characters of a representation for the higher- 
symmetry point in terms of a sum of corresponding 
characters of lower-symmetry representations, this to be 
done simultaneously for each group operation common 
to the two points. These lower-symmetry representations 
are what combine at the higher-symmetry point to form 
the higher-symmetry representation. The compatability 
tables for the single groups without spin are given in 
Table XIII, and those for the double groups with spin 
(extra representations) are given in Table XIV. 

Physically, the zinc blende structure may be con- 
sidered to be the result of a deformation upon either the 
face-centered cubic structure, O,°, or the diamond 
structure O,’. Thus we may construct a second type of 


Tasie X. Character table for the extra representations of the 
double groups of = and Z. ZY; and 4, Z; and Z,, are degenerate 
by time-reversal symmetry. 








E 
JC: 
It; 


TasLe XI. Character table for the extra representations of the 
double group of X 


> 


v2 
0 


Peer 2 


Tasie XII. Character table for the extra representations of the 
uble group of W. W, is degenerate with W; and W¢ is degenerate 
with Ws by time-reversal symmetry. «= (1+4)/v2. 
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Tasie XIII. Compatability tables for the representations of 
the single groups connecting symmetry points with symmetry 
axes. 











r 
r, 
ry 
lye 
Tis 
Iss 

Ss 
X; 
X, 
X; 
X, 
Xs 

Ww 
W, 
W: 
W; 
W, 








TABLE XIV. Compatability tables for the extra representations 
of the double groups connecting symmetry points with symmetry 
axes. 


I 
I's 
r; 
I's 
x 
X¢ P 
X, As 
Ww : ¥ Z 
Ws Z; 
W; Z; 
W; Z, 
W; Z 





compatability table between 77 and O,° and between 
TZ and O,', showing how the various irreducible 
representations for O,° and O,’ are transformed by the 
deformations which convert these structures into 7/7. 
Using the same technique described in the previous 
paragraph, we obtain Tables XV and XVI. Such tables 
are particularly useful in looking at some zinc blende 
structure as a perturbation upon some similar diamond 
structure,’ e.g., GaAs as a perturbation upon Ge. 

A third type of compatibility table is needed to show 
how the various irreducible representations for zinc 
blende without spin are transformed upon the introduc- 
tion of spin. Such information is given in Table XVII, 
which demonstrates the general rule that only the extra 
irreducible representations occur.* Table XVII is ob- 
tained in the following fashion. If we take the point 
group 7, and replace the elements JC, (90° rotation 
about a fourfold axis followed by an inversion) and JC; 
(180° rotation about a twofold axis followed by an 
inversion) by C, and C; respectively, we obtain the point 
group O, which can be seen to be simply isomorphic 
with 74. Since O is a subgroup of the rotation group 43, 
it follows that a conventional compatability table can be 


577 


set up connecting the representations of 5, with those of 
Tz. A wave function of spin alone belongs to the Dy 
representation of 53. Since the explicit form of the D, 
representation matrices is available in the literature*-” 
the characters can be calculated, whence it is found that 
D, corresponds to the I's representation of the 74 point 
group. An eigenfunction of our Hamiltonian containing 
spin for the zinc blende structure will be a sum of 
products of a function of spin (belonging to the D, 
representation) and a function of position (belonging to 
some representation Z; of the single space group T/). 
Thus this eigenfunction will belong to one of the 
irreducible representations contained in the direct 
product = ;XI's. Table XVII is now obtained by making 
use of the fact that a character of the direct product of 
two representations, which is the product of the 
corresponding characters of the two representations, can 
be written as the sum of the corresponding characters of 
all the irreducible representations composing the direct 
product. 

We are now in a position to study the nature of the 
energy bands in zinc blende (as imposed by symmetry). 
First we consider the possibility of the sticking together 
of two bands associated with distinct representations; 
ie., two wave functions of a given k being degenerate 
although belonging to two distinct representations. An 
operation of the class JC, (rotation by 90° about the 
axis A followed by an inversion) followed by the time- 
reversal symmetry operation (replacing k by —k) will 
convert a wave function belonging to A; into one 


TaBLe XV. Compatability tables for the representations of the 
single groups connecting the zinc blende (7) with the face- 
centered-cubic (O,*) and the diamond (O,") structures. 


On 


T# OW 
rT; r, or Ty 
Tr: Ts: or ry 
Tis Py3 or Puy 
Mis Tis or Pas 

Iss or Tis 


r, or ly 
rm: or ry 
lis or | ro 
I's or Tay: 
T's or T'yy 


Ai or Aw Ai or Ar 
A: or Ay f As or Ay 
As Ay 
Ay Ai 


Ae As 
Ay As 


Zz or 2Z; 
Zz: or Z 


Z or Zz; 
Zz: or Z% 


Z; or Z: / 
Z, or Z, Zi 


X, or Xy X;)\ x 

X,or Xy -_ 

X, or Xv Xs) 

X, or Xp Xs 

XxX; or Xy X; or X, 

W, or W; ry) 

Wy or Wy a 
W; 
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Taste XVI. Compatability tables for the extra representations 
of the double groups connecting the zinc blende (77) with the 
face-centered cubic € (Ov) on and the diamond (On) structures. 








TA Ov T# On 

I's re ort; Tr. r,* or T;- 

ry I's or T;* Tr; I's- or T7* 

ry I'y* or Ty r, r,* or T; 

As As or A: As As or Ar 

Ay As Ag Ay 

Ag As As As 

As Ag Ag As 

Z; - 2; x 

ZY — parr sty 

Z; Z: . 

Zz, Zs Zz.) Z 

Xs xX s* or Xx Xs ; ¥ 

xX; Xe or X;* X; — 

W, , Ws W, or W, or\ a 
W; Ws W W, or We or)" 
W, Ww W, W, or W, or i 
Ws ’ W, W, or W, or 4 


belonging to Ay, while leaving k and the Hamiltonian 
invariant. Thus A; and A, stick together. In a similar 
fashion, at the point Z the time-reversal symmetry 
operation will convert a wave function belonging to A, 
into As, while leaving k and the Hamiltonian invariant. 
Thus A, and Ag stick together at the point L. These are 
the only cases of bands sticking together as a result of 
time-reversal symmetry. Since, however, the characters 
belonging to the representation Z; are complex con- 
jugates of those belonging to Z,, it follows from time- 
reversal symmetry that for every wave function of a 
given wave vector k belonging to Z; there is a degener- 
ate wave function of —k belonging to Z,. Identical 
arguments hold for Ay and Ags, for X; and Y,, for W; 
and W,, Ws, and W;, and W, and Ws, respectively.” 
As was emphasized by Elliott,” at a point of no special 
symmetry in k-space, the extra representations are 
always doubly degenerate in crystals possessing a center 
of inversion, such as diamond. Because of the lack of 
inversion symmetry, this is not the case in zinc blende. 
We wish to investigate whether or not, on the basis of 
symmetry, the gradient in k-space of a given energy 
band will vanish in a given direction at a given point in 
k-space. Since ¥ ,£(k) is proportional to the expectation 
value of momentum, it is necessary to investigate 
whether or not the matrix elements of (4/i)¥ vanish, 
these matrix elements being taken with respect to the 
wave functions belonging to a particular irreducible 
representation of the wave-vector group associated with 
the given point in k-space. For the component of the 
gradient along a direction specified by the unit vector u, 
"The writer is indebted to G. Dresselhaus, who has inde- 
pendently studied the symmetry properties of the zinc blende 
structure, for pointing out errors in the writer’s original analysis 
of the effect of time-reversal symmetry on the points A and 2 


for the double groups 
™R. J. Elliott, Phys. Rev. 96, 266 (1954). 
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we need to consider matrix elements of (#/i)u-¥, these 
matrix elements being integrals over ordinary space.” 
The integrands of these integrals transform into one 
another under those particular operations associated 
with the given wave vector group which transform u-¥ 
into either plus or minus itself (the operation acting on 
¥ but not on u). Such operations form a group which we 
shall call the gradient wave-vector group. If we knew the 
character tables of the gradient wave-vector groups, it 
would be an easy matter to decide whether or not a 
given matrix element vanishes. Thus we would resolve 
the representation to which the integrand belongs (the 
direct product of the three representations corresponding 
to the two wave functions in the integrand and tou-V, 
respectively) into a sum of irreducible representations of 
the gradient wave vector group, in exactly the same 
manner used to obtain Table XVII. We now make use 
of the fact that the integral will vanish unless the sum of 
irreducible representations contains the totally sym- 
metric representation (that representation all of whose 
characters are unity).“* We actually have the char- 
acter tables of the gradient wave-vector groups, since 
every gradient wave-vector group is simply isomorphic 
with some particular wave-vector group.” 

Taste XVII. Compatability table connecting the representa- 


tions of the single groups with the extra representations of the 
double groups 


: =x! = =ixls 
r, rs z Y3+2Z, 
r: r'; Zz 23+, 
r; rs 
Mis ry+T's Zi Z:+Z, 
mr: 'e+Ts Z Z;:+Z, 
A As X, Xs 
A As X X; 

A; As X; X; 
As As X, Xs 
X; Xot+Xy 

A Ae 
A Ag W W.+W, 
‘ AptAstAc W's WetWs 

W; W.+Ws 
W, W,.+W; 


® For the spin case, Y should be replaced by [Y+(i/4mc(o 
Vv XV]. The latter, however, has the same transformation proper- 
ties as Y and need not be considered further. 

= See, for example, Eyring, Walter, and Kimball, Quantum 
Chemistry (John Wiley and Sons, Inc., New York, 1944), p- 187. 

™ In some cases where the above analysis does not indicate a 
vanishing gradient, it is evident that the gradient must vanish in 
order to maintain time-reversal symmetry 

™* The gradient wave-vector groups at If for u pointing along 
A, A, and = are simply isomorphic with the wave-vector groups 
at X, A, and 4 respectively. ¢ gradient wave-vector groups at 
X for u pointing along A, 2, and Z are simply isomorphic with 
the wave-vector groups at X, A, and A, respectively. The gradient 
wave-vector groups at W for w pointing along Z and along either 
of the two (100) directions perpendicular to Z are simply iso- 
morphic with the wave-vector groups at W and 2, respectively. 
The gradient wave-vector groups at A for a pointing along a 
perpendicular (100) direction and along a perpendicular (110) 
direction (both perpendicular to A) are simply isomorphic with 
the wave-vector groups at and A, respectively. The gradient 
wave-vector groups at A, Z, and Z are all simply isomorphic 
with the wave-vector group at 2. 




















ENERGY BANDS OF ZINC BLENDE STRUCTURE 


Finally, we wish to point out two facts which are 
useful in any study of energy bands. The first is that the 
complete set of energy bands must have the full sym- 
metry of the Brillouin zone. The second is that, as we 
move along a continuous curve (with continuous de- 
rivatives) in k-space, it is always possible to trace out a 
continuous curve (with continuous derivatives) of 
allowed energy versus k. 

With the aid of the considerations of the previous 
paragraphs it is now possible to deduce the nature of the 
energy bands in the vicinity of a symmetry point. First 
we consider the single groups without spin. For this 
case the energy bands are identical in their symmetry 
properties with those of the diamond structure every- 
where except along the symmetry axes = and Z. As in 
diamond, I’ is a point of zero slope in the directions 
of the three symmetry axes A, A, and =; L is a point 
of zero slope in the direction of A; A is a point of zero 
slope along the (100) and (110) directions perpendicular 
to the given A axis; and A may be a point of either zero 
slope or finite slope in directions perpendicular to the 
given A axis (A; and A; have zero slope, A; has finite 
slope). Although 2 is nondegenerate as in diamond, it 
differs from diamond in that it is a point of finite slope 
along the (100) direction perpendicular to the given 2 
axis (although it is a point of zero slope along the 
(110) direction perpendicular to the given = axis). 
If we consider the square-face diagonals, unlike dia- 
mond _ X is always a point of zero slope along the three 
symmetry axes A, 2, and Z, while Z and W are non- 
degenerate, W being a point of zero slope in any direc- 
tion and Z being a point of zero slope in directions 
normal to the given Z-axis. 

We now consider the double groups with spin. For 
this case the energy bands of the zinc blende structure 
are considerably different from those of the diamond 
structure. The types of possible Z versus k curves in the 
neighborhoods of symmetry points are shown in Fig. 2. 
I’, and I’; are points of zero slope along A and A but 
finite slope along 2, while I's may be a point of finite 
slope in any direction (although Ag will approach T's 
with zero slope), as has been suggested by Kittel and 
Dresselhaus.** A, and As; approach L with finite slope 
while As approaches L with zero slope. X is a point of 
zero slope along A and finite slope along = and Z. 
W is a point of zero slope in any direction. A is a point 
of finite slope in directions normal to the given A axis. 
A may be a point of either zero slope or finite slope in 
directions perpendicular to the given A axis (A, and 
As have zero slope, As has finite slope). At = or Z the 
slopes in directions perpendicular to their respective 
axes are similar to those for 2 and Z in the absence of 
spin. Unlike diamond, at many points in k-space a 
nondegenerate band may occur. We see that the only 
points of special symmetry at which an energy band 
minimum or maximum can occur on the basis of 
symmetry alone are the points W. A minimum or max- 


%* C. Kittel (private communication). 
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Fic. 2. Nature of possible E versus k curves in the neighborhood 
of symmetry points. 


Ngo 


imum may occur somewhere along A or Z, but none 
will occur along A or %, or at the points I’, X, or L. 

In conclusion, we might point out that if we look at 
the zinc blende structure as a perturbation on the 
diamond structure,’ then the difference between a given 
energy level of the unperturbed diamond structure and 
the corresponding energy level of the perturbed zinc 
blende structure will vanish (to the accuracy of first- 
order perturbation theory) everywhere except on the 
square-face diagonals in the case of no spin, but will 
vanish only along the axis A (including I but excluding 
X) in the case of spin. To prove this, we first note that 
the perturbation potential which converts a diamond 
structure into a zinc blende structure will have odd 
parity with respect to an inversion about a point 
midway between two adjacent atoms. By combining 
degenerate unperturbed diamond-structure wave func- 
tions associated with different values of k, we can 
always form new unperturbed wave functions which 
have either even or odd parity with respect to inversion 
about such a point midway between two adjacent atoms. 
It now follows that all diagonal matrix elements of the 
perturbation potential with respect to these new unper- 
turbed wave functions will vanish, and thus the sum of 
diagonal matrix elements over a degenerate set of 
unperturbed wave functions, i.e., the trace, will vanish. 
This means that first-order perturbation theory may 
split a degeneracy but will not affect its “center-of- 
gravity” (mean energy). But Tables XV and XVI show 
that, in the case of no spin, degeneracies are split only 
along the square-face diagonals, whereas, when spin is 
present, degeneracies are split everywhere except along 
the axis 4 (including but excluding X). This com- 
pletes the proof. 
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HE effect of symmetry on the energy band 

structures of crystals of the zinc blende type can 
be readily derived using the machinery developed by 
Bouckaert, Smoluchowski, and Wigner’ and Elliott.” 
Recent extensive studies of the semiconductor proper- 
ties’ of InSb, which has the zinc blende structure, and 
preliminary cyclotron resonance investigations‘ have 
indicated a need for a more thorough understanding of 
the possible energy band structures of a zinc blende 
type crystal. 

A zinc blende structure consists of two interpene- 
trating face centered cubic lattices; each f.c.c. may be 
considered a sublattice. The two sublattices are dis- 
placed by one quarter of a body diagonal and each 
consists entirely of one species of atom. If the two sub- 
lattices are identical, one has a diamond structure. The 
symmetry properties of diamond are fully discussed in 
reference 2. 





Fic. 1. The first Brillouin zone for a face centered cubic, 
diamond, and zinc blende structure. Points and lines of symmetry 
are indicated using the notation of reference 1 

* This work has been —— in part by the Office of 
Naval Research and the U Signal Corps 

t Now at the Institute for the Study of 3 Metals, University of 
Chicago, Chicago, Mlinois. 

' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
om. 

R. J. Elliott, Phys. Rev. 96, 280 (1954) 

oH Welker, Z. Naturforsch. 7a, 744 (1952); 8a, 248 (1953); 
M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953); 
G. L. Pearson and M. Tanenbaum, Phys. Rev. 90, 153 (1953); 
M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953); 
H. Weiss, Z. Naturforsch. Sa, 463 (1953); O. Madelung and 
H. Weiss, Z. Naturforsch. 9a, 527 (1954) 

‘ Dresselhaus, Kip,{Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 


The zinc blende structure has the space group sym- 
metry F43m or T/. There are no glide planes or screw 
axes, so the group of any wave vector k has only simple 
operations. The first Brillouin zone is the well-known 
truncated octahedron shown in Fig. 1. The character 
tables for the group of the wave vector k for certain 
points of symmetry in the Brillouin zone are given in 
Tables I through VI. When the spin is included in the 
problem only the double representations occur (i.e., 
representations for which a 360° rotation, E, changes 
the sign of the wave function). The effect of including 
spin in the problem is to form wave functions of a 
spatial function times a spin function which will 
transform’ as D,. The total wave function will then 
transform as the direct product of a single group repre- 
sentation with D,. This direct product then can be 
decomposed in terms of representations of the double 
group. If more than one representation of the double 
group occurs in the decomposition of the direct product, 
a spin-orbit splitting of the level is indicated. A table 
of the direct products of the single group representa- 
tions with D, is included with each character table. 
The compatibility relations for certain lines of sym- 
metry are given in Table VII. These relations give the 
splitting of the degeneracies as one proceeds along the 
symmetry axes. The extra degeneracies due to time 
reversal symmetry can be found using the standard 
test due to Herring* and Eliott.? The extra degeneracies 
are indicated in each table. 

The principal difference from the diamond structure 
is the lack of inversion symmetry for the point groups 
in the zinc blende structure. Without inversion sym- 
metry one still has the result from Kramers’ theorem’ 
that E(k)= E(—k), but now the periodic part of the 
Bloch functions no longer satisfies the condition 

_x(r)=ux(—r), and hence a twofold degeneracy 
throughout the Brillouin zone is not required. 

The one electron Schrédinger equation for the 


* EF. Wigner, Gruppentheorie (J. W. Edwards, Michigan, 1944), 
p. 245 

* C. Herring, Phys. Rev. 52. 361 (1937). 

? This theorem states that in the absence of magnetic fields ¥V_ 
and ie#,¥,* are solutions of the Hamiltonian for the same energy. 
The second solution belongs to wave vector —k, and hence we 
have two solutions at k and —k with the same energy. 
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Tase I. Character table of the double group of I’; k= (000). 




















I B E 6Ce 8C> 8Ca 6IxXCs 6IxCs 121 XC+ 
rT; 1 1 1 1 1 1 1 1 
r: 1 1 i 1 1 —1 —1 -1 
r; 2 2 2 —1 —1 0 0 0 
Iy(x,y,2 3 3 —1 0 0 —1 —1 1 
rs 3 3 —1 0 0 1 1 —-1 
I's 2 —2 0 1 —1 v2 —v2 0 
, r; 2 -2 0 1 -1 —v} v2 0 
rs 4 —4 0 1 1 0 0 0 
r; rr; r; rs ry ls 
a MxDdD, rs ry I's r>+lr's I's +T's 
Selection rules 
Ty r; r; r; ry rs ry ry, rs 
rx, T, Is rots r++ +l; ety 4+. +T, ry+Ts Pet's ryo+Ty +27 
problem with spin-orbit coupling is Degenerate levels are treated by solving the customary 
: , secular determinants. 
A 1 pee : ’ In working out the matrix elements for perturbation 
—_4+V4+——(wVXp)-eoNi=EwW. = (1) a ; wth : 
om 4mic? theory, it is helpful to use group theoretical selection 
rules. Due to the scalar character of the Hamiltonian, 
The translational symmetry of the lattice requires that 
the wave functions be of the Bloch form, i.e., Taste IT. Character table of the double group of A; k= &[100] 
V,= uy (re™*, get ger en ea 2 
: a ‘od ; 4 I b 2Ce 21 XC 21 xCy 
where u(r) is periodic and satisfies the equation Ais) : ; 
x he i i i a" -1 
Pras FIR Aa(y+s) 1 1 -{ “ i 
—+V+——(¥V Xp)-o ju Aa(y—s) I 1 —1 1 -1 
2m 4m? As 2 —2 0 0 0 
A AXDj=s, i=1,2,3,4 
p h : é hk? 4A; and A, are degenerate by time reversal 
+hk-( —+——eX9V )ux=( Ex—— Jim. (2) acre 
= 4mtct 2m Selection rules 
As Ay Ae A; A As 
4 hs . ca Ai A; A a: As aA As 
rhe equation for k+K is rey SS SS ae 
. P Aix As A As As Ai As 
+V+ (WV Xp)-¢ hae 
2m 4m??? 
Taste III. Character table of the double group of A or L; 
Pp h : k= (&/v3)[111] or (/a)(111) 
. +hk- ( —+ oXTV J txsx én min ' = 
7 m 4m*c? 
AL BE i Ms ws 31 xKCe 31 KCs 
Pp h ; _ % we = . 7 a 
+AK-(2+——oxeV inex hie i +t BG ijiy® 
. m 4m'*c (x+wyt+w's 
ss * A; (x+o* y+ 2 2 = 1 0 0 
h®?(k+K)? (ugen 1) 
={ Eusx- Muyk. (3) Ag 1-1 1 1 i -i 
2m Ay 1-1 =! 1 —{ i 
Treating the term As 2 -2 1 =<! 0 0 
p h L, and lL, are degenerate by time reversal 
x’ = AK: ( + oXvV ) (A, and A, are nondegenerate) 
m 4m’? Ay Ay Ae A; 
AK D, As As Aq+Agt As 
as a perturbation, the energy at k+K for a nonde-  getection rules 
generate level is Ay A: As Aa As As As 
Anke AKAs A, As As ae As 
Eysx= Ext + (W, xc’ V,)+: +, (4) AGM As A; Ay Ay +Aq?+As As As Ag +As +Ac 





2m idl 
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Tae IV. Character table of the double group of 2 or K; 
k= (£/v2)[110] or (3%/2a)(110) 








ZK E EB 1xKC: IKC: 
Z(t) (2+) 1 1 1 1 
Z2(x—y | | 1 —1 
Zz 1 —1 i —4 
XY l 1 i 1 


Selection rules 


bs > y > b 
~) «1 “1 “1 a 

, ¥ ¥ y y 
ZXzZ ~! ~~? ~) ~* 
, ’ v ¥ v 
ZXz 2: z x 2 


Tasie V. Character table of the double group of X; 
k= (27/a)(100) 


xX F E aCe, Wen 2IKCa 21 KC 41 KC 
x, 1 l 1 l 1 1 1 
Xs l l 1 1 -1 —1 —1 
X a(x 1 l -1 1 —1 1 1 
xX, 1 1 1 1 | 1 -1 
Xs(y2 2 2 0 2 0 0 0 
X. 2 2 0 0 3 vJ 0 
i 2 2 0 0 v2 v2 0 

X YX, X, X; X, X 
YX D, Y, \ x \ +X 

Selectio les 

x, \ ¥, A X, X; \ X 
Yy.x«\ \ Y, \ y 5 \ Y. 
¥.«X (oO * Ab ae Ss x. > ‘a ¥ 

Tape VI. Character table of the double group of W; 
. le (O41 
4 E F ’ ae ‘ ‘ ‘ 

| 1 1 1 l 1 l 1 1 
Wats | | l | | l 1 l 
Waly 1 1 1 1 i i t 
Wilv-t l l | l t 1 t 
W, l l t i tt wt Vt Vi 
Ws l 1 ‘ ‘ Vi \/1 iy/t iv/t 
“ ] l ' ty 1 iy 1 yt yt 
Ws | l Vt Vi int iv/t 

“ WW “i MW W, 
WexD, Wy+W, We+W, W.+H We+W's 
Selection rules 

Wy WW uu u Ws “i Ws WW W's 
WoxXW, Ws, uM W, W, “WW Ws Ws WW 
Wx, Wy Ws W Wy Ww, Ws. Ws W, 
Wx, Ws W, WwW, Ws W's “ Ws Ws 


the term 


h h 
kK (+ XT! ) 
nT 4mc? 


transforms as a vector. Matrix elements of the type 
(¥,'|R,!¥,") will vanish unless the direct product 
XR XT; contains the unit representation, where I, 


G. DRESSELHAUS 


is the irreducible representation of wave vector k 
according to which W,‘ transforms and I’, is the repre- 
sentation according to which a vector transforms. 
Another way of viewing the selection rules is that the 
only representations that mix with I’; under the per- 
turbation 3’ are those contained in the decomposition 
of the direct product [';XI'g. Tables I to VII also give 
the decomposition of these direct products for the 
points of symmetry in"the Brillouin zone. For conveni- 
ence the combinations of vector components which 
transform as a given irreducible representation are 
indicated in the character tables. 

In order to give a more complete treatment of the 
point I’, the bases shown in Table VIII may be selected 
for the irreducible representations.* In this notation 
the spin-orbit splittings at k=0 are, for ','—T,, 

sh aV OV 
AEs i(6 bu —Be in); (5) 
4m*c* | Ox oy 


and for r,!—T;}, 


3h f lav av | 
=— i(« Py pe), (6) 

4m*c* | Ox dy | 
Selection rules suggest that the representations I’, 
and I’; have first-order matrix elements with %’ and 
hence finite slopes. Actually all first-order matrix 
elements with p vanish due to time reversal symmetry. 
For example, (6; | py | 53) = (63! p,| 61) by a reflection in the 
(101) plane, but by partial integration (6,| p,!43) 
5;| p, |4:), as the 6,’s are real if the Hamiltonian has 
time-inversion symmetry; hence all such matrix ele- 


AEs 


ments vanish. This argument only holds if all 4,’s are 
from the same degenerate I’, level. 

When spin-orbit interaction is included in the per- 
, the @X VV term is not neglected), the 
energy to first order in & for a I's level is given by the 


turbation (i.e 


rasie VII. Compatibility relations 


m—-A Pr, A; 
Ir, > As T;—> Az 
rr, 4;+A Py Ay 
Py —> Ait (Ag+, ry — Ait+A 
P's — Art (As +Ay I's Art+A 
I's, Fs, Us As I's, Ty — As 
I's > Agt+Ast+Acg 
Y,-A Ly+Ls) — Agt+As 
Y¥,~-<A 
Y,;— A 
XY, » Os 
x * (Art Ay 
X,,X;-A 
Time reversal degenerate representations are indicated by paren- 
theses 


* See } vor 


1947 


der Lage and H. A. Bethe, Phys. Rev. 71, 612 
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secular determinant 


=" (i/2)Chy 
'— @/2)Ck o). 
| —Ck,  (iv3/2)CRk 
\(iv3/2)Ck, Chey 


where \= E,— (#?®/2m), which has solutions 
A= AC(H+[3 (kok +h ko +koRZ) ji, 
A= tC(P—[3 (kek +h ke +kek,*) jh), 


where 
lav 


1 F | 
eae (3. —s), for Pv, 
2v3 mic? lay | 


1 #7 \av (9) 
C=—- 5, es (« en a), for I’s', 
2v3 mc | ay 


C=0, 








for T's. 


The first-order energies are shown in Fig. 2 for the 
[100], [111], and [110] directions. In polar coordinates, 
z=ksinO cosp, ky=ksiné sing, k,=kcosé, Eqs. (8) 
become 
A=+Ch[1+ (3)! sin@(cos’?+} sin’? sin*2¢)*}*. (10) 


Figure 3 shows the four first-order energies given by 
Eq. (10) for constant & plotted against the angle @ for 
wave vectors in a (110) plane (¢= 2/4). It is interesting 
to note that the two-dimensional Ag level is the inter- 
section of surfaces which arise from two different repre- 
sentations in a [100] direction. Any large separation 
of the energy levels which transform as I's at the center 
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—Ch, — (iN3/2)Ck. 

—(iv3/2)Ch Ch, 

-. s/c, |*% (7) 
— (i/2)Ck. =} 





of the zone, as one proceeds toward the edge of the zone, 
then would entail a rather complex band structure with 
highly deformed energy surfaces and accidental de- 
generacies.’ 

Second-order perturbation theory for the I's level is 
tractable on the approximation that only first-order 
terms in @X VV and second-order terms in p be con- 
sidered. The fourth-order equation which results from 
the 4X4 secular determinant is 


L-M\? N*—(L—M)* 
294 ( . ) k‘+- 
3 3 


X (kathy + hk e+ kek?) +( ve 


L—M\! 
+4yC2N (kythy?+hytk,2 + k,2k.2) + ( — ) ks 
3 


2 


N?—(L—M)? : 
+ (thy bythe A)| 


+C{k— 3( kok +heke+kik,*) | 


» 


L—M\!* 
+2(- ) oma 
3 


L—My?* 2 
~ [3( ) + ve th (kk + hk e+ kk’) 
3 3 


L-M\? 
+21(— ) cashee=0, (11) 
3 


where L, M, and N are real numbers and can be ex- 
pressed in terms of sums over the squares of the 





7 


Fic. 3. Cylindrical cross section around the point I of a plot of 
energy vs wave vector for wave vectors in a (110) plane. 
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[110], and [111] direc- sane “2s 
tions. The circled num- 
bers indicate the dimen- 
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*C. Herring, Phys. Rev. 52, 365 (1937) 
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Tasie VIII. Basis functions for the irreducible representations* 
of the double group for the point I’. 


r;,a=1 I's, @ = 
aT 
r;, B=[(x(y—2 r;, B|— 
+-(2*— x*) Bi+ 
+2*(x*— ¥) | 
rs, y= t+wrt+es 1 
y1= Oto Y +2" r,(ts (wy2twy: T 
w=! v2 
t 
—(y:—w71)| — 
v2 
+ 
(w*y2—wyi)| + 
5 
1 
(y+ 1 = 
v2 
l 
rr? L—#(d,— 26 6 
v3 
l 
1(6, +16 t) 
I's, 8; a v3 
é,= 
i&.=2 t 
: rr 6,—4 
5 
1 
1(8 16, 26 
vo 
1 
1 (3; +44, 26 
vo 
‘ 
(6; +48 
v2 
1 
r.(v? [ tle le r 
3 
1 
Lt\e te e 
I's ea=z(y “ v3 


a= y(r—1 


q=rt(x 


absolute value of matrix elements," and 


he? L+2M 
potest 
2m 3 


For a general k, Eq. (11) has four real roots; for 


Kip, and Kittel, Phys. Rev. 98, 368 (1955 


* Dresselhaus 
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\ Fete ~ i 
/ Fale \ 
¥! y b ¥ A . z 
, /\\ ; 2 


Fic. 4. A cylindrical cross section around the point I of a plot 
of energy vs wave vector for wave vectors in a (110) plane 
showing the third order splitting of the I’, or I’; surface. 


k= [100] the energy eigenvalues are 
h* L+2M L—M\? ' 
E, k?+ ( yea ( ) Hoe 
2m 3 3 


(12) 


where each root is double; and for k= (&/v3)[111] 


h? L+2M 
I k/v 111 e+( ye 
2m 3 


N 
k’ (double) 
3 
\ 
Ss k®+v2Ck (13) 
\ 
- k?—v2Ck. 
3 


An estimate of the magnitude of the constant C may 
be obtained if one considers the zinc blende structure 
as a deformed diamond type structure."-” Here we 
will consider V’= V—V;, as a perturbation, where V; 
is a diamond type potential with inversion symmetry 
and V is the actual zinc blende type potential. The 
correct first-order spatial wave functions for a zinc 


blende structure are then given by the following 
equations. 
For r;, 
ta V’ at) _ B V' \at) 
a=a"+ >. arr y Bi, 
i= Eo—E; =I Eo— E,; 
(14) 
_ (@t|V'I8>) (3-|V"|B-) 
a So" + >. aot 2 Bi 
i=F, Eo— E; i=! E,— E; 


“For a more detailed treatment see the paper by F. Herman 
(to be published 


® R.H. Parmenter, Phys. Rev. 100, 573 (1955 











SPIN-ORBIT EFFECTS IN 
For ls, ; 
(ar-| V’\ar) (Bit|V"|ar) 
B=a-+ LY ———ar + L ————-##, 
i=l,” qo Ly i=r;" Eo— é 
(15) 
(a;-|V"|8*) (3,+| V"|8*) 
B=st+ ——a+  ————8+ 
i=l Co ‘ i=T;* Eo— E; 
For I's, : 
(yxi*| V’ | yx*) 
YK=YK°+ > a weneegees es 
i=Ty* Eo— E; 
ae * (vai | V"| y¥x*) 
peacmronmaienTamemeae 
i=Py Ey— E; 
(16) 
(yxi*| V"|yK7) 
YK=YxK + > ee ee Tae" 
i=Py2" Eo— E; 
(yxi-| V'|yx-) 
~ yx. 
i=Iy: Eo— E; 
For ly, 
(6x; y’ 6x7) 
bx=8e-+ 4 
i=l” Eo— E; 
p (exs*|V"|8x7) 
+ =" mane ie ’ €xi’, 
i =I'25* Ey— RB; 
(17) 
(xi | V'|\ ex*) 
6x=extt+ ‘5 Oxi 
i=Ty E,—E; 
(exi*| V"| ex?) 
+ eT Te 
i =Ia5 Eo— E; 
For I's, 
(6x7) 7 bx*) 
ex=bxt+ > oxi* 
i=Pisg* Eo- E; 
€K V"\dx*) 
+ 2 ys €Kis 
=: Eo- 
(18) 
(6x; ) €x ) 
€x=ex + > - Oxi* 
i=lig” Eo- I ‘ 
(ex; | V"lex7) 
as EET aE Te 
i=I's Ey E; 


where the cubic harmonics are as defined in reference 8 
except that y:7=y2"" = 2°+wy’+w*s’, (w= 1), and the + 
superscript is used to denote the parity of the functions. 

For the I’, level arising from a diamond type I'25* level 


1 # 


(é;" OV; dy ba )(6.7} V"\ e*) 
C=—_-— x. alt e LTS a 
v3 me i =Tis 


_ ne (19) 
(Eo— Ey) 


To a very rough approximation” V’~V,/Z where Z 
is the atomic number. C~(1/Z)Asoa, where a is the 
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lattice constant and Aso is the spin-orbit splitting at 
k=0. The first-order energy at the zone edge in a 
[ 100} direction is 


2e Aso : 
E~C—~29r—~0.02 ev (in InSb). 


a Z 


Hence the splitting due to the first-order terms would 
be only of the order of 0.02 ev if the slope were linear 
all the way to the edge of the zone. Actually the second- 
order terms which should be large due to the small 
energy gap will turn the surfaces down very rapidly. 
Using this value for C and the values of L, M, and NV 
from cyclotron resonance experiments on Ge," it would 
seem from Eq. (11) that near the center of the Brillouin 
zone the removal of the twofold Kramers degeneracy 
is at most 10~* ev for holes with thermal energies. 
Under these circumstances it seems quite likely that a 
perturbation expansion about the extremum should 
contain several orders of perturbation theory, and a 
simple energy surface with effective mass tensor com- 
ponents independent of wave vector would be a very 
poor approximation. 

For the Is and I’; level the energy to third order in k 
is given by 
E=CRPAC(R (Rok +h ke t+hok) —9kSk ZR? }. 

(20) 

In third order the levels are split in all but the [100] 
and [111] directions. In polar coordinates Eq. (20) 
reads 


E=Cok*+C, sindl1—sin*0(1+2 sin?2@) 
+ (9/4) sin*2@ sin'@}*. (21) 


Figure 4 shows a plot of energy vs @ for constant k and 
@=n/4 [ie., k in a (110) plane]. The surfaces have 
their maximum separation along <110> axes. In the 
III-V class of semiconducting compounds like InSb, 
the high mobility electrons are presumably in a spheri- 
cally symmetric Is state. Higher orders in & should 
not enter until the thermal or Fermi energy for the 
electrons is of the order of the band splittings at k=0. 
In impure n-type InSb with electron concentrations 
~10'*/cm* and a Fermi energy” of ~0.2 ev one may 
be entering into a region where the splitting of the 
degeneracy for the electrons should be considered. 

Perturbation expansions for other points in the 
Brillouin zone are facilitated by writing the perturbation 
in a form such that the vector combinations indicated 
in the character tables appear; these combinations are, 
for the points I’, (000), and X, (2x/a)(100), 


KH’ =khyRe+k Ry +k,R,; (22) 
for the point W, (2%/a)(0,4,1), 
K’ = KRi+-4[ (K,y+ik,)(R,—iR,) 
+(K,—ik,)(R,+iR,)}; (23) 





4 Hrostowski, Wheatley, and Flood, Phys. Rev. 95, 1683 (1954). 
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Fic. 5. A schematic drawing of the energy levels for a zin 
blende type ’ : ; 
Herman’s calcu 
1210 (1952); thesis 
The spin-orbit splittings are highly exaggerate 
of illustration. The levels marked with ar 
that axis. This figure should be compared with Elliott’ 


[R. J. Elliott, Phys. Rev. 96, 266 (1954 


dification of boron nitride based 
[F. Herman, Phys. Rev. 88 
1953 ( 


d for the purpose 


struc ture me on 
lation for diamond 
Columbia University 


r published 


0 have zer 


for the points A, (k/V3)(111), and L, (x/a)(111 


apt ir 


We’ = 4 (K,+K,+K,)(Ret+R,+R;) 
+ (K,+wK,+u2K,)(Retu*R,+uR, 


+ (Ke+u*K,+oK,)(RetwRytoR,)], (24 
and for the points 2, (k/v2)(110), and A, &(001 
K! = K.R,+4[(Kit+K,) (Ret Ry 
+(K,—K,)(R,—R,) | 25 


Using these perturbations the first-order energies 
can be written down at sight and are of the following 


form: for As, &(100), 
E=C,K,+C;(K7+K,)!; (26) 
for Ag and As, (k/v3) (111 
E=C(,(K,+K,+K,); 27 
for Ag, 
E=C(;,(K,4+K,4+K, 
+C,{ K*—(K,K,+K,K,4+K.K,) }'; (28 


for 2, or Zs, (&/V2)(110), 


E=C;(Kit+K,)+CsK,; (29 
and for X, or X;, (2%/a)(100), 
E=+(C,(K7+K,’)!. (30 


Thesecond-order energies for the point W, (2%/a)(0,3,1), 
are of the form 


E=CwK 2+Cu(Kf+K2 ° (31 


If the energy extremum is at the point W, the constant 
energy surfaces will be spheroids with < 100> axes. 

The irreducible representations Ay and As only have 
slopes along a <111> axis, hence if the constant C, is 
zero at some point along the axis as it presumably is 
near the center of the zone in InSb due to the perturbing 
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Taste IX. Possible energy extrema for the representations of the 
double group in zinc blende structures. 











Representations 
Extrema at # double group Constant energy surfaces 
(000 r ls sphere 
r; sphere 


I, (from Ts 2 warped energy surfaces as 


for holes in Si and Ge 


(k/vV3)(111) A Ag 8 spheroids; <111> axes 
As 8 spheroids; <111> axes 
(2x/a)(1,4,0) W Ws,We,Ws,Ws 6 spheroids; <100> axes 


General point 48 general ellipsoids 








influence of the lowest conduction states (see Fig. 5), 
then the constant energy surfaces at these extrema will 
be spheroids with <111> axes. However, because of 
he smallness of the first-order terms compared to the 
second-order terms, it is not expected that these 
extrema will be of any significance in the band structure 
if they occur near the center of the zone. 

The representation I's at the center of the zone can 
have zero slope if it arises from the two-dimensional 
representation I’; of the single group. In this case the 
energy to second order in k is given by 


E Crk A[Citht+Cie( kok +keket+ kok? |h 


(32) 


in the limit that all spin-orbit splittings are negligible 
compared with the spacing between levels at k=0, then 
Ci¢=—3C;*. In atomic Sn it is known that the 4d 
levels overlap the 5s atomic levels, hence in grey Sn or 
InSb it is conceivable that a I; level, which can be 
represented in a tight binding approximation by 
d-orbitals, could be the uppermost valence band. 

Table [X gives a tabulation of the types of energy 
surfaces which might be expected at certain points in 
the Brillouin zone. It should be emphasized in all these 
considerations that if the spin-orbit interaction is small 
or the difference in the crystal potential from the 
diamondlike potential is only slight, then the region 
of convergence of the energy expressions will be small 
compared to kT and one should then consider only the 
single group representations in the first case, or the 
diamond structure double group representations in the 
latter case. If the region of convergence of the per- 
turbation expansion is ~k&7, then one is not justified 
in keeping only the lowest nonvanishing term and a 
simple effective mass approximation would seem unjus- 
tified. From the order of magnitude estimate of the 
spin-orbit splitting, it seems this might be the case for 
holes in InSb. 

I should like to thank Professor C. Kittel for sug- 
gesting this problem and for guidance throughout the 
course of the investigation. I am indebted to Dr. F. 
Herman and Dr. R. Paramenter of R.C.A. Laboratories 
for communicating their results to me prior to pub- 
lication. I also wish to thank Mr. R. E. Behringer for 
checking the manuscript. 
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Fluorescence Excitation Spectrum of Anthracene 
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Surface escape of fluorescence is enhanced in crystals which strongly re-absorb their own fluorescence 
This is investigated quantitatively for anthracene. The apparent fluorescence efficiency, measured by 
« viewing the intensity of fluorescence transmitted through the crystal, is found to decrease as the depth of 
penetration of the excitant decreases. For photo-excitation this produces a fluorescence excitation spectrum 
since different exciting wavelengths penetrate different distances. The minima of the excitation spectrum 
correspond to absorption maxima. The maxima of the first absorption band of the crystal are hence found 
to occur at wavelengths 3960 A, 3740 A, 3540 A, 3370 A, and 3220 A. 





INTRODUCTION intensity of the exciting light was measured at each 
wavelength with a Hilger type F.T. 16 linear vacuum 
thermopile fitted with a fluorite window. The measured 
intensity of the transmitted fluorescence was hence 
normalized to constant quantum intensity of the 
exciting light. By plotting the normalized fluorescence 
intensity as a function of exciting wavelength the 
fluorescence excitation spectrum of anthracene was 
obtained. This is shown in Fig. 1 for excitation normal 
to the (001) crystal plane. 


ANY organic crystals are opaque to part of their 

own emission and consequently the character- 

istics of the molecular fluorescence are considerably 

modified in the fluorescence from the crystal. This has 

been investigated quantitatively for several organic 

crystals'~ and is particularly appreciable for anthracene 

crystals which re-absorb about three-quarters of the 
molecular fluorescence. 

A consequence of self-absorption is that, under con- 


ditions of surface excitation, it increases the fraction of DISCUSSION 
fluorescence which escapes through the crystal surface.‘ 
Thus the apparent fluorescence efficiency of the crystal, The similarity of the excitation spectrum to the 


measured by viewing the intensity of fluorescence trans- inverted absorption spectrum is evident and is expected 
mitted through the crystal, is decreased. In addition, since the intensity variations are due to the variations 
surface escape of fluorescence is influenced by the in extinction coefficient of the crystal. To increase 
depth of penetration of the excitant being smallest for surface escape effects, the freshly cleaved crystal surface 
a deeply penetrating excitant. This is because a con- 
siderable part of the fluorescence emitted towards the 
crystal surface from excited molecules produced initially 
deep within the crystal is re-absorbed before it can reach 
the surface and escape. Experiments have been made to 
investigate this aspect of surface escape of fluorescence 
and preliminary results for anthracene crystals are 
reported here. 


(are. units ) 


EXPERIMENTAL 


FLUORESCENCE 


7 ee 
Laminae, approximately 10 10 2 mm, were cleaved 

from scintillation grade crystals obtained from the \ 
Larco Nuclear Instrument Company and mounted 
* above an RCA type 5819 photomultiplier. A diaphragm 
was placed beneath the crystal to ensure that the 
photomultiplier received only fluorescence transmitted 
through the crystal. The upper surface of the crystal 
was illuminated with wavelengths in its absorption 
region using monochromatic light from a Beckman 
Model D.U. Spectrophotometer. The relative quantum 


SOF 


25r 


INTENSITY OF TRANSMITTED 


*Now at Mullard Research Laboratories, Salfords, Surrey, 
England. 
1 J. B. Birks and W. A. Little, Proc. Phys. Soc. (London) A66: 
921 (1953). 
2G. T. Wright, South African Congress of Physics, Pretoria, ° 
July, 1954 (unpublished) 2000 2500 3000 3800 4000 
- , ™ 
aim” and G. T. Wright, Proc. Phys. Soc. (London) B67, WAVELENGTH OF EXCITING UGHT (a UTS) 
4G. T. Wright, Proc. Phys. Soc. (London) B68, 241 (1955). Fw. 1. 
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was scraped with a clean blade to produce a translucent 
appearance. A direct measurement showed that varia- 
tions in the reflection coefficient of the surface were very 
small (~5%,) and acted to oppose the variations in the 
excitation spectrum. No correction was made for them. 

Since the minima of the fluorescence excitation 
spectrum correspond to absorption maxima this curve 
provides much useful information about the absorption 
spectrum of the crystal. This is difficuit to measure 
directly because of the high extinction coefficients in- 
volved. For the first absorption band the absorption 
maxima are observed to occur at wavelengths 3960 A, 
3740 A, 3540 A, 3370 A, and 3220 A; the mean wave 
number spacing of the vibrational structure is 1430 
cm™. These positions of the absorption maxima are at 
slightly longer wavelengths than previously reported 
by Kortum and Finckh.’ The present measurements 





* G. Kortum and B. Finckh, Z. physik. Chem. B52, 263 (1942 





G. T. WRIGHT 


were made with large single crystals, however, and are 
therefore more indicative of the true absorption spec- 
trum of the crystal. 


CONCLUSIONS 


For substances such as anthracene, which possess 
sufficient overlap of fluorescence and absorption spectra, 
the fluorescence excitation spectrum offers a means of 
investigating the absorption spectrum of the crystal. 
The measurements may be extended into the vacuum 
ultraviolet and soft x-ray regions and may provide 
valuable information about higher electronic states and 
ionization potentials of molecules in the solid state. 
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Scintillation Response of Anthracene Crystals to Short Range Electrons 
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lhe scintillation response of anthracene crystals to short range electrons is discussed. There is a significant 
difference between the response to electrons incident on the crystal surface and to electrons liberated inside 
the crystal. Possible explanations for this difference are discussed. The “primary” photon cascade theory 
proposed by Birks is considered unacceptable particularly in view of recent measurements of the shapes of 
scintillation pulses. Surface escape of fluorescence, proposed previously by the author, is discussed quanti- 
spectrum of anthracene and is considered adequate to explain the 


response curves 


tatively using the fluorescence excitation 
observed difference in the scintillatior 

INTRODUCTION between the two response curves is thus fortuitous 
since this correction raises their internal response curve 


HE scintillation response of an anthracene crystal 
above that for surface incident electrons. It is apparent, 


to low-energy electrons liberated inside the crystal 


has recently been measured by Birks and Brooks,' 
Robinson and Jentschke,? and Brooks.’ In each case the 
measured response curve is compared with that meas- 
ured by Taylor e al.‘ for electrons incident on the 
crystal surface. Birks and Brooks, and Brooks find 
the scintillation response for electrons liberated inside 
the crystal to be considerably greater than for electrons 
incident on the crystal surface whereas Robinson and 
Jentschke conclude that there is no significant differ- 
ence. However, the latter authors make no correction 
for asymmetry of the pulse-height distribution curve at 
low-particle energies.’:* The agreement found by them 

* Now at Mullard 
England. 

' J. B. Birks and F. D. Brooks, Phys. Rev 

*W. H. Robinson and W. Jentschke, Phys 
(1954 

*F. D. Brooks, thesis, Rhodes University, 1955 (unpublished 

* Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 44, 
1034 (1951 

*G. T. Wright, J. Sci. Instr. 31, 377 (1954); 31, 462 (1954 

*G. T. Wright, Phys. Rev. 96, 569 (1954). The scintillation 


response of anthracene and trans-stilbene crystals to low-energy 


Research Laboratories, Salfords, Surrey, 
94, 1800 (1954 


Rev. 95, 1412 








then, that although the response curves measured by 
these various authors for internally liberated electrons 
do not agree very well the scintillation efficiency of 
anthracene is greater for these electrons than for surface 
incident electrons. This difference is discussed in the 
present communication. 


DISCUSSION 


An explanation for this difference has been given by 
Birks’ who considers that for external electrons surface 
escape of postulated “primary” photons reduces the 
scintillation efficiency below that for internal electrons. 
These primary photons are due to allowed transitions 


photoelectrons has recently been measured by J. M. Fowler and 
C. E. Roose (Phys. Rev. 98, 996 (1955) ] who find the scintillation 
intensity to be proportional to the electron energy over the meas- 
ured range from 10 kev to 40 kev. This agrees with the response 
curve found earlier by the author* on correcting the results of 
Birks and Brooks’ for the effects of photomultiplier statistics. 

’ J. B. Birks, Scéntillation Counters (Pergammon Press, Loadon ; 
McGraw-Hill Book Company, Inc., New York, 1953); Phys. 
Rev. 94, 1567 (1954). 











from a highly excited electronic state of the molecule 
to the ground state and possess energies of the order of 
the molecular ionization energy (~8 ev). The molecules 
which give rise to these photons are those which are 
initially ionized by the passage of the incident electron. 
Those primary photons which do not escape through 
the crystal surface undergo a rapid cascade process of re- 
absorption and re-emission in the crystal during which 
their energy is degraded to the level of the first elec- 
tronic excited state and from which normal fluorescence 
occurs. Although this process, with certain other 
assumptions, can qualitatively explain a wide range of 
fluorescence and scintillation phenomena, no direct 
evidence has been obtained for the existence of primary 
photons or of allowed electronic transitions from excited 
levels higher than the first. Direct observation of the 
postulated primary photons is difficult since they lie in 
the vacuum ultraviolet, but if radiative transitions 
from high excited states are allowed it should be possible 
to observe fluorescence emission at all wavelengths up 
to that of the exciting light by observing reflected 
fluorescence from microcrystals or from the surface of 
a single crystal. Excitation of anthracene with electrons® 
and with 2537 A radiation,’ however, yields only the 
normal fluorescence spectrum corresponding to transi- 
tions from the first electronic excited level to the ground 
state. If the primary photons exist it is possible that 
the energy degradation through the main absorption 
bands of the crystal occurs by a nonradiative process 
but to this author it does not seem justifiable to assume 
the existence of these high-energy photons (which 
should not be confused with soft x-ray emission) with- 
out some direct experimental evidence. Further, this 
description of the scintillation process does not take 
into account fluorescence emission from molecules which 
are raised only into low electronic levels by the passing 
particle. The number of such molecules will certainly 
be greater than the number ionized and cannot be 
neglected. In addition, explanation in terms of a photon 
cascade process predicts an exponential decay for the 
scintillation pulse. Recent measurements in the author’s 
laboratory (to be published) show that for both electron 
and alpha-particle excitation the scintillation consists 
of a short initial spike of fluorescence followed by a 
longer decay component; the majority of the emission 
is contained in the long decay component." This obser- 
vation supports the description previously given by the 


* W.A. Little, thesis, Rhodes University, 1955 (unpublished). 
*J. B. Birks and G. T. Wright, Proc. Phys. Soc. (London) B67, 
657 (1954). 

%” These decay time measurements were made for scintillations 
from crystals of anthracene, trans-stilbene and para-terphenyl by 
measuring the power developed by the scintillation current in the 
output load of the multiplier. For a steady current the power is 
#R but when the current is delivered in short pulses the power 
level increases. For the particular case of smooth exponential 
pulses with decay time r and repetition frequency z the power 
developed is #R/2zr. Hence by measuring power level the 
scintillation decay time may be obtained. A detailed account of 
these measurements is being published elsewhere. 











SCINTILLATION RESPONSE OF ANTHRACENE CRYSTALS 


589 


author of quenching processes in the primary excitation 
column." 

An alternative explanation for the different scintilla- 
tion response of anthracene to internal and external 
electrons has been given by the author who has sug- 
gested that this is due to surface escape of fluorescence.* 
This possibility has been discussed by Birks but is 
discarded by him.’ However, recent experimental data 
for anthracene supports this explanation. 

An investigation of the effects of self-absorption o: 
fluorescence in organic crystals" has shown that under 
conditions of surface excitation surface escape of fluores- 
cence is enhanced if a crystal reabsorbs an appreciable 
part of its own fluorescence. As a consequence the 
apparent fluorescence efficiency of the crystal (measured 
by viewing the fluorescence intensity transmitted 
through the crystal) decreases as the depth of penetra- 
tion of the excitant decreases." For surface incident 
electrons this produces a decrease in the scintillation 
efficiency over and above any decrease due to quenching 
mechanisms in the primary excitation column. This is 
the cause of the difference between the scintillation 
response of anthracene to internal and external elec- 
trons; its effects may be estimated quantitatively for 
anthracene and compared with the available experi- 
mental data. 

Using the absorption spectrum of crystalline anthra- 
cene measured by Kortum and Finckh," the mean 
penetration depths of various wavelengths may be 
evaluated. Using the fluorescence excitation spectrum" 
the apparent reduction in fluorescence efficiency, due 
to surface escape, may be related to the mean penetra- 
tion depth of the exciting light. In this way a quantita- 
tive relation is obtained between the penetration depth 
of the excitant and the apparent fluorescence efficiency. 
To use this for electrons it is necessary to know the 
mean penetration depths of the electrons. These are 
difficult to estimate because of the multiple scattering 
suffered by low-energy electrons. Approximate calcu- 
lations have been made by Brooks based on the theory 
of scattering in thin foils and have been used here. 
These calculations are sufficiently accurate for the 
present purpose since the extent of surface escape of 
fluorescence is very insensitive to the absolute penetra- 
tion depth of the excitant; the fluorescence excitation 
spectrum shows that a hundredfold reduction in the 
penetration depth reduces the apparent fluorescence 
efficiency less than twofold. For the same reason we 
may neglect slight differences due to the different 
excitation densities produced by photons and electrons 
and compare directly surface escape effects for photons 
and electrons with the same mean penetration depths. 

Some typical response curves calculated in this way 
for surface incident electrons are shown in Fig. 1. These 
are based on the response curve measured by Brooks 





"G,. T. Wright, Phys. Rev. 91, 1282 (1953). 

2G. T. Wright, Proc. Phys. Soc. (London) B68, 241 (1955). 
4G. T. Wright, preceding paper [Phys. Rev. 100, 587 (1955) ). 
“G. Kortum and B. Finckh, Z. Phys. Chem. BS2, 263 (1942) 
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Fic. 1. Scintillation response of anthracene to surface-incident 
electrons. Curves (a), (b), (d): computed from surface-escape 
effects; (a), freshly cleaved surfaces polished surface 


of 1 cm’ scintillation grade crystal. Curve (« tal response 


(Taylor et al 


experimer 


for internal electrons. Curves (a) and (b) refer to 
freshly cleaved surfaces; the former was given by a 
smooth, clear surface and the latter by a translucent 
surface. Curve (d) was given by a smooth polished 
surface aged in the dark by exposure to the atmosphere 
for several months. The very low efficiency of this 
surface is attributed to chemical! deterioration during 
ageing and is being investigated further. The experi- 
mental response curve for surface incident electrons 
by curve (c); 


has been applied to 


measured by Taylor ef al. is shown 
a small correction, about 5°7, 


correct for back diffusion of incident electrons.’ The 


} 


state of the crystal surface during this measurement is 


not known but since the crystal was mounted in vacuum 


*F. J. Sternglass, Phys. Rev. 95, 345 (1954 


WRIGHT 


it is probable that sublimation produced a slightly 
translucent surface which would enhance surface escape 
effects. 

CONCLUSIONS 

The scintillation response of anthracene to surface 
incident electrons is very sensitive to surface effects 
particularly if the crystal surface is not smooth and 
freshly cleaved. These effects are due to surface es- 
cape of fluorescence and to chemical deterioration of 
the crystal surface and are sufficient to explain the 
observed difference in the response of anthracene to 
internal and external electrons. It is desirable, however, 
to measure the scintillation response and the fluores- 
cence excitation spectrum for the same crystal] surface 
in order to ascertain the precise part played by surface 
effects. 

Photofluorescence measurements made with para- 
terphenyl show surface effects to be absent. This is as 
expected since re-absorption in this crystal is negligible. 
Accordingly, for this materia] the scintillation response 
should be the same for internal and external electrons 
apart from slight differences due to back diffusion of 
surface incident electrons. 

For the heavy particles surface effects must be con- 
sidered at Jow energies. For alpha particles absorbed in 
anthracene they become appreciable at energies less 
than a few Mev and provide a possible explanation for 
the saturation of the quantity dL/dX observed at high 
values of dE/dX. 
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It is possi bie 


electric field normal to 


from measurements of the change in conductance of a semiconductor with application of an 
ts surface to determine both the electrostatic potential of the surface and the distri 


bution of charge in surface states. Such determinations depend upon the uniqueness of the minimum in con 
ductance which can be observed in these experiments, and its independence of the surface state charge. 


EASUREMENTS of the change in conductance 

of semiconductor samples with application of a 
transverse electric field have previously indicated' a 
dependence on the properties of the semiconductor 
surface. It has recently become apparent that one can 
obtain from such experiments a direct determination of 
the surface potential (the electrostatic potential of the 
surface relative to the interior of the semiconductor) 
and quantitative information concerning the distri- 
Rev. 74, 232 (1948) 


Pearson, Phys 


' W. Shockley and J. L 


tion of charge in nonconducting electron states in the 
energy gap at the semiconductor surface. The essential 
feature of these determinations is the recognition that 
as the surface potential is varied the conductance of the 
sample will go through a minimum which has a unique 
value independent of any immobile surface charge. 
When the minimum is observed experimentally, it serves 
as a reference by which the measured conductance as 
a function of the applied electric field can be related 
to the surface potential and the charge in surface states. 
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Fic. 1. Theoretical dependence of surface conductance on space 
charge and experimentally determined dependence on total charge. 


The total charge on the semiconductor per unit of 
surface area is }p=kE/4x, where E is the applied 
electric field. This is divided as }7=2,.+,, where %,. 
is the charge in the space-charge region adjacent to the 
surface but inside the semiconductor and &, is the 
charge in surface states, assumed to be immobile. The 
conductance of the sample depends only upon ,., and 
one can calculate this dependence as Garrett and 
Brattain* have done. Such a theoretical curve is shown 
in Fig. 1 for a high-resistivity p-type germanium sample 
at 300°K. AG is the change in conductance relative to 
the conductance at 2,.=0. For positive =,., the hole 
concentration near the surface is increased with a cor- 
responding increase in the sample conductance. For 
>, small and negative, both the hole concentration and 
the conductance decrease. For =, large and negative, 
an inversion layer of high electron concentration is 
formed at the surface, increasing the conductance again 
and producing a minimum in the curve. The slopes on 
the theoretical curve approach y, for ~,. large and posi- 
tive and yu, for 2, large and negative. (No correction 
has been applied for reduction in mobility due to 
constraint of the carriers to a thin surface region. 
According to Schrieffer’s analysis,* in the particular 
case considered here the correction would be small.) 
Indicated along the theoretical curve are values of Y, 
the surface potential expressed in units of k7/g. 

Figure 1 also shows an experimental curve taken with 
a 180-cps external electric field on an etched sample in 
dry nitrogen. The abscissa is now Yr. The experimental 
curve has been adjusted vertically so that its minimum 
occurs at the minimum of the theoretical curve. This 
adjustment is significant since the minimum conduc- 
tance has a unique value independent of 2,. Having 
made this adjustment, the experimental conductance 


~ 1C.G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 (1955) 
* J. R. Schrieffer, Phys. Rev. 94, 1420 (1954). 
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Fic. 2. Charge in surface states as a function of surface potential. 


has an absolute significance, in terms of 2, and Y. The 
difference between the experimental and theoretical 
curves at a given value of AG is just 2,. Thus by com- 
paring the two curves one can obtain 2, as a function 
of Y. Figure 2 is a plot of this result. As indicated, the 
surface states are neutral when Y>-~4, i.e., when the 
Fermi level is about 3kT above the middle of the band 
gap at the surface. (For this sample the Fermi level in 
the body is about 127 below the middle of the{band.) 
The shape of the curve is related to, but does not 
uniquely determine, the energy distribution of the 
surface states. The distribution may be continuous, in 
which case the slope of the curve is the surface state 
density involving the minimum number of states; or 
the distribution may be discrete, perhaps as described by 
Bardeen and Brattain‘ in their model of the surface. 
This later possibility would predict a curve similar in 
shape to Fig. 2. 

Referring again to Fig. 1 at 2y=0, the measured 
conductance indicates a value of Y= +3. The chemical 
state of this surface is such that in the absence of an ex- 
ternalelectric field it has a surface potential of +-0.08 volt. 

In order to make the foregoing determinations it is 
essential to obtain the conductance minimum in the 
experimental curve. This can always be done, at least 
in principle, with large enough electric fields. Within 
this limiation, it is thus possible to study the surface 
potential and the distribution of charge in surface states 
by field-effect measurements alone. 


~ 4W. HL Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 
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Broadening of Impurity Levels in Silicon*f 
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AND 


Evias Burstein, Crystal Branch, Solid State Division, United States Naval Research Laboratory, Washington, D. C. 
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Sharp absorption lines have been observed in p- and n-type 
silicon whose absolute and relative positions lead to their interpre 
tation as optical transitions between bound states of trapped holes 
approximately hydrogenic in character 
of the order of 0.001 electron-volt 


or electrons that are 
hese lines have a finite breadth 
at liquid helium temperatures. This breadth is determined by the 
zero-point vibrations of the lattice. At higher temperatures, the 
syuared breadth increases in proportion to the mean squared 
of those lattice modes that contribute 
significantly to the The theory indicates that the 
modes of importance have wavelengths of the order of the Bohr 
These are rather long wave 


amplitude of oscillatior 
broadening 
carrier State 


radius of the trapped 


1, INTRODUCTION 


ARLY work on the broadening of absorption or 
luminescence lines is based on a classical or semi- 
classical application of the Franck-Condon principle.' 
Williams and Hebb’ have made a quantum mechanical 
treatment of luminescence in thallium activated potas- 
sium chloride using a single configurational coordinate. 
Huang and Rhys’ in treating F-center absorption made 
the first quantum mechanical treatment of a many- 
coordinate problem. Their technique is limited, how- 
ever, by the requirement that all the normal coordinates 
have the same frequency. 

The present problem—broadening of impurity levels 
in homopolar semiconductors—cannot be treated by 
any of the previously available methods: (1) The 
criterion previously developed for the validity of the 
semiclassical Franck-Condon principle’ will be shown to 
be violated | see Eq. (5.37) }. (2) The orbits of impurity 
trapped electrons are so large that interaction takes 
place with many (~10*) atoms‘ and a Williams-type 
treatment based on a single real coordinate is inade- 


* A summary of the results contained here was reported to the 
American Physical Society in March, 1953 [ Phys. Rev. 91, 208 
1953) } 

t Supported by the Department of the Navy (Office of Naval 
Research) and the Department of the Air Force (Office of Scien 
tific Research). Publication of this document, for any purpose, by 
the United States Government, is authorized 

{ Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey, on leave of absence from Syracuse University. 

‘For references to earlier work and a critical analysis of the 
Franck-Condon principle see M. Lax, J. Chem. Phys. 20, 1752 

1952) hereafter referred to as I. See also reference 14. 

* F. E. Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951 

*K. Huang and A. Rhys, Proc. Roy. Soc. (London) A204, 406 
(1950 

* The number of atoms in a Bohr sphere is (49a*/3) (2me)—500 
atoms where mq=2.5X 10" primitive cells per cm’, 2=number of 
atoms per primitive cell, and a, the Bohr radius of the impurity 
state is shown in Eq. (1.2) to be about 13.5 A for p-type silicon 
doped with boron 


length acoustic modes whose energy /w corresponds to 80°K. 
Thus the squared broadening is expected to increase by a factor of 
two from helium to nitrogen temperatures—and this increase is 
confirmed experimentally. This confirms the hypothesis that the 
broadening is due to the interaction of the trapped electron with 
the acoustic lattice vibrations. The form of the electron-lattice 
interaction is taken to be that of the Bardeen-Shockley deforma- 
tion potential, and its strength is determined from the experi- 
mental mobility. Thus the theory contains no adjustable parame- 
ters. In absolute magnitude, the theoretical line breadth turns out 
to be several times too large. Possible reasons for the discrepancy 
are discussed 


quate. (3) Acoustical modes will be more important for 
broadening at all temperatures below the Debye tem- 
perature. The spread in frequencies in these modes 
prohibits the use of the Huang-Rhys analysis. 

A generalization of the Huang-Rhys method to the 
case of modes with an arbitrary frequency distribution 
was therefore developed.’ The relationship between this 
generalized procedure, the Huang-Rhys method and the 
more recent modification introduced by O’Rourke® will 
be discussed in Sec. 2. In this section, we shall attempt 
to summarize the physical assumptions made in carrying 
out the calculation. 

The chief approximation made in the course of our 
calculation has been that we have dealt with the 
broadening of impurity levels of a hydrogenic type. A 
hydrogenic energy level scheme will not be quite right 
unless one has a single nondegenerate band whose band 
edge is at k=0, so that a simple effective mass theory is 
valid. It is now clear from cyclotron resonance experi- 
ments® that the valence band of both silicon and 
germanium is degenerate, and the conduction bands 
have minima at points other than k=0. At the time the 
calculations reported here were made, however, this 
information was not available, and the simplest possible 
assumptions were made. It seems worth while to report 
these calculations in their original form because they 
illustrate the essential mechanism for broadening with- 
out leading to undue complications of a purely computa- 
tional nature. 

The results will be compared with experiments on 
boron-doped silicon (see Figs. 1 and 2) because the most 
reliable and complete experimental information is avail- 


*R. C. O’Rourke, Phys. Rev. 91, 265 (1953). 

* Dresselhaus, Kip, and Kittel 92, 827 (1953); Lax, Zeiger, 
Dexter, and Rosenblum, Phys. Rev. 93, 1418 (1954); R. N. Dexter 
and B. Lax, Phys. Rev. 96, 223 (1954); Dexter, Lax, Kip, and 
Dresselhaus, Phys. Rev. 96, 222 (1954). 
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BROADENING OF 


able for this case’: transitions to excited impurity states 
have been observed, and a level scheme has been worked 
out. The unusually good agreement of the empirical 
level scheme with the hydrogen model is slightly 
fortuitous in view of the degeneracy of the valence band 
in silicon. However, this agreement made it easy to 
assign quantum numbers to the level scheme. If the 
correct wave functions for acceptor impurity states were 
available, they could be inserted into (3.1) to yield an 
estimate for the broadening in the presence of degener- 
ate bands. However, only donor states have been in- 
vestigated theoretically in any detail, and for these the 
energy levels are better known than the wave functions.* 

The basic physical assumption made in this paper is 
that the broadening of the impurity levels is produced 
by the lattice vibrations through the electron-lattice 
interaction. Using the Born-Oppenheimer viewpoint, we 
may say that the energy of a trapped electron (or hole) 
is a function of the nuclear coordinates. The energy 
difference between a ground and excited impurity state 
will depend on the nuclear configuration. The frequency 
of the absorbed radiation wil] then vary as the nuclei 
oscillate, thus leading to a broadening of the absorption 
line. The mean square width of the line will then bc 
proportional to the mean square amplitude of nuclear 
oscillations. Thus, at absolute zero there will be a zero- 
point width associated with the zero-point oscillations 
of the lattice. The squared width will increase gradually 
with temperature. At temperatures at which the classical 
equipartition law becomes valid, kT 2hw (where w is a 
frequency of a typical mode of importance in the 
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Fic. 1. Infrared absorption of a single crystal of silicon doped 
with boron (Burstein, Bell, and Henvis (unpublished) }. Further 
discussion of this data may be found in Burstein, Bell, Davisson, 


and Lax, J. Phys. Chem. 57, 849 (1953). 


? Burstein, Bell, Davisson, and Lax, J. Phys. Chem. 57, 849 
(1953). This paper establishes the existence of excited impurity 
states which hitherto had only been conjectured. See this paper for 
a summary of the experimental procedure. Qualitatively similar 
results have also been obtained by R. Newman for In-doped silicon, 
Phys. Rev. 99, 465 (1955). 

*C. Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954); M. 
A. Lampert, Phys. Rev. 97, 352 (1955); W. Kohn and J. Luttinger, 
Phys. Rev. 97, 1721 (1955) ; 98, 915 (1955). Since this work was 
completed, wave functions for the acceptor ‘states have also been 
obtained by W. Kohn (private communication). 
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Fic. 2. Infrared absorption of a single crystal of silicon we 
with boron Te age Bell, and Henvis ‘ering a Further 
discussion of this data may be found in Burstein, Bell, Davisson, 
and Lax, J. Phys. Chem. 57, 849 (1953). 


broadening) the squared width becomes linear in the 
temperature (Fig. 3). 

The extent to which a given mode of vibration g(r) of 
propagation constant 7 participates in the broadening 
of a level depends on the extent to which a perturbation 
potential g(r) exp(ir-r) shifts the electronic energy. To 
a first approximation, this shift may be computed by 
taking the mean of exp(ir-r) over the state in question. 
It is clear that phase cancellations will occur unless the 
wavelength of the phonon is comparable to, or larger 
than the Bohr radius of the state. More precisely, the 
phonons of importance will be those which obey 


7S 2/a~™1.48X 10" cm“, (1.1) 
when the Bohr radius a is given by: 
a= (m/m,)Kay= (m/m,)K (h?/me*)—~13.5 A. (1.2) 


In (1.2) we have used a dielectric constant K~11.5. The 
effective mass for holes m),/m-~0.45 is determined by 
requiring that the hydrogenic formula yield agreement 
with the observed ground-state energy’ E,~0.046 
+0.001 ev. This “empirical” effective mass is inter- 
mediate between the two observed cyclotron resonance 
masses of the », and 0; bands (see Dexter and Lax).* It is 
hoped that the use of such an intermediate mass, and 
hence intermediate Bohr radius will partly cancel the 
error of neglecting the degeneracy in the bands. 

The condition (1.1) applies to broadening of the 1s 
ground state. For broadening of the 2p, 3p, or 4p states, 
we should insert a Bohr radius two, three, or four times 
as large. Since the number of phonons with propagation 
constant <2/a is proportional to (2/a)*, the broadening 
of the 2p, 3p, and 4p states should be related to the 
broadening in the 1s state roughly by a factor 1/8, 1/27, 
and 1/64 respectively. Thus, the broadening associated 
with a transition 1s—mnp is produced almost entirely by 
the broadening of the 1s level. For this reason, we expect 
that the Is—2p, 1s—3p and 1s—4p transitions show 
about the same width. This conclusion is in agreement 
with experiment (Fig. 2). 
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Fic. 3. The theoretical ratio, R(7), of the squared broadening at 
the temperature T to its zero-point value, is plotted as a function 
of the dimens riable 7/4. The characteristic temperature 
4 = dhv/ (koa) 94'K in silicon, where » is the velocity of sound, 
3 is the Bohr radius in the crystal and &o is Boltzmann’s constant. 
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The modes of importance in the broadening can ac- 
cording to (1.1) be assigned to a characteristic tempera- 
ture A according to 


kv. Ama = hor—he(2/a) (1.3) 


’ 


where ky is Boltzmann’s constant, and v is the velocity 
of sound. For Silicon, we may use’ r= (Cy,/p)*~0.83 
10° cm/sec. This leads to a characteristic temperature 
A~94°K. The ratio R(T) of the mean squared broaden- 
ing at temperature 7 to the zero-point broadening can 
then be approximated roughly” by the corresponding 
ratio of mean-squared oscillations of a harmonic oscil- 
lator of frequency w= koA/h: 


R(T )~coth (hw/2koT) = coth(A/2T (1.4) 


Thus, a noticeable increase in broadening should occur 
at a temperature T= A. In fact, R(A) is roughly 2, so 
that a 40 percent increase in the line width should be 
observed from absolute zero to 90°K. This is in good 
agreement with the actual increase in width between 
helium and nitrogen temperatures. The observed in- 
crease at low temperatures is strong evidence for the 
importance of long wavelength acoustic modes in the 
broadening ; these temperatures are much smaller than 
the Debye temperature" @-~658°K. 

The good qualitative agreement between the experi- 
mental and theoretical temperature dependence of the 
broadening lends support to our proposed mechanism of 
broadening by the acoustical modes through the electron 
lattice interaction. A more stringent test would be a 


* The velocity of sound varies with orientation in silicon. The 
longitudinal velocity in the (1,0,0) direction is taken as repre- 
sentative 

” More precise estimates of the broadening ratio given by Eqs. 
, (5.25) and Fig. 3 agree closely with (1.4) 

“ N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
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comparison between the predicted zero-point broaden- 
ing and the experimental broadening at liquid helium 
temperatures. Our detailed theory, to be presented 
later, shows that the rms width of the line at 0°K can be 
written in the form [see Eq. (5.15) }: 


((hv—hi)*)b~(h/ 32? rpa*) Ey 
~2.3X 10*E,, 


where p~2.33 g/cm’ is the (x-ray) density of silicon, 
»=0.83X 10° is the sound velocity, and a~13.5X10~* 
cm is the Bohr radius. 

The deformation potential constant” E, measures the 
strength of the electron-lattice interaction and was 
chosen to be 15 ev to fit the experimental mobility at 
300°K (see Sec. 4). Thus, the predicted rms width is 
about 3.6 millivolts, whereas the experimental full width 
at half-power is about 1 millivolt. (Experimental widths 
of donor states have a similar value.) For a Gaussian 
line shape, the full width at half-power is (8 In2)'+2.35 
times bigger than the rms width. This would increase 
the predicted width to about 8.4 mv. However, an 
investigation of the theoretical line shape shows that the 
line shape is far from Gaussian due to the presence of 
“motional narrowing.’’ When this is taken into account 
roughly, [see Eq. (6.2) ] the predicted line width be- 
comes 3.0 mv or about three times the experimental 
width. 

The discrepancy between theory and experiment is 
sufficiently small, considering the difficulties of making 
an absolute calculation, that the proposed broadening 
mechanism seems quite reasonable. It nevertheless may 
be of some interest to examine the possible reasons for 
the discrepancy. Perhaps the first assumption to be 
re-examined is the use of the Born-Oppenheimer™ ap- 
proximation. We have assumed that the electronic wave 
function and energy adjusts to the instantaneous posi- 
tions of the nuclei. If the nuclei move too fast, this will 
not be the case: the energy levels will be less sensitive to 
the nuclear motion and a smaller broadening will result. 
We know, therefore, that our predicted broadening is an 
overestimate. 

Usually the validity of the Born-Oppenheimer ap- 
proximation is guaranteed by the large mass ratio”: in a 
molecule the electrostatic restoring forces that act on an 
electron and on a nucleus are comparable in size. The 
frequencies of oscillation of the electron and nucleus will 
then be proportional to the inverse square root of the 
respective masses. However, in a semiconductor, the 
impurity center electron is not responsible for the 
cohesion of the lattice and there is no necessary relation 
between the forces acting on this electron and the nuclei. 
The nuclear vibrations are determined by the usual 
cohesive forces which are practically independent of the 
presence of the impurity electron. The electron, on the 


" J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

3M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927); 
M. Born and K. Huang, Dynamics of Crystal Lattices (Oxford 
University Press, Oxford, 1954). 


(1.5) 
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other hand, is subject to forces weaker than usual be- 
cause it moves in a large orbit, subject primarily to the 
electrostatic attraction of the center reduced by the 
dielectric constant. The validity of the Born-Oppen- 
heimer approximation must therefore be reexamined in 
detail for the case of boron doped silicon: 

The root mean square velocity of a hole trapped in the 
ground state is (2E,/m,)'~1.9X 10" cm/sec where the 
experimental ionization energy’ is E,=0.046+0.001 ev, 
and the effective mass m, is chosen to be m,=0.45m 
[see Eq. (1.2), ff]. This may be compared with the 
velocity of sound in the material x>~0.83X 10° cm/sec.’ 
The rms velocity of a typical nucleus is of the order of 
(k0/M s;)*~10° cm/sec, where @ is the Debye tempera- 
ture" 650°K and the mass of a silicon atom is Ms;= 4.65 
X10-" grams. Thus the electron moves considerably 
faster than the nuclei and will surely adjust somewhat to 
their motion. 

However, the full validity of the Born-Oppenheimer 
approximation presumably requires the electron to 
traverse its orbit several times during one vibration of a 
nucleus. Thus, we should compare the frequencies of the 
two motions. The frequency of the electronic motion is 
of the order E,/h~~7X10" cycles per second. The 
nuclear motion has a spectrum of frequencies whose 
maximum is of the order k6/h-~10" cycles per second. If 
the broadening were predominantly produced by such 
high frequencies, the Born-Oppenheimer approximation 
would fail. However, as we remarked in Eq. (1.1) the 
phonons of importance have a propagation constant 
r<2/a~1.48X 10" cm™. This result is only 0.13 of the 
maximum r: 


Tmax = (69?) '~1.14X 108 cm™ (1.6) 


obtained by converting one cell of the reciprocal lattice 
space to a sphere of equal volume with radius Tmax, 
(where no= 2.5X 10” primitive cells per cm’). The im- 
portant vibrational frequencies will then be less than 
(0.13) 10" cycles per second, so that the electron 
(whose frequency is 0.7 X 10") will traverse its orbit five 
times before the important normal coordinates traverse 
theirs once. From this, we may conclude that the Born- 
Oppenheimer approximation will yield a broadening 
that is of the right order of magnitude. 

The major source of error that remains is the use of a 
one-band picture that neglects the degeneracy of the 
valence bands at the center of the Brillouin zone. (A 
further, related assumption is that the band energy near 
k=0 is approximately quadratic in k for energies of the 
order of koT.) This error could be remedied by recalcu- 
lating Vea using (3.1) with a more accurate wave- 
function ¥,(r) for the impurity state. Such a change is 
not likely to reduce the theoretical answer by a factor as 
large as three. It seems much more likely that an error 
of a factor of three can be produced by attempting to 
determine the constant EZ, using the standard one-band 
formula for the mobility Eq. (4.6). These points will be 
discussed further in Secs. 4 and 6. 
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2. MATHEMATICAL FORMULATION 


If the Condon approximation is made," the cross 
section for absorption of light by an impurity center can 
be written: 

n/E.\? 82 
-)=["(—) ——| M4.|*G(r), (2.1) 
e\E 3 
where 


G(v)=Atm don 





f X on*(")X am (x)dx 





X5(Esn—Ean—hv) (2.2) 


is the normalized absorption spectrum (15.2). Here 
X am(x) is the mth vibrational state when the electron is 
in state a and X,,(x) is the mth vibrational state when 
the electron is in state 6, where x is an abbreviation for 
the 10” nuclear coordinates or normal coordinates of the 
lattice, and m, m are abbreviations for the quantum 
numbers associated with the 10” corresponding har- 
monic oscillators. 

In the Born-Oppenheimer approximation, the effec- 
tive Hamiltonian for nuclear vibration depends on the 
electronic state and will be denoted H, or H, for the 
ground or excited electronic states, respectively. Thus 
the eigenfunctions X am(x) and X,,(x) belong to two 
different Hamiltonians and are not orthogonal with re- 
spect to each other. As a consequence (2.2) permits 
multi-phonon transitions in which the individual normal 
modes of oscillation change their quantum numbers by 
zero or plus or minus one. 

The difficulty in evaluating (2.2) lies in performing 
the sum over those final states m that satisfy the 
conservation of energy requirement. Huang and Rhys? 
were able to perform this sum by special devices that are 
applicable only when all the modes have the same fre- 
quency (e.g., an idealized optical branch). In I, we 
showed that the sum over final states could be per- 
formed by closure techniques after the energy conserva- 
tion delta function was replaced by an integral repre- 
sentation and energy eigenvalues are replaced by the 
appropriate Hamiltonians H, and Hy. Regardless of the 
nature of the vibration spectrum, we found 


+0 
Go) =i f exp(—i2rvt)diG(), (2.3) 
where st 
G(t)=av[exp(iHl t/h) exp(—iHt/h)] (2.4) 


still contains the average to be performed over initial 
states. The Boltzmann averaging symbol av acting on 
any operator O is an abbreviation for: 


av(O) = trace[O exp(—H,/kT) )/ 
tracelexp(—H,/kT)]}, (2.5) 


“ See reference 1 for termi and notation. For further dis- 
cussion of (2.1) with reference to absolute ab tion cross sections 
and broadening, see M. Lax, “The influence of lattice vibrations 
on electronic transitions in solids” in Proceedings of the November 
1954 ONR Conference on Photoconductivity (John Wiley and Sons, 





Inc., New York, to be published). 
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so that (2.4) has been expressed in an invariant way in 
terms of the many-body Hamiltonians H, and H,. 

A reduction of this many-body problem to a set of 
one-body problems can be performed if the normal 
coordinates g; associated with H, and H; are the same, 
i.e., if H, and H, can be decomposed into terms de- 
pending on the same normal coordinates with no 
cross terms: 

He= >; Haj(9;,03), 

Hy=); Ho ;(9j,P;)- 
In this case, the complete average (2.4) can be factored 
into a product of averages each pertaining to an 
individual normal mode: 


G()=[L, Go), 


(2.6) 


(2.7) 


G,(t)=avLexp(iH yA/h) exp(—iHajt/h)). (2.8) 


This factorization was an essential simplification ac- 
complished in I. The resulting averages (2.8) for 
individual harmonic oscillators are easy to perform by a 
wide variety of methods. An early derivation’® was 
based on methods similar to Huang and Rhys. In I, 
ordered operator methods were used because of their 
elegance and simplicity. O’Rourke® pointed out the 
usefulness of Dirac density matrix methods, and in- 
cluded a quadratic term in the energy difference. 
Quadratic differences in H,—H, were not discussed in I 
because in general they will cause a mixing of the normal 
coordinates destroying the separability exhibited in 
2.7). For the special case considered by O’Rourke* in 
which the quadratic energy difference contains only 
diagonal terms we can write: 


AE(q;)= Hs5;—Haj=NAjqjt+N“By?. (2.9) 

Equations 1(7.7), (7.10), and (8.6) then yield: 
t 

G,(t)=av exp, lif AE(q;(s))ds | 2.10) 

exp{. V-'C Li (sinw,f— wl) — (27,41) 

X (1 —coswt) ]+-1.N-"(B;/Mw,;) (ij +4)t}, (2.11) 
with 

C?=A?/(2hMw/). (2.12) 


To obtain G(f) from (2.11) one need only sum over j in 
the exponent. The resulting exponent then agrees (if 
B,;=0) with the previous calculation for a linear energy 
shift 1(8.12). The effect of the quadratic energy differ- 
ence is to add a term in the exponent linear in ¢. Such a 
linear term merely shifts the origin of » in (2.3), thus 
yielding the same frequency spectrum displaced by a 
constant amount.'* The amount of the shift in energy 
units according to (2.3) and (2.11) is 


A(htv)=N ty (BA Mw) (%i;+4) (2.13) 


“*M. Lax, Naval Research Laboratory Report 3973, June 17, 
1952 (unpublished). 

‘If off-diagonal quadratic terms had been included, the shape 
of the spectrum cull have changed as well. Further discussion of 
this point is given by Lax.” 
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or 


A(hy)=av[N~ ¥; By? ], (2.14) 


i.e., the amount of the energy shift may be obtained by 
replacing the quadratic part of the energy difference by 
its thermal average value. The change of this shift with 
temperature was used by O’Rourke (following a sug- 
gestion of Huang and Rhys) to explain the shift in the 
F-center absorption peak with temperature.” The con- 
stants B; were not calculated, but }> B;/N was chosen 
to give agreement with the experimental shift’? (neg- 
lecting the fact that part of the shift may be ascribed 
simply to expansion of the lattice with increasing 
temperature). 

The calculation made in (2.10) is easily extended to 
cubic and higher terms in the energy difference. How- 
ever, a term of order N~!g/ will yield no contribution of 
order N~-', and thus will not contribute to the result. 
Does this mean that anharmonic terms have no influence 
on the absorption spectrum? Surely a cubic term 2 in 
the displacement of an impurity atom or a neighboring 
atom will affect the spectrum. Yet when 2° is expressed 
in terms of normal modes the terms are of order 
N~'9.q;qx that would be omitted in (2.9). This suggests 
that it may not be permissible to neglect cross terms 
among the quadratic terms. The diagonal quadratic 
terms will undoubtedly continue to yield an energy shift 
(2.14), but the cross terms will cause a mixing of modes. 
This mixing of modes may not change the peak or the 
width of the absorption spectrum appreciably, but it 
may scramble up or destroy fine structure that would 
otherwise be present. 

In our calculation, we shall take account only of linear 
terms because there is no easy way to make a reliable 
estimate of the higher-order terms. The linear terms will 
be estimated from the electron-lattice interaction using 
the deformation potential approximation.”'* The elec- 
tron-lattice interaction is weak in silicon and germanium 

as shown by the high mobility. Thus the quadratic 
terms should be small. (As corroborating experimental 
evidence we note that the absorption line does not shift 
with temperature over a range in which appreciable 
broadening is observed.) We assume, therefore, that the 
influence of the quadratic terms on the first few mo- 
ments of the spectrum are small—though they may have 
a significant effect on the higher moments, i.e., on 
details of the shape. We shall therefore use our calcula- 
tion only to estimate the first few moments of the 
spectrum and not to make a detailed evaluation of the 
line shape. 


3. EFFECTIVE VIBRATIONAL HAMILTONIANS 


Let us suppose that the change in electronic potential 
associated with an arbitrary (small) displacement of the 
nuclei is V(r,---). The dots represent the dependence of 

" Further discussion of the F-center problem is given by Lax.” 

An analysis of the validity of the deformation potential ap- 


proximation is being made by R. Rosenberg as part of a thesis at 
Syracuse University on absorption of light by free carriers. 
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this potential on the displacements of the nuclei, or the 
normal coordinates of the latter’s motion. To our 
present accuracy, the dependence of V on these dis- 
placements is linear. If the trapped electronic wave 
function in a ground or excited state is ¥,(r) or ¥s(r) for 
the case of a perfect lattice, the change in energy due to 
the lattice vibration is V., or V»» correct to terms linear 
in the displacements. And a typical matrix element 
important in thermal transition problems is V4., where 


V no=[volr),V(r,---)ve(r) ] 


= fe OV Wala (3.1) 


However, neither the potential V nor the wave functions 
are known accurately unless a detailed knowledge of the 
band structure is available. We shall show nevertheless 
that an evaluation of (3.1) can be made without such 
information (for the nondegenerate case). 

A wave function such as ¥,(r7) can be expanded in 
terms of Bloch orbitals ¥(k,r) or Wannier orbitals 


a(r—(Q) 
Valr) =>. ba (kW (kyr) = ¥ ca(Q)al(r—Q). 


If there is no degeneracy between bands, and if the trap 
states are sufficiently spread out, it is sufficient to 
expand in terms of Bloch waves or Wannier orbtals of 
one band” the conduction band for electrons,i or the 
valence band for holes. (Actually the valence band in 
silicon contains three bands degenerate at k=0, one of 
which is split off by spin-orbit interaction.” Since a 
detailed analysis of the impurity states is not yet avail- 
able* under such circumstances, we shall be content 
here to do the calculation as if only one band were 
present. Part of the error in such a procedure will be 
cancelled by using an effective mass determined from 
the ionization energy of boron impurities.) 

Although we do not have detailed information con- 
cerning the Wannier orbitals in (3.2), we know that 
Ca(Q) is a hydrogenic function of its discrete argument 
Q. We may regard 6,(k) as the same wave function in 
the momentum representation: 


b.(k)= NS c,(Q) exp(—ik-Q). 

If (3.2) and a corresponding equation for y»(r) are 
inserted into (3.1) we find: 

V ba= Dee by*(k')b a(R) Vier. 

In principle, (3.4) constitutes the evaluation of (3.1) 


since the matrix elements V,, are the usual matrix 
elements of the theory of electrical conductivity. In- 


(3.2) 


(3.3) 


(3.4) 


* G. H. Wannier, Phys. Rev. 52, 191 (1937). 

* J. C. Slater, Phys. Rev. 76, 1592 (1949); G. F. Koster and J. 
C. Slater, Phys. Rev. 95, 1167 (1954) 

* H. M. James, Phys. Rev. 76, 1602, 1611 (1949). 

"= E. N. Adams, Phys. Rev. 85, 41 (1952), J. Chem. Phys. 21, 
2013 (1953). 

=P. Feuer, Phys. Rev. 88, 92 (1952). 
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serting (3.3) into (3.4), we obtain a form 
Vse= Lore co*(Oes(Q) Vere 


expressed directly in terms of the hydrogenic functions 
c(Q), with 


Vore=N“E View exp(ik’'Q’ —ikO). (3.6) 


The momentum wave functions }(&) fall off rapidly 
for k larger than a recipzocal Bohr radius. Furthermore, 
this reciprocal Bohr radius is small compared to the size 
of the Brillouin zone—compare (2.3) and (2.4). Thus 
the dominant contribution to V». in (3.4) comes from 
yee With sufficiently small & and &’ that the deformation 
potential” is likely to be a good approximatjon.™ In 
the latter approximation Vy, is proportional to (k’—k). 
To effect a simplification of (3.5) and (3.6), however, all 
we need is that Vx be a function only of k’—k, a resylt 
that remains valid even in a self-consistent theory 
of the electron-lattice interaction.” If we write Vie 
= V(Ak,---) where Ak= k’—k and the dots are as usual 
the displacement or normal coordinates, then (3.5) 
becomes : 


(3.5) 


V bo= Doe V(r,-+-)Noe(r), (3.7) 


where 


Noa(t) = Dig co*(Q) explir-O}e.(Q). (3.8) 


Here + is used as a summation index, replacing Ak. 
From (4.4), it can be seen to have the significance of a 
phonon propagation vector. The coefficients c(Q) are 
normalized in the discrete sense: 


Delca(Q)|2=1. 


Thus, N .o(7) is the discretized mean value of exp[ir-Q] 
in the hydrogenic ground state. Since the ground state 
ca(Q) varies slowly as 0 moves from one lattice point 
toanother, we may replace the sum (3.8) by the corre- 
sponding normalized integral : 


(3.9) 


Voa(t)= f explir-1)(ra" ' exp(—2r/a)dr 


=[1+(jar)"}?. (3.10) 


For the first excited state, the 2p hydrogenic state, we 
have 


No(s)= f explir-1) (320%) ‘Trcos(r,e) Pexp(—r/a)dr 


=[{1+ (ar)*} “(1 — (ar)*—4(ar)P(cos(r,e)) |, 


when we have chosen a state with /=1, m=0 with our z 
axis in the direction of the polarization vector ¢ of the 
light quantum. This is the state that will absorb light 
polarized in the z-direction. 





“Strictly speaking, one should use a generalization of the 
deformation potential to include scattering by transverse modes. 
See, however, reference 26. For degenerate bands one should also 
include the effect of interband transitions. 

* J. Bardeen, Phys. Rev.{52, 688 (1937). 











598 M. LAX AND 


4. DEFORMATION POTENTIAL APPROXIMATION 


A comparison of (3.7) and (3.10) shows that the 
evaluation of V., requires an accurate knowledge of 
V(r,---) only for r< (2/a), i.e., we are concerned with 
phonons of sufficiently long wavelength compared to the 
lattice spacing [compare (1.1) and (1.6) ] that the de- 
formation potential approximation should be adequate.™ 
We shall in this paper neglect entirely the contribution 
of the optical modes and assume that for acoustical 
modes the two particles in the primitive cell of the 
diamond structure move in unison. (An analysis of the 
errors involved in the deformation potential approxima- 
tion is in progress.'*) Thus we can simplify our notation 
by proceeding as if we were dealing with a lattice 
containing one atom per cell whose mass M is twice that 
of a silicon atom Mg,. An arbitrary deformation 5R(r;) 
can then be expressed in terms of the complex normal 
coordinates g(r) by 

éR(r))= NOS, > €2(2)qa(e)e**, 4.1) 
a~i 
are the unit polarization vectors, and for 
sufficiently small r we may adopt the convention that 
¢;(¢)=+/r is the longitudinal mode. The deformation 
potential is then given by” 


where e,(¢ 


V (r, E, divéR(r)=iE,N-' >, rqa(e)e*** (4.2 
ind the standard matrix element is given by 
V (Ak, Pwik’ nr) Vir,---o(kye 43 
~iE,N~iAkq;(Ak), 
which depends on the approximation 
TWh’ r),e** Wik,r) dace 4.4 


whose validity follows from the smallness of Ak. 
Since only longitudinal modes are involved hereafter, 
we shall drop the subscript 3 on g3. Furthermore, g(r 


can be written 
y(2) =[h/2Mw() }*{ a(2)—at() | (4.5 


are conventional destruction and 
creation operators for phonons of propagation constant 


where a(¢) and a*(¢ 


« with matrix elements [m(<) }! and [m(e)+1]}! re- 
spectively 

The (4.3) and (4.5) 
customary formula for the mobility,” 


(“) ch'nyoMo, 
9/7 Ee(kT)\(m*)s? 


for the case of spherical energy surfaces.”’ 


matrix elements lead to the 


4.6) 


* See reference 12, Eq. (A30). The neglect of the transverse 
contribution is not serious here, as pointed out by Bardeen and 
Shockley. The contribution of transverse modes can be included 
roughly, providing we understand that £? now represents the sum 
of the squares of three deformation constants. Since E,* will later 
be chosen by comparison with experiment, transverse contribu- 
tions are automatically included. We shall, therefore, use the 


E. BURSTEIN 


An estimate of E, for holes in silicon can be obtained 
from (4.6). Using 4,500 cm*/volt-sec”* at 300°K, a 
velocity of sound v~0.83X10* cm/sec, an effective 
mass m*—~0).45m, and M = 2Msg,, we find that Ex~15 ev. 
Our estimate is based on a high-temperature mobility 
because the broadening mechanism automatically se- 
lects lattice scattering in preference to impurity or 
dislocation scattering: The trapped hole will only be 
scattered by vibrations or imperfections in its immediate 
vicinity. Imperfections sufficiently close to the impurity 
atom to be of importance will very likely shift the entire 
line by more than its width in a somewhat random way 
and thus will not appear with any appreciable intensity 
in the observed absorption spectrum. 

Thus, it is necessary to determine separately the 
effect of lattice scattering, which is partially accom- 
plished by using a room temperature mobility. However, 
the experimental mobility® u ,~2.4X 10° T-*# disagrees 
with the 7-'* power predicted by the deformation 
theory. If, for example, we were to fit our constant E, at 
100°K instead of 300°K, we would find E;~10 ev. This 
leads to a reduction of a factor of 2 in the width and 
leads to much better agreement with experiment. We 
shall prefer, however, for the sake of conservatism to 
use the room temperature fit, and regard the factor of 2 
as an uncertainty in the predicted broadening because 
of the absence of an adequate mobility theory. 


5. CHARACTERISTIC FUNCTION AND THE MOMENTS 


Combining (3.7) and (4.3), the difference between the 
two Hamiltonians H,—H, (aside from a constant term) 
is given by 

V 0— Vaa=N* D> A(r)q(7), (5.1) 
where 


A(r)=1E,rN(r); N(r)=Noo(t)—Naa(r). (5.2) 


The characteristic function G(t) can now be obtained 
from (2.11) or (18.12) providing we merely replace A 7 
by | A(r)|? since the normal coordinates g(r) are com- 
plex (see Appendix 1). 


G(t) =exp[i2xvo+ f(t) ], (5.3) 
f(O=CC(r) i sinwel 

— (2%,+1)(1—cosw,t)]), (5.4) 

C(r)|?=Efr| N(r)|?/(24Ma,*). (5.5) 


The average, ( ) taken in (5.4) is defined as in (15.21) to 
be an average over the modes r, i.e., V~' times the sum 


original deformation potential thereby avoiding complicated 
notation. The most serious error made by this procedure is that we 
do not explicitly take account of interband transitions. 

© For ellipsoidal surfaces centered at &=0 with effective masses 
m,, M1, ms, Eq. (4.6) is still valid providing m* is defined by: 

(m*) 2 = 3 (my gms)? / (my +m +m). 

For an eight-ellipsoid picture such as prevails in germanium,‘ 
(4.6) must be reduced by the presence of interellipsoid transitions 


The latter effect can be shown to be small in germanium however." 
™ M. B. Prince, Phys. Rev. 93, 1204 (1954). 
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of the contribution of the N different modes r. The 
energy Av constitutes the thermal activation energy,’ 
and will be defined more precisely in (5.40). 

The moments of a distribution function can be ob- 
tained directly from the derivatives of the corresponding 
characteristic function at the origin, see I (4.2), I (8.14). 
Explicit formulas for the moments are identical to 
I (8.16) 


hi=hvot(|C(r) |*hw,), 
((Av—hi)*) =| C(r) |2(28, +1) (Aw,)*), (5.7) 


((hv—hib)*) = +(|C(r) |? (fw,)*), (5.8) 
((hv—hi)*) = 3) ((hv—hi)?) |? 
+(|C(r)|*(2%,+1) (fw,)*). (5.9) 


The upper signs refer to absorption, the lower to emis- 
sion. The first moment or mean absorption energy hi 
will be discussed later in this section. 

The second moment (5.7) is a measure of the breadth 
of the absorption line in the transition a—b. The 
breadths of the individual levels may be obtained by 
using V4, or Ny» in place of N(r) in (5.5). The squared 
breadth associated with the transition, however, may 
differ from the sum of breadths of the individual levels 
through a cross or correlation term: 


av(Ves— Vee)* 


=avV,.?+avV,,°— 2 av( V acV a8). 


(5.10) 


The significance of (5.10) may be visualized as follows: 
during a lattice displacement the energy of level a 
changes by an amount V,,. Thus, avV,,” is the mean- 
squared excursion of width of state a. Similar remarks 
apply to state b. However, the width of an absorption 
line is determined by Vi.—Vae, the shift of line } 
relative to a, so that (5.10) automatically takes account 
any correlation in the shifts of the two lines. 

We shall now calculate the broadening of the ground 
hydrogen-like state, by inserting (3.10) and (5.5) 
into (5.7): 


hE? x 
((hy— hi)*) a= (| (1 +20), (5.11) 
M?,a (1+-x*)* 
where 
shor, 2= barn 7.7, (5.12) 
C p= e) f [ Yaz (5.13) 
and 
i,=[exp(xA/T)—1], (5.14) 
with 


A= (2hv/koa)>-94°K. 


The zero-point broadening, obtained by setting i,=0 in 
(5.11) may be calculated readily by noting that 


f 2(1+2°)dx= (1/12); [h/(Mva)}=10-, (5.4) 
i) 
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so that 


h ; 
hv—hi)*) 4, b= {| ——— } E, 
XC Mea] (——) 


™2.3XK 10% E:~3.6XK 10" ev. (5.15) 


The ratio of the broadening in the 2 state to that in the 
1s state is given by 


(Vee) (x(1+42°)-*01 —42°—8xP2(cos(x,e)) P) 


— ~— (5.16) 
(Vac) (x(14-2°)-) 
(x(1+-42*)-*(1+ (24/5)a*+ 162+ ]) 
= (5.17) 
(x(1+2°)*) 

(V 52?) 
———- = 89/ (5600)—~0.016, (5.18) 
(V ae’) 


where the step from (5.15) to (5.16) involved an average 
over the orientation of the light polarization vector e 
relative to the propagation direction. 

We may conclude from (5.18) that the broadening of 
the 2 state is only one-eighth that of the ground state. 
The physical reason for this is that the Bohr radius of a 
2p state is twice that of a 1s state and the number of 
phonons with sufficiently large wavelength to produce 
broadening is correspondingly reduced. The broadening 
of the 3p and 4p states will be even less. The entire 
width of the 1s—2p, 1s—3p and 1s—4p transitions can 
therefore be ascribed to the ground state. (There is, of 
course, also broadening of the 1s-continuum transition, 
but this can only be observed as a rounding of the edge). 

The ratio of the second moment at temperature T to 
its zero-point value is given by 


R(T)=1 +a f a9(14-2*)“Lexp(x4/7)—1 }-'dx (5.19) 


0 


for the ground state. At sufficiently high temperatures, 
the second moment becomes linear in T: 


R(T) — (3%/4)(T/A), 
T +x 


(5.20) 


whereas at low temperatures it approaches its zero- 
point value as 7*: 


R(T) — 1+ (8x*/5)(T/A)'*. (5.21) 
T «0 


An approximate expression for R(T) may be obtained 
by replacing the distribution of modes by a single 
effective frequency. In this case 


R(T) =coth(4hw,./koT), (5.22) 


where the best choice for the effective frequency,” 
using Eq. I (5.22) and I (5.23), is 


fur, = (8/3mr) kod. (5.24) 
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The Einstein approximation (5.22) approaches unity 
exponentially at low temperatures in contrast to the 
power law behavior of (5.21) which follows from the 
more accurate Debye treatment. 

The integral (5.19) can be carried out exactly using 
contour integration methods with the result : 


R(T) = (1/2)f (3/8)+ (3/4) 2W (2) 
— (3/4)245¥/" (2) — (1/4)2W’"(z) ], (5.25) 
where 
z= A/(22T) (5.26) 
and 
x 1 
¥(z)=d/dz (1+z2 yp’ (z) ; 5.27) 
vt (2+)? 


rhe digamma, trigamma, te tragamma, and pentagamma 
functions ¥(z), ¥(z), ¥/’(z) and y"(z) are tabulated by 
Davis.” 

A comparison of the “exact” broadening (5.26) and 

e “Einstein” broadening versus temperature is shown 
in Fig. 3 

Equations (5.19 describing the change in 
broadening with temperature apply to trapped electrons 
as well as holes. However, it must be remembered that 
temperature A in (5.13) varies inversely with the 
Bohr radius a; A./A,=4a,/a.=m./m, where the last 
equality applies if both states are hydrogenlike. 

The ratio of the zero-point broadening for electrons to 
that for holes according to (5.15) and (4.6) is given by: 


hy—hi)*), Ewm?\? me\' ur 

(hy—hi)*), T° \Eym,? m/ Ue 

The third moment according to (5.8) is independent 
of temperature and can be written in the form: 


Eh? 6 - s* 
hy— hi) ys dx 
Ma? Pw, (142°) 


(5.21 


the 


(5.28) 


te Evh* 
a 5.29) 
16 Mae 
The contribution of the second term in (5.9) to the 
fourth moment can be written 
2E hs, 
Clr 27. +1) (hw,)* R(T) 5.30) 
Ma? 
where 
(5.31) 


. x* xA 
R 7 =o f coth( -)a 
o (1+2*)* 2T 


reduces to unity at absolute zero. In fact at sufficiently 


"H. T. Davis, 
Principia Press, Bloomington, 1933), 


Tables of the Higher Mathematical Functions 
Vols. I and IT. 
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low temperatures (7A) 
R(T )—14+-1440¢ (5) ( (5.32) 


where {(5)= 1.0369, and at sufficiently high tempera- 
tures (J>><A) 


T/A)‘, 


Ry(T)—3nT / (8A) (5.33) 


whereas at intermediate temperatures 7~A, or higher, 
a sufficiently accurate expression can be obtained by a 
mean value estimate of (5.31): 


R,(T)~coth[84/(34T) }. (5.34) 


A dimensionless description of the shape of the absorp- 
tion curve can be obtained from the skewness and 
kurtosis: 


((Av—hi)’) 
¥3(1)= 
[((hv— hs)? »}! 
(5.35 
3a Moroes hk 3 
= — (#)!— —{ —) (R(T) }4. 
2 Mov,a 
((hy— hi‘) 
¥(T)= - —3 
[((hv— hi)” 3 
(5.36) 
Mr,’ h Ri(T) 
Moa cR( T)}? 
y3(0)—~1.8; y4(0)--8.9. (5.37) 


From (5.37) we see that the skewness and kurtosis are 
quite appreciable near absolute zero. However, they 
decrease at higher temperatures. Since y;(7) semi- 
classical = 0, and y4(7’) semiclassical =0, we see that the 
semiclassical approximation is not valid at low or even 
moderate temperatures. 

It may be of interest to note that 


)= Eya/ (84M 02) 
~E?/59—~0.38, 


C(r)|? (5.38) 


(5.39) 


where E, has been set equal to 15 ev in (5.39). The 
smallness of this parameter indicates the feasibility of 
expanding exp[_ f(t) ] in powers of f(t) in (5.3), i.e., of 
expressing the results in terms of zero-phonon, one- 
phonon, two-phonon contributions, etc. (The parameter 
(|C(r)|*) corresponds to the S of Huang and Rhys and 
indicates the average number of phonons to be ex- 
pected in a transition.) This point will be discussed 
again in Sec. 6. 

In I, we showed that because of the interaction be- 
tween the electron and the lattice, the lattice relaxes to 
a new set of equilibrium positions one for state a, and 
one for state 6. These positions are the minima of the 
parabolas that give the configurational energy of the 
system (see Fig. 1 of I). The energy difference between 
these minima denoted Ayo, corresponds to the thermal 
activation energy between the states a and 6. We 
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showed in (I 6.7) that 
hvo= Ey— Eo+([(A;*)*— (As*)*/ (2MwZ)), (5.40) 


where E,—E, is the electronic energy difference with 
the nuclei constrained to the perfect lattice positions. 
The constants A;* and A,° are the linear interaction 
constants appropriate to state a or 6 respectively [see 
(5.2) ]. For our purposes we have shown that the inter- 
action in the 2 state is negligible compared to that in 
the 1s state, so that we may set A;'=0, Aj*=A. For 
the present case, then, 


hvo= Eyx— Egt(|C(r) |*hw) (5.41) 
and 


hig= Ex— Egt+X|C(r) | *hw) (5.42) 


follows from (5.6). Thus the absorption energy hi, will 
shift from the constrained lattice value. An estimate of 
this shift may be obtained by noting that 


3x ((hv— hd)*) 70 
(hw | C (7) |?) = — —————_—— 
8 


koA 


3x (3.6 mv)? ’ 
- Te (5.43 


—1.9 mv. 


" 8 8.1mv 


Thus a total shift of 3.8 mv could occur. Since our 
theoretical breadth is too large by a factor three, the 
shift is more likely about 1.3 mv. This shift cannot, of 
course, be observed directly because it is temperature 
independent. It could affect slightly, a comparison 
between theoretical and experimental! estimates of im- 
purity level energies. 


6. COMPARISON WITH EXPERIMENT 


There are two qualitative experimental results that 
bear emphasis and explanation: Only a finite number 
(three) of transitions has been observed, and the width 
of the absorption line is appfoximately the same in each 
case. The second result we have already explained by 
noting that the broadening in the three transitions 
ls—2p, 1s—3p, 1s—4p is primarily the broadening of 
the 1s level. The 2p—3p— 4p levels have a much smaller 
broadening because their Bohr radii are larger, and the 
number of lattice modes with sufficiently long wave- 
length to produce broadening is correspondingly reduced. 

It has been previously suggested that only a finite 
number of excited states exist because the wave func- 
tions associated with different impurity centers will 
eventually begin to overlap.” This is a limiting factor 
only at very high impurity concentrations, however. 
The crystal for which the measurements in Figs. 1 and 2 
were taken (referred to as Si 155 in reference 7) is a 
fairly pure specimen having about 5X 10" free holes at 
room temperature. Thus the separation between boron 
centers is of the order of 1000 A. This is enough larger 


* K. S. Shifrin, J. Tech. Physics (U.S.S.R.) 14, 43 (1944). 
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than the first Bohr radius 13.5 A that the centers may be 
regarded as independent. 

A more elementary explanation can be given for the 
fact that only a finite number of transitions is observed— 
namely that such transitions would not be resolved 
since (a) they are close together in energy: they must all 
occur between 0.043 ev and 0.046 ev; see Fig. 2; (b) they 
should have widths of the order of 0.001 ev equal to 
those for the 1s—2p, Is—3p, or 1s—4p transition; (c) 
they should have low intensities. 

Another striking experimental result is the appreci- 
able increase in width (about 40 percent) between liquid 
helium and liquid nitrogen temperatures. This is evi- 
dence that the phonons of importance have low energies 
fuk, (80). Our analysis agrees with this by showing 
that the phonons of importance have wavelengths about 
equal to x times a Bohr radius. These phonons have a 
characteristic temperature of A= 2hv/koa~94°K in 
silicon, see (5.14). The squared broadening ratio is 
plotted versus T/A in Fig. 3. At T=A, the squared 
broadening ratio is slightly over 2 in qualitative agree- 
ment with the experimental 40 percent increase. 

Although the qualitative agreement with experiment 
suggests that our picture of the broadening as due to 
interaction with long wavelength acoustic modes is 
correct, our absolute estimate of the line width is 
slightly too large. The experimental full width at half 
power (F.W. at H.P.) is about one millivolt. The rms 
width [Eq. (5.15) ] is about 3.6 millivolts. To convert 
from the rms width to the full width at half power, we 
need to know the shape of the line. For a Gaussian 
shape the 


F.W. at H.P.= (8 In2)*[((hv—hb)*) 


(2.35) (3.6)—~8.4 mv (6.1) 


at absolute zero (or liquid helium temperatures). 
However, the line shape at absolute zero may be 
expected to be far from Gaussian as an examination of 
the kurtosis (5.36) shows. A large kurtosis implies a 
large fourth moment for the same second moment—so 
that more of the strength of the line is in the wings— 
with a correspondingly narrower, more peaked center. 
This “motional narrowing” of the line is a quantum 
mechanical effect that would not have appeared in a 
semiclassical treatment and results from the weakness 
of the electron-lattice interaction in silicon. A rough 
estimate of the importance of the line shape on the 
width may be obtained by comparing with the case of 
exchange narrowing in paramagnetic resonance treated 
by Anderson and Weiss." Their estimate of the F.W. at 

H.P.~2w ,?/w, can be rewritten in the form 

F.W. at H.P.c~(29/y4)*{((Av—ho)*) }! 6.2 
~™ (0.84) (3.6)—~3.0 mv “1 
by using the fourth moment to estimate w,. Because of 


1955) W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 269 
( > 
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the large kurtosis, an appreciable narrowing results, and 
the estimated width of 3 millivolts is only about three 
times too large. 

One of the possible reasons that the theoretical answer 
is too large is that the calculation was made using the 
Born-Oppenheimer approximation which inevitably 
overestimates somewhat the sensitivity of the electronic 
energy to the nuclear coordinates. This point was dis- 
cussed in detail in Sec. 1. Another reason for error in our 
calculation of the electronic energies was the use of a 
simplified one band picture rather than the use of a 
degenerate band picture for the valence band in silicon. 
This error should be partly cancelled by using an 
effective mass determined from the experimental] binding 
energy. Another approximation was the use of the 
deformation potential which neglects any contribution 
of transverse modes to the scattering matrix elements. 
This should be partly cancelled by the use of the 
experimental mobility and the deformation potential 
theory in the determination of the electron-lattice 
constant. Perhaps the worst error is that constant £, is 
estimated neglecting the possibility of hole scatterings 
between the degenerate bands and quartic terms in the 
energy-momentum relationship. Because of this neglect, 
we have probably overestimated E, and hence over- 
estimated our theoretical width. (If we had used the 
100°K mobility to determine £,, the predicted broaden- 
ing would have been reduced by a factor of 3-4~2.35). 

As a concluding remark, we would like to explain why 
we used the Anderson-Weiss narrowing estimate (6.2) 
rather than working directly from the line shape which 
is presumably known from (2.3) and (5.3). Because of 
the smallness of the parameter £, in silicon 
~(E,/24)*~0.4 and it becomes legitimate to expand 
(5.3) in powers of f(t). The term of order [ f(t) ]* then 
corresponds to an n-phonon process. The zeroth-order 
term in this expansion corresponds to a delta function, 
i.e., an infinitely sharp line at the electronic energy 
difference. The one- and two-phonon processes, etc., 
yield a continuous background. Because the integrated 
intensity is independent of EF, a large E, (the semi- 
classical limit) would throw most of the intensity into 
the many phonon processes with a corresponding reduc- 
tion in the intensity of the center (zero-phonon) line. It 
is then more legitimate to approximate the line shape by 
a continuous curve. For small £,, as is the case in silicon, 
a fair fraction of the total intensity resides in the center 
line and no simple description of the line shape can be 
given. Of course, an infinitely sharp center line could 
never be observed because of lack of perfect resolution 
in the detection instruments. The fact that our line 
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width increases from helium to nitrogen temperatures, 
however, shows that the observed broadening cannot be 
entirely instrumental. 

One possible theoretical explanation is that it is not 
possible to neglect the terms in the energy difference of 
second order in the nuclear displacements even when 
such terms are small. For such terms imply that the 
normal coordinates of the lattice are different in the 
ground and excited electronic states. There is then, 
strictly speaking, no such thing as a zero-phonon 
process. The presence of a small second-order term could 
then conceivably result in a continuous line shape 
without appreciably affecting the first few moments of 
the spectral distribution. Thus, we have assumed that 
our calculated values of the first few moments are more 
reliable than our calculated line shape and have used 
them to make a crude estimate of the line width. 


APPENDIX: INTRODUCTION OF REAL COORDINATES 


The complex linear energy difference (5.1) can be 
rewritten in the symmetrized form: 


AE(q)=N+4¥ >of A (1) g(r) +A(—1)q(—7)], (Al) 


where we ignore the term r=0 since A (0) =0, and in any 
case, one term will make no difference after the limit 
N- > is taken. Since AE is a Hermitian operator and 
q(—r)=+q*(r) we must have also A(—r)=+A*(r). 
If we introduce these relations into (A1) and define 


A(r)=[Ai(r)+1A2(r) ]/v2, 


fa (A2 
q(r) =(qi(r) +ig2(r) )/v2, ; 
then 


AE(q) = > ->0o A 1(r)gi(7)+A 2(r)q2(r) J. (A3) 


Since the two modes q:(r) and g2(r) have the same 
frequency w(r), any sum of the form 


fe = 


7>0,a=1,2 


A,.?(r)h(w(r)) ; 
=> [AP(r)+A?(r) lh(w(r)) (A4) 
r>0 


2 
can be rewritten using the evenness of w(r) and | A(r)| 
in the form 


f= X |A(r)|*h(o(r)), (A5) 


alir 


where h(w) is an arbitrary function of w. The function 
f(t) defined by (5.3) and (2.11) is a sum of this form. 
Thus, we may apply the formulas of reference 1 based on 
the real sum }> A,q; by replacing A? by | A(r)|?. 
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Criterion for the Occurrence of Luminescence* 
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A mechanism is suggested for the nonradiative quenching of excited states of simple impurity centers, 
namely a crossover to the ground electronic state of the center immediately after excitation and before 
thermal equilibrium has had time to come about. It is proposed that this mechanism is responsible for the 
absence of strong luminescence in some impurity and color centers, e.g., the F-center in alkali-halide crystals. 
The quenching process proposed here is applicable only for certain geometries of the configuration coordinate 
diagram, which are discussed with a view to a criterion for strong luminescence. The quenching mechanism is 
consistent with known configuration coordinate curves, and leads to a prediction which is experimentally 
verified, to the effect that the wavelength of emitted radiation is not more than twice that of the light 
absorbed by the center. The same mechanism shows the possibility of photoconductivity arising from absorp- 


tion in discrete lines even at low temperatures. 





N a simple impurity center the absorption of light in 
the center raises it to a bound excited state from 
which it returns to the ground state either by a radia- 
tionless transition or by a luminescent transition. Al- 
though a large number of luminescent and nonlumines- 
cent systems has been investigated experimentally, the 
properties which determine whether or not a particular 
system luminesces have not been well understood. 

This problem has become of special interest recently 
in connection with the luminescence of the F-center in 
alkali halides. Huang and Rhys' have predicted that a 
multiphonon radiationless transition in the F-center 
would have a negligible probability at low temperatures 
and Pekar’ has indicated that a variety of alkali halides 
should have their F-center emission near 10000 A. 
However, an experimental investigation by Klick* from 
2500 to 25000A indicated no emission from the 
F-center with a quantum efficiency larger than three 
percent over most of this range. Botden, Van Doorn, 
and Haven‘ have recently reported emission from 
colored alkali halides quenched from elevated tempera- 
tures to liquid nitrogen temperature, but the efficiency 
of this emission is reported to be only of the order of one 
percent. These authors tentatively suggest that this 
emission arises from the F-center. In any case the large 
majority of F-centers return to their ground state by 
processes which do not involve radiation. 

Markham® and Meyer® have suggested that more 
refined calculations on the multiphonon transitions 
could show that these transition probabilities were 

* Research supported in part by the U. S. Air Force through the 


Office of Scientific Research of the Air Research and Development 
Command. 

‘K. Huang and A. Rhys, Proc Roy. Soc. (London) A204, 406 
(1950 

*S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 510 (1950); 
22, 641 (1952). 

*C. C. Klick, Phys. Rev. 94, 1541 (1954). 

* Botden, Van Doorn, and Haven, Philips Research Repts. 9, 
469 (1954). 

‘J. J. Markham, Phys. Rev. 94, 1395 (1954). 

*H. J. G. Meyer, Physica 20, 181 (1954). 


underestimated by Huang and Rhys; detailed calcula- 
tions have not as yet appeared. Since, however, an in- 
crease in the transition probability of at least several 
dozen powers of ten would be necessary to account for 
the experimental results in a typical case, it is believed 
that other mechanisms might account for the radiation- 
less transition. 

One alternative mechanism has been suggested by 
Seitz’ for the case of excitons. If the lattice relaxation 
is sufficiently great, the minimum of the excited state 
curve will fall outside of the ground-state curve. (See 
Fig. 1.) Efficient luminescence would then be impossible 
because the transition to the ground-state curve would 
occur either as the system approached its new equilib- 
rium after absorption or by a thermal activation after 
reaching equilibrium at point A. Using experimental 
data on the F-band absorption, Russell has computed 
the configuration coordinate curves for the F-center in 
KCl, as shown in Fig. 2(a).* These curves indicate that 
Seitz’s mechanism probably does not apply in the case 
of the F-center. 

In the past, treatments of transitions from the excited 
electronic state have all been implicitly based on the 
assumption that the system is in thermal equilibrium 
(except for the quantum of electronic excitation energy). 
Consequently, the population of the highly excited 
vibrational states is assumed negligible in the computa- 
tion of transition probabilities from the excited elec- 
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CONFIGURATION COORDINATE 


Fic. 1. An arrange- 
ment of configuration 
coordinate curves pro- 
posed by Seitz which 
would lead to radiation- 
less transitions. 


Enercy 








7 F. Seitz, Trans. Faraday Soc. 35, 74 (1939). 
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Fic. 2. Configuration coordinate curves for the F-center in 
KCl, KCI: TI, and Zn,SiO,: Mn. In each case the coordinate is the 
displacement of the nearest neighbor ions from their ground-state 
equilibrium positions 


tronic state. In a Huang-Rhys-Lax’ type of calculation, 
the initial wave function for the system in an excited 
electronic state thus contains very few or no phonons at 
low temperature. When pictured on a configurational 


*M. Lax, J. Chem. Phys. 20, 1752 (1952 
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coordinate diagram, the system is assumed to be in the 
vicinity of A on Fig. 3. 

In the present note it is pointed out that the system, 
initially excited to the vicinity of B by the absorption of 
a quantum of light hw, may never reach the equilibrium 
position A because an alternative mechanism for non- 
radiative transitions may occur before the system comes 
to equilibrium, and that this alternative mechanism 
may be the basis of a criterion for luminescence in simple 
systems. 

When the system is first excited by the absorption of 
hw, the system is in the Nth vibrational state, charac- 
teristic of the energy Eg—E,. This energy will be ra- 
diated away in the form of phonons in a time long com- 
pared with 10~" sec, if N is large. During this time, the 
configurational coordinates of the system will undergo 
violent oscillations, characteristic of the high local 
temperature. As the center “‘cools,”’ the state of the sys- 
tem passes through the point with energy Ee and 
configurational coordinates X¢. At this point the en- 
ergies of ground and excited electronic states are es- 
sentially the same, so that no activation energy is re- 
quired for a redistribution of the electronic wave 
function, that is, for a transition to the ground electronic 
state. Thus before the system comes to its equilibrium 
position from B, it has the opportunity to change its 
electronic state at C; if the system once reaches A, how- 
ever, it must await the unlikely occurrence of a statisti- 
cal fluctuation in the local temperature to that charac- 
teristic of Ec, or must simultaneously emit a large 
number of phonons (to reach the point D), in order to 
change its electronic state by nonradiative transitions. 

On the other hand, if the energy configuration is such 
that the intersection C occurs at an energy higher than 
that of B, as would occur if the two minima in Fig. 3 
were laterally displaced only a short distance (small 
relaxation energy Eg—E,), then during cooling the 
intersection point C would not be reached, and the sys- 
tem would reach A, where at not too high a temperature, 
it would stay long enough to luminesce. Thus a sufficient 
condition for luminescence at low temperatures is that 
Ec be greater than Eg; if the crossover at C occurs 
with high probability, the condition Ec> Ez, is also a 
necessary condition. We propose that this is sometimes 
the case. 
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CONFIGURATION COORDINATE 


Fic. 3. Configuration coordinate curves leading 
to radiationless transitions. 








CRITERION FOR OCCURRENCE 


In Fig. 2 are given the three systems for which con- 
figuration coordinate curves have been determined.” In 
the case of KCI: Tl" and Zn,SiO,: Mn” the centers are 
luminescent with high efficiency and the intersection of 
the curves (C) is well above the region to which optical 
transitions are made (B). In the case of the F-center, 
work of Russell [see Fig. (2a) ], indicates that (C) is at 
least no higher than (B) in agreement with the low 
efficiency of luminescence in the F-center. 

The criterion proposed above is not only in agreement 
with the experimental facts for the three known sys- 
tems, but from it may also be derived a relationship 
between absorption and emission wavelengths which 
may be checked in a large number of systems for which 
the configurational coordinate curves have not been 
determined. On the basis of the criterion proposed here 
it is possible to determine the smallest value of the 
emitted energy in relation to the absorbed energy. The 
smallest emission energy occurs when C is at the same 
energy as B, since for C lower than B it is postulated 
that no emission occurs. Under these conditions the 
position of the minimum of the excited state curve on 
the coordinate axis falls halfway between the minimum 
of the ground-state curve and the intersection point. 
Then if the configurational coordinate curves are para- 
bolic, and if Eg= Ee, the energy of the peak of the ab- 
sorption band is 


Exva= fh, (2X0)?, (1) 


where k, is the force constant in the ground state and 
X» the lateral displacement of the two minima in Fig. 3. 
The energy of emission is given by 


Emis= Es- Lk,Xe— Lk.X,?, (2) 


where k, is the force constant in the excited state. The 
values of k, and k, are not known in most cases but it 
is generally agreed that k,@ k,. The minimum value of 
Eemig WOuld occur if k,=k,. Thus we obtain 


| is 2 Ewe 2, (3) 
or, in terms of wavelength, 


Nemis Nabe < y 3 (4) 


“” Configuration coordinate curves for CaWO, have been given 
by H. F. Hameka and C. C. Viam [Physica 19, 943 (1953)] and by 
C. C. Viam [Brit. J. Appl. Phys. 5, 443 (1954) } using a vibrational 
frequency obtained from Raman spectra in the determination of 
the curves. The resulting curves predict an absorption band at 
3700 A which is not observed experimentally. For this reason the 
CaWO, data have not been included here although they do not 


disagree with the present criterion. 

“uF. E. Williams, J. Phys. Chem. 57, 780 (1953). 

#(C. C. Klick and J. H. Schulman, J. Opt. Soc. Am. 42, 910 
(1952). 
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CONFIGURATION COORDINATE 


Fic. 4. An arrangement of configuration coordinate curves which 
might lead to photoconductivity without direct transitions to the 
conduction band. The upper curve represents the lowest energy 
ionization states of the center. 


This inequality is strengthened further if one takes into 
account the deviations from the parabolic shapes, i.e., 
the increased curvatures, which are to be expected at 
large distances from the minima. 

This upper limit for the wavelength ratio applies to a 
simple single center in which both the absorption and 
emission acts involve the same levels. A literature 
search reveals no such case where the relationship of 
Eq. (4) is violated. The general validity of the relation- 
ship of Eq. (4) gives added support to the mechanism of 
radiationless transitions from which it was derived. 

There appears, then, to be a simple explanation for 
the low efficiency of luminescence of the F-center on the 
basis of configuration coordinate curves. The radiation- 
less transition mechanism described here may be of 
general applicability for the case where absorption and 
emission transitions are localized at a center. 

Another possible consequence of this mechanism 
might be the ionization of the center, that is, the re- 
moval of the electron, by absorption of a quantum of 
light appreciably less energetic than that predicted to 
be necessary by the Franck-Condon principle. If the 
ionization states dip below the point B at their mini- 
mum energy, a transition might also occur to them while 
the center is cooling. This possibility is indicated in 
Fig. 4, where the crossover might occur, energy-wise, 
at any configuration between X¢ and Xp during the 
cooling process, although a direct Franck-Condon tran- 
sition from the ground electronic state would require a 
photon of energy Ey, which may be appreciably larger 
than Ex. Thus photoconductivity might arise even at 
the lowest temperatures upon irradiating into discrete 
absorption lines as well as into bands associated with 
transitions directly into the conduction band. 
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Experimental evidence of temporary trapping of holes in the volume of n-type silicon in at least two differ- 
ent traps is presented. The trap parameters of cross section for capture and energy level above the valence 
band are determined by measuring the unfilled trap density, the hole density, the rate at which holes are 
trapped, and the rate at which holes are released from traps. Measurement of the temperature dependence 
of these quantities for the deeper traps gives, in addition, the temperature variation of the cross section for 
capture, the energy level of the traps below the conduction band and a second determination of the trap level 
above the valence band. The values obtained are consistent with accepted values of the energy gap. There is 
evidence for a loss mechanism for holes (recombination) from the deeper traps at a rate which is found to be 
proportional to the square of the electron concentration. 





INTRODUCTION 


N Part I of this paper,' we discussed the trapping of 

electrons in p-type silicon. It is the purpose of this 
section to present the results of our studies of the trap- 
ping of excess holes in n-type silicon. 

Like the electron traps, hole traps must be crystal 
imperfections or impurities which can immobilize mi- 
nority carriers and hold them in an unrecombined state 
for relatively long periods of time.” Also like the electron 
traps, hole traps evidence themselves by an increased 
conductivity that is associated with added majority 
carriers which exactly neutralize the space charge of 
the trapped minority carriers. Unlike the traps in p-type 
silicon, however, traps in n-type silicon produce a de- 
cay in photoconductivity which is very nearly a simple 
exponential function of time, showing that multiple 
trapping is not an important mechanism in this case. 
That is, an excess hole in the valence band is much more 
likely to be caught in a recombination center—and 
disappear—than to be caught in a trap. The absence of 
multiple trapping means that n-type silicon is a simpler 
trapping system to study than is p-type. Mainly for 
this reason we have made more extensive measurements 
of the temperature dependence of the trap parameters 
using n-type specimens. 

n-type silicon differs from p-type also in the number 
density of traps that are found. In single crystals of 
n-type silicon which we have studied, trap densities 
have varied from less than 2 108/cm’, i.e., an unde- 
tectable density, to approximately 10'*/cm*. Unlike 
p-type silicon, in m-type no correlation is found between 
resistivity and trap density. There is, however, the same 
correlation as in p-type between trap density and rota- 
tion of the crystal relative to the crucible when the 
crystal is grown. It should be emphasized that the traps 
discussed here occur “naturally” in the silicon as grown 
into single crystals at these Laboratories. 

The trap densities found in n-type crystals can be 
so large that the resistivity in the dark of the crystal is 


st Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 
* These traps should not be confused with ordinary recombina- 
tion or “deathnium” centers wherein recombination or re-emission 
occurs in a time less than the free time in the conduction stream. 


affected appreciably by the trap’s presence. In other 
words, the 8 traps behave, as we shall see, as an added 
set of donor (or acceptor) levels. 

Measurements of the resistivity variation with tem- 
perature caused by “Fermi level filling” of the traps, 
together with data on the temperature variations of the 
capture cross section and mean-time-in-a-trap, fit to- 
gether intoa self-consistent picture of trap energy depth, 
and further, provide experimenta! proof that the prin- 
ciple of detailed balance applies to the traps. 


KINDS OF TRAPS IN THE VOLUME OF n-TYPE 
SILICON 

We have been able to isolate with certainty two kinds 
of traps in the volume of n-type silicon, and there is 
considerable evidence for the existence of at least two 
more trapping levels. The two prominent sets of traps 
occur in nearly all of our samples of n-type silicon grown 
by the crystal pulling technique of Teal and Little.’ We 
shall call these centers a traps and 8 traps. 

The a traps in 25 ohm cm material at room tempera- 
ture are characterized by a time constant of the decay 
of photoconductivity of 45 milliseconds while the 8 
traps have a decay constant of 300 seconds. 


a Traps: Experimental Techniques and Methods 
of Measurement 


Density and Time Constants 


The a traps were studied with the aid of the chopped 
light and dc oscilloscope equipment used to investigate 
the shallow traps in p-type silicon described in Part I. 
The samples used were cut from single crystals into 
rectangular rods having dimensions 0.20.2 2 cm and 
subsequently plated on the ends with rhodium followed 
by copper. A typical oscillogram obtained using an 
n-type silicon sample (42 A) with this apparatus is 
shown in Fig. 1. This is a reproduction of a photograph 
of the oscilloscope tube showing a trace of photoconduc- 
tivity as a function of time. The sample is illuminated 
from A to C and the remainder of the time is in the dark. 
The conductivity rise from A to B is caused by the 


~ 4G. K. Teal and J. B. Little, Phys. Rev. 78, 697 (1950). 
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excess electrons and holes produced by the light in the 
conduction and valence bands. These added carriers 
reach an equilibrium concentration in a time which is 
the order of the lifetime of holes in this material (40u 
sec), which is short compared to the resolving time of 
the apparatus. The finite slope shown by the oscillogram 
is associated with the rise time of the light pulse. 

A further, nearly linear increase in photoconductivity 
(from B to C) follows the initial rise. This photocon- 
ductivity change is evidence of the trapping of holes in 
a traps. At C, the light is extinguished and the con- 
ductivity suddenly drops to D. This drop, which is 
equal in magnitude to AB, reflects the decrease in carrier 
density caused by recombination of excess holes and 
electrons in the valence and conduction bands, i.e., a 
normal recombination process. A negligible number of 
traps have emptied in this length of time, however, so 
that the conductivity at D is higher than that at A by 
very nearly the difference between C and B. The line 
GHI was obtained approximately 0.1 sec after the 
illumination was cut off. It represents the conductivity 
of the specimen after practically all of the electron-hole 
pairs in the conduction stream have recombined and 
essentially all of the a traps have emptied. The sample 
still has an increased photoconductivity caused by some 
filling of the 8 traps, but no measurable decay of the 
8 traps occurs on this time scale. Hence, we use the line 
GHI as a base line from which to measure the photo- 
conductive decay time associated with the emptying of 
the a traps. This decay is very closely exponential with 
a time constant of 45 milliseconds. 

If the intensity of illumination is doubled, the con- 
ductivity changes AB, CD, and BC increase nearly 
proportionally. With increasing illumination, however, 
a point is reached where, although AB and CD increase, 
BC does not. Under these conditions the trace BC is no 
longer linear but rises exponentially to a value which 
cannot be exceeded with further increase in illumination. 
Evidently this saturation is associated with the filling 
of all of the normally empty a trapping centers. As in 
Part I, we compute the density of a traps from the 
saturated value of the conductivity change DH, since 
for each trapped hole there is one added mobile majority 
carrier: Na= (Aon) maxgu-, where g is the electronic 
charge and yw is the drift mobility of electrons. For 
specimen 42 A, which we are using as an example, we 
find N,=1.410" cm. 


Capture Cross Section 


The cross section for capture of holes by a traps may 
be calculated from data such as those shown in Fig. 1. 
The calculation makes use of an approximate formula 
which is derived in the Appendix from the general trap- 
ping equations (1) of Part I. The essential feature of the 
approximation is the interpretation already given of 
Fig. 1, viz., that after a weak light is turned on, the ex- 
cess hole density p rises quickly to very near its steady 
state value po (the rise AB), and that subsequently 
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Fic. 1. Photograph of oscilloscope trace showing photoconduc- 
tivity as a function of time. The sample was illuminated from A to 
C and the remainder of the time was in the dark. The conductivity 
difference from H to D was produced as a result of holes caught in 


a traps. 


trapping in a traps begins to appear. The initial trapping 
rate dp,/di, given by the initial slope of BC, is closely 
equal to (NV ,.Sv) po, where S is the trapping cross section, 
v is thermal velocity, (V,Sv) is the trapping rate, and 
fo is the reservoir of holes from which the trapping 
occurs. Obviously fo is obtained from the measured 
conductivity change o4g by the relation po=o4p/ 
g(ustu_), and dp,/dt~(Ac/At)ac(1/qu_) where by 
(Ac/At) ec we mean the initial slope of BC. With weak 
sources of illumination the change BC can be made 
linear so that there is little problem in determining this 
slope. These amplitude and slope measurements to- 
gether with a knowledge of the mobilities and the 
trap density V, yield S. For specimen 42 A we find 
Sa=4X10-" cm’. 

This value‘ is five orders of magnitude less than the 
capture cross section for traps in p-type silicon, which 
accounts for the absence of multiple trapping in the 
present case. More quantitatively, this may be illus- 
trated as follows. The measured rate of recombination 
from the valence band of 2.5X10* sec~ is about 400 
times greater than the trapping rate (V.Sv)=60 sec! 
from the valence band. Thus a hole trapped in an @ trap 
in this specimen has only one chance in 400 of being 
trapped again, even when all the traps are empty. 
Thus the time constant associated with the photo- 
conductive decay DE is also the time constant r as- 
sociated with the emptying of the a traps. The emptying 
process could be either thermal ejection back to the va- 
lence bond band with subsequent normal recombination, 
or direct recombination in the trap, or a combination of 
these. If recombination in the trap is involved, we might 
expect the time constant of photoconductive decay to 
be a function of the majority carrier density.’ The time 
constant, however, is found to be independent of major- 
ity carrier concentration, at least in this conductivity 
range. We, therefore, believe that the measured time 


‘ This value was erroneously ang as 40 10~** cm* in J. R. 


Haynes and J. A. Hornbeck, Phys. Rev. 94, 1438(A) (1954). 

* As shown in Part I, the time constant involved in recombina- 
tion of trapped minority carriers in deep traps for p-type silicon 
varies as the square of the majority carrier density. This same law 
will be shown fer the 8 traps in n-type silicon. 
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Energy Level 


The energy level of the a traps with respect to the 


valence band was calculated from the ¢xperimentally 
determined values of S and r (assumed equal to r 
using the detailed-balance formula, Eq. (1 


discussed later 


which is 
he result is that the a traps are located 
~A).45 ev from the valence band or ~0.63 ev from the 
conduction band if the energy gap is 1.08 ev wide. For 
a resistivity of 25 ohm cm, the Fermi level lies 0.30 ev 
below the conduction band at room temperature, so 
that the a trapping centers are normally empty of holes. 


$ Traps: Experimental Techniques and Methods 
of Measurement 


Experimental Techniques 


Because of the long time constant associated with the 
decay of photoconductivity produced by 8 traps, it is 
essential in the study of these centers that the silicon 
samples be allowed to reach equilibrium in a close ap- 


s 


proach to absolute darkness.* An additional require 
ment, due to the high-temperature coefficient of resist 
ance of silicon, is that the temperature of the sample 
remain essentially constant during the decay in photo 
conductivity. Both of these requirements were met by 
enclosing the samples in concentric, light tight boxes 


* The traps integrate the effect of all of the light which illumi 
nates the sample during approximately a time constant. This may 
be a matter of several hours 
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is visible in the central portion of the sample 
t ym). The other four 


the sand blasted regions (bott 


)) and 


ack enamel! 


the 


lated, and finally placing the assembly in a Cenco- 


with space between the boxes thermally insu- 


DeKhotinsky constant temperature furnace. Tempera- 
} 


tures at 


ove room temperature were obtained by heating 
the furnace. Temperatures below room temperature 
were achieved by placing predetermined amounts of 
dry ice in the “furnace.” 

To produce photoconductivity, the samples were 
illuminated by the filtered light from a small flash light 
lamp placed in the inner box. The filter used was an 
optic ally polished silicon plate 0.07 cm thick. Light 
passing through this filter is deeply penetrating and 
produces electron-hole pairs throughout the volume of 
the sample. Variation of the intensity of the filtered 
light by known amounts was achieved by a calibrated 
resistance in series with the lamp.’ 

The silicon specimens were single crystals nearly all 
of which were cut into rectangular rods having similar 
dimensions to sample 42A (described earlier) and plated 
in the same way on either end. These two-electrode 
samples were placed in one arm of a Wheatstone Bridge 
circuit with a dc amplifier and pen recorder substituted 
for the usual galvanometer. The bridge was balanced 
with a sample in the dark. On closing a key, the light 
from the flash light bulb irradiated the sample. A record 
of the resultant bridge unbalance and subsequent slow 
decay of photoconductivity was produced by the pen 
recorder. Time constants longer than 10 seconds were 
recorded with a Leeds and Northrup stabilized d 
amplifier and an Esterline-Angus recorder. Shorter 


* The light was calibrated with a silicon »-» junction in terms 
of relative concentration of electron-hole pairs produced. 
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time constants were recorded with a Sanborn amplifier 
and recorder.® 

With two-electrode samples there always exists the 
possibility that spurious resistance is produced at the 
electrodes.’ In order to test the extent of the errors 
introduced in this way, a sample (376D-2) was cut as 
shown in Fig. 2. The circular sections were sand blasted 
and plated over half their area, first with rhodium and 
then with copper as shown on the upper two middle 
electrodes. Copper wires were then soldered to the two 
end and lower middle electrodes, which were finally 
given a thick coating of black glyptol.” 

This four-terminal specimen was used in a circuit 
shown in Fig. 3. Current flows through the end of elec- 
trodes of the sample producing a potential difference 
between the two middle electrodes. This potential 
difference is balanced by an equal and opposite voltage 
produced by current flow through a resistance. The dc 
amplifier, with an input impedance of 20 megohms, 
and recorder give a trace of the voltage unbalance 
produced by a photoconductivity as a function of time. 

The measurements obtained with this four-termina] 
sample were compared with those using a two-terminal 
sample (376D-1) which was cut from an adjacent region 
of the same silicon crystal. This comparison shows that 
the two samples give the same conductivity values 
except at the lowest temperature used (ca—30°C) 
where only minor differences occur. Because of this re- 
sult, most of the measurements taken at room tempera- 
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Fic. 3. Schematic diagram of circuit used with sample 376D-2. 
Current flows through the end electrodes and the resultant poten- 
tia] difference between the middle electrodes is balanced by the 
lower circuit. A permanent record of conductivity changes is ob- 
tained by the pen recorder 


* The time constant of the L&N Amplifier and E-A Recorder is 
~A).5 sec. The time constant of the Sanborn is less than 0.01 sec. 

* With silicon at liquid nitrogen temperature, such effects are 
known to be large. 

” The purpose of the glyptol, which extends more then a milli- 
meter beyond the plating (approximately 10 diffusion lengths), is 
to prevent the minority carriers produced by light from diffusing 
to the electrodes and possibly producing spurious potentials. 


CARRIERS IN Si 


CONDUCTIVITY —= 

















TE IN SECONDS 


Fic. 4. Schematic of pen recorder chart of sample conductivity 
as a function of time obtained with relatively strong light. The 
sample was illuminated from B to D and from F to H, and the 
remainder of the time was in the dark. Analysis of such charts gives 
the mean time which holes remain in 8 traps and their concen- 
tration. 


ture were made with two-electrode samples while all 
measurements involving lower temperatures were made 
with the four-electrode specimen. 


Measurement of Density and Time Constants 


Both the density of normally unfilled 8 traps and the 
time constant of the decay in photoconductivity can be 
obtained from a pen recorder trace of photoconductivity 
as a function of time. A typical record made at room 
temperature is shown in Fig. 4. The trace from A to B 
is obtained with a sample in the dark and in equilibrium. 
At B, the sample is illuminated and in consequence its 
conductivity rises rapidly to a new value CD. At D, the 
light is extinguished and the conductivity drops to E 
as the holes in the valence band recombine and the a 
traps empty. This process is virtually complete in a few 
tenths of a second, during which time the concentration 
of holes in § traps remains essentially unchanged. From 
E to F, the 8 traps empty and the conductivity drops as 
the space charge neutralizing electrons in the conduction 
band disappear. At F, the sample is again illuminated 
with the same light intensity. The new conductivity 
represented by GH gives a check on the zero drift of the 
apparatus, a necessary precaution when long time 
constants (up to 10000 sec) are measured. With no 
apparatus drift, the decay from E to F represents a 
true decay of the photoconductivity, and the con- 
ductivity difference BE results from the filling of some 
or all, if the light intensity is high enough, of the nor- 
mally empty 8 traps, the density of which is given by 
this conductivity difference divided by qu_. Normally 
only a very weak light is required to fill all of the 8 
traps. In order to assure that this condition was ful- 
filled, a second recording was made with the light 
intensity increased by an order of magnitude. In this 
way, we measured for the 6 traps both Vg and the decay 
time r as a function of temperature. 


Measurement of Capture Cross Section 


We shall next discuss the experimental measurement 
of the capture cross section of the 8 traps. As in the case 
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Fic. 5. Sample conductivity as a function of time obtained with 
relatively a light and used in the determination of the capture 


cross section of # traps. 


of the a traps, the method involves suddenly illuminat- 
ing the specimen with weak, penetrating light and meas- 
uring the initial rate of trapping. Figure 5 is a typical 
recorder trace showing the sample conductivity as a 
function of time. The important difference between 
Fig. 5 and Fig. 1, which pertains to a traps, is that 
at r=0 no abrupt change in conductivity is observed 
corresponding to po™l/r, the rise AB in Fig. 1. This is 
explained by the fact that in the 8 trap measurement the 
light intensity is so weak that fo is negligible (~10* or 
10? cm™*) compared to the number of holes in 8 traps 
after a time corresponding to the time resolution of the 
apparatus, a few tenths of a second. In this time filling 
of the a traps reaches a steady state, but a negligible 
number of holes are caught there. 

Lacking the amplitude change corresponding to po, we 
must measure / and r independently. The value of / was 
determined by using an n-type sample having the same 
dimensions and surface treatment as sample 376D-2 
(the specimen studied most extensively), but which con- 
tained no detectable density (<10* cm) of either a or 
8 traps. When this specimen was illuminated with the 
weak light source, its photoconductivity is caused en- 
tirely by additional electron-hole pairs in the conduction 
and valence band, respectively, and hence /=p/r,, 
where p comes from a measurement of the photocon- 
ductivity and r, is the measured life time in the sample. 

The value of / obtained in this way was checked by 
substituting a p-type sample, having the same dimen- 
sions and surface treatment, which contained many 
deep traps. In this sample, nearly all the electrons pro- 
duced by the light are trapped before they can re- 
combine, i.e., the sample integrates the light falling on 
it for weak incident illumination and times short com- 
pared to its decay time. 

The value of ¢ for specimen 376D-2 was obtained in 
a straightforward way as described in Part I. With these 
procedures and the formulas described" in Appendix I, 
the capture cross section of the 8 traps was measured 
as a function of the temperature. 

" Corrections to the simple formula used in the case of the a 


traps are discussed in the Appendix. There the right hand, or long 
time, portion of Fig. 5 is discussed. 
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EXPERIMENTAL RESULTS AND DISCUSSION 


In this section, we present the results of the measure- 
ments as a function of temperature on the § traps. We 
shall show that the measurements of the § trap density, 
Ng, determine the energy level of the traps with respect 
to the conduction band, that measurements of the cap- 
ture cross section together with measurements of the 
decay time, r, when interpreted properly determine the 
trap energy level with respect to the valence band, 
and that these results are consistent with the principle 
of detailed balancing. From this interpretation, we also 
obtain information on the rate of recombination in the 
8 traps. 


Capture Cross Section 


Using the procedure described in the last section, we 
have determined the capture cross section S of the 8 
traps as a function of temperature 7. The results are 
shown in Fig. 6, which is a plot of In S as a function of 
T-. The circles represent values of S obtained by using 
the n-type silicon sample (containing no measurable 
trap density”) to evaluate /, whereas the squares 
represent values obtained by using the p-type sample 
for the same purpose. Within experimental error 
the data fall on a straight line represented by 
S=So exp(—2100/T) with So=8X10- cm?. The acti- 
vation temperature 2100°K corresponds to an energy 
of 0.18 ev. 

At room temperature, S= 8X 10~'* cm?, a value twice 
that obtained for the a traps. The small value of S 
explains the almost complete lack of multiple trapping 
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Fic. 6. Capture cross section of 8 traps as a function of tempera- 
ture. The solid circles were obtained using a sample containing no 
detectable traps for the determination of /. The squares were ob- 
tained using a p-type sample with a high trap density for this 
purpose. 

Although we found no measurable density of volume traps in 
this specimen, we did find that after heating the specimen in an 
oven in the course of the experiments, small trapping affects 
showed up that were associated with the surface. ‘it unnoticed, 
these effects would have affected our experimental results. 




















in 8 traps. In specimen 376D-2 at 35°C, the rate of re- 
combination from the valence band is ten times the 
trapping rate (Sv). In the neighborhood of room 
temperature in this specimen, a trapped hole has about 
one chance in ten of being retrapped when all the traps 
are empty; hence the final decay rate is about 10% 
longer than the initial decay rate when most of the traps 
are filled, and there is a smal! but detectable amount of 
multiple trapping in 8 traps. 


Energy Level with Respect to the 
Conduction Band 


The energy level of 8 traps with respect to the con- 
duction band can be obtained by a comparison of the 
trap level and the Fermi level. This is most easily done 
with a specimen (such as 376D-2) which has a large 
trap density and a resistivity which places the Fermi 
level at room temperature close to the energy level of the 
8 traps. Under these circumstances the sample shows 
an anomalous behavior of conductivity as a function of 
temperature. Such data are shown in Fig. 7, which is a 
plot of sample conductivity as a function of temperature 
for two conditions, (a) with the sample in equilibrium 
in the dark, and (b) with all of the 8 traps filled by illu- 
mination. The conductivity obtained with this sample 
in the dark (curve a) has two inflection points and is 
quite different from a sample containing relatively few 
8 traps. These “normal” samples show dark conductiv- 
ity in this temperature range which decreases contiu- 
ously as the temperature is increased, as does curve d. 
If essentially all of the impurity atoms are ionized, as is 
the case for these samples, the decrease in conductivity 
is caused by the decrease in electron mobility with in- 
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Fic. 7. Conductivity as a function of temperature for sample 
376D-2 for two conditions; (a) with the sample in equilibrium in 
the dark and (b) with the 8 traps filled with photo-holes. 


“ At lower temperature this latter rate drops because of the 
decrease in S, and at higher temperature it drops because of the 
decrease in NV. 
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240 260 280 300 320 340 360 
TEMPERATURE IN DEGREES KELVIN 


Fic. 8. Density of normally empty 8 traps as a function of tem- 

rature. The solid line is drawn > Bates the experimental data. 

e dashed line is the expected variation of trap density with 
Fermi level change. See text for assumptions. 


creasing temperature. The data defining this upper 
curve, however, are values also attained with sample 
376D-2, but with all of the 8 traps filled with holes 
produced by illumination, as described previously. 
From Fig. 7, the concentration, V, of normally empty 
8 traps as a function of temperature shown is therefore 
given by (¢,—o4)/qu-. 

Values of NV obtained in this way are shown as circles 
in Fig. 8 in which we have plotted the normally unfilled 
trap density as a function of absolute temperature.” 
The trap density may be seen to approach a maximum 
value of ~2.4X 10" cm™~ at low temperature and to 
drop rapidly in the region of room temperature so that 
at slightly elevated temperatures (80°C) less than one 
tenth of the trapping centers remain normally unfilled 
with holes. This change of trap concentration with 
temperature is, of course, associated with movement of 
the Fermi level. 

The dashed line in Fig. 8 is an approximate calcula- 
tion of the variation with temperature of the equilib- 
rium density of empty traps obtained by making use of 
two well known relations: (a) the Fermi-Dirac distribu- 
tion which relates the fraction of empty traps to the 
difference between the Fermi level and the trap en- 
ergy level, and (b) the relation between the posi- 
tion of the Fermi level and the sample conductivity, 
which is known experimentally (curve a of Fig. 7). 
In this calculation it was assumed that the product 
(go/g:)(m./m)'=1, where (go/g,) is the ratio of the 


“The values of u used were obtained by assuming »= 1200 
cm*/volt second at 295°K and «=constant 7-*4 as given by the 
experimental points of curve 5 of Fig. 7 assuming that the number 
of carriers is constant. This temperature dependence is also in 
accord with the exponent — 2.6 found for pure iattice scattering b 
F. J. Morin and J. P. Maita [Phys. Rev. 96, 28 (1954)] wi 
allowance for some impurity scattering. 
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statistical weight of the trap when it is empty to that 
when it is filled with a hole and (m,./m) is the ratio of 
the effective mass of a conduction electron in n-type 
silicon to the mass of a free electron. It was assumed, 
further, that the temperature dependence of the trap 
energy level'* was one half that of the total energy gap 
in silicon, i.e., that in electron volts E,(7)=E,(0°K) 
—2X10~“T, where T is the absolute temperature, and 
that at 300°C, E,(T)=0.32 ev below the conduction 
band. 

The fit between the two curves, Fig. 8, is not as good 
as we expected, and we are unable to explain the dis- 
crepancy. The fit would be much worse if, instead of a 
single trapping level, we assumed a band of levels a few 
hundreds of an electron volt wide. More careful cal- 
culations'* were made in which we assumed (a) the 
same temperature coefficient and mobility variation as 
above and (b) the “density of states” electron effective 
mass as computed from cyclotron resonance experi- 
ments,'? and then looked for the best values of the un 
known parameters for the two simple cases (go/g:)=4 
and (go/g,)= 2, corresponding to the traps being donor- 
like or acceptor-like, respectively. The donor case fitted 
better than the acceptor case, and yielded the following 
results: E,(0°K)=0.35 ev, No, the density of trapping 
centers = 2.610" cm™, and (Vp— V4), the difference 
between the densities of ‘“‘normal’’ donor and acceptor 
centers, = 1.110" cm-. 

In any case, we believe the agreement between theory 
and experiment is close enough to warrant the conclu- 
sion that we are dealing with a single trap level and that 
its position relative to the conduction band is known 
with an uncertainty of only a few hundredths of an 
electron-volt. 


Energy Level with Respect to the Valence Band 


The energy level of the 8 traps with reference to the 
valence band can be determined by measurements as a 
function of temperature of the capture cross section and 
1/r,, the rate of thermal release from the traps, and then 
invoking the principle of detailed balancing. Herring'* 
has given a formulation of this principle which we shall 
employ, Ms., 


1/ry= 16rmy* (kT) (go/g.:)S exp[(E,—E)/kT]. (1) 


Here the symbols are as previously defined with the 
additions that E, is the energy at the top of the valence 
band and m,* is an effective mass for holes. Herring has 
pointed out to us that, strictly speaking, this formula is 
not applicable to our case because it does not take into 
account the facts that (1) the top of the valence band in 
silicon is degenerate, (2) the effective mass to be used at 
room temperature is different from that obtained from 


% We are indebted to Dr. C. Herring for discussions of this point. 

We are indebted to Dr. M. C. Gray for carrying out these 
computations. 

 R. N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954). 

* C. Herring, Fundamenial Formulas of Physics edited by D. H. 
Menzel (Prentice Hall Publications, Inc., New York, 1955), p. 630. 


HAYNES AND 


J. A. HORNBECK 

cyclotron resonance experiments because kT is the order 
of the energy associated with spin orbit splitting. He 
does not feel, however, that an appreciable error for our 
purposes will be incurred by ignoring these complica- 
tions, setting m,*(go/g:)=1, and employing experi- 
mental values of S and r, in Eq. (1). 

This equation predicts that except for the 7° effect a 
plot of In 1/7, vs 1/T should be a straight line. In Fig. 9, 
we have plotted as circles experimental values of In 1/r 
vs 1/T, where r is the photoconductivity decay constant 
corrected for a small multiple trapping effect. The fact 
that these data do not lie on a straight line suggests that 
there is a loss mechanism from the trap in addition to 
thermal release to the valence band. A reasonable 
assumption here is that the additional loss mechanism 
is recombination of the trapped holes with conduction 
electrons. If 1/7, is this recombination rate, then as in 
Part I, 


1/r=1/7,4+1/r, (2) 


and we attempt to draw two straight lines the sum of 
which fits the experimental data. As shown in Fig. 9, 
this can be done, for the triangles which fall on a straight 
line were obtained by subtracting from the data the 
line having the lower slope. Either line might represent 
generation out of the trap. The line of lower slope, how- 
ever, has an activation energy much too low to repre- 
sent 1/r,, so we attribute it to 1/r;. 











Fic. 9. Reciprocal of the time constant of decay of photocon- 
ductivity due to 8 traps as a function of reciprocal temperature. 
The data are shown by the open circles. The triangles are the 
—_ of subtracting the line of lower slope, labeled 1/1», from the 

ta. 
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We may now use the detailed balance equation to 
determine (E,— E,) in two different ways from the data: 
(1) from slope of the line 1/7, vs 1/T (with corrections 
for the 7? factor) and (2) from the measured values of S 
and r, at a given temperature. From the slope of the line 
we obtain the absolute zero difference (E,— E,) =0.79 ev 
after taking into account the 0.18 ev activation energy 
associated with S. Correcting this value to 300°K by 
using the temperature coefficient discussed earlier 
(210), we obtain (E,—E;)300°x=0.72 ev. From the 
measured values of r, and S at 300°K we also obtain 
(E,— E,)300°x = 0.72 ev, which is somewhat better agree- 
ment than we expect. Thus we conclude that the de- 
tailed balance principle applies in a consistent fashion to 
the data on the r, process, which gives us confidence in 
the results and their interpretation. 

It should be noted, further, that these results together 
with the conductivity data predict an energy gap in 
silicon at 300°K of (0.72+0.32)= 1.04 ev. This value lies 
within experimental error of that of 1.1 ev recently 
obtained by Morin and Maita.” 


Recombination 


The line of lower slope in Fig. 9, which we have at- 
tributed to recombination, empirically is of the form 
1/r,=vexp—E/kT. From the data, v=2.2K10' sec“ 
and the activation energy E=0.35 ev. From the low 
value of » it is evident that the process is an improb- 
able one. 

More information on the recombination process may 
be obtained from measurements of decay time on a 
variety of specimens at room temperature. Since 1/r, 
is known, 1/7, can be obtained from 1/r by use of Eq. 
(2). The results of these measurements are shown in 
Fig. 10, in which we have plotted the rate 1/r, as a 
function of the concentration of electrons in the con- 
duction band. 

The solid circles were obtained using different speci- 
mens while the triangles were all obtained with a single 
sample. The triangle at the lower left was measured with 
the sample before heat treatment. The other triangles 
from left to right were obtained after heating the sample 
at 460°C for 1, 4 and 10 hours, respectively. This heat 
treatment increased the majority carrier concentration 
by more than an order of magnitude while leaving the 
concentration of 8 trapping centers substantially con- 
stant. The line drawn has a slope of two so that, within 
experimental error, the recombination rate is found to 
be proportional to the square of the majority carrier 
concentration. This is the same dependence found for 
the recombination rate of electrons in deep traps in 
p-type silicon (see Sec. I). It must, therefore, represent 
some general fundamental process. 

It has been suggested that this process is the inverse 
of an Auger-like process in which two slow electrons in 
the conduction band interact with one of the electrons 


*” F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 


OF MINORITY CARRIERS IN Si 


613 





1.9 
08 


06 


o4 

















0.0008 + +—--4 ‘ + + 


+ 
0 0006+ + + +— + , ; a | 
| } 

0 0004 + ¢ rt > t 
i 








| 

+ 

| 

| 

Ll 

a ae 
eo 86100 
x10! 








/ 

i i | | 

2 4 660 20 40 
ELECTRON CONCENTRATION IN CM™? 


0.0002 
i 


Fic. 10. Recombination rate for holes trapped in 8 traps as a 
function of majority carrier (electron) density. 


ending up in the trap, i.e., recombining with a hole, and 
the other is speeded up, conserving energy. 

The large spread in the points is to be expected since 
the carrier concentration was calculated from the aver- 
age conductivity of the sample. Consideration shows 
that samples having a nonuniform conductivity will 
produce data which are shifted downward and to the 
right from those obtained using uniform specimens. A 
few data are not shown. These were obtained with 
samples having time constants nearly two orders of 
magnitude larger than expected. This large difference 
cannot be explained on the basis of nonuniform conduc- 
tivity and it is, therefore, strong evidence for the pres- 
ence of another deep trapping level (y traps). 


Factors Effecting Trap Density 


Densities of a and 8 traps” usually lie in the range 
of 10" to 10" cm~* for material grown by the method of 
Teal and Little (crystal rotated while grown) and are 
approximately two orders of magnitude less for crystals 
grown in the same way but without rotation. Samples 
having the lowest trap density are those produced by 
the floating zone crystal growing technique of Theuerer 


* Most of the a-trap concentration data were obtained by R. G. 
Shulman 
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and Whelan.” One such sample has a §-trap density 
<2X10* cm“. Although samples having high §-trap 
density usually also have a large concentration of a 
traps, Shulman has found samples in which the a trap 
density was more than an order of magnitude less than 
our measured density of § traps. 

The # traps are sensitive to heat treatment. A re- 
duction in trap density of two orders of magnitude can 
be accomplished by heating a specimen to 800°C for a 
few seconds, and the original trap concentration can be 
restored by subsequent heating at 450°C for a few 
hours.” 

We have not found it possible, however, to introduce 
these traps by either bombarding with high energy 
particles or by bending, twisting, or compressing the 
material. Neither has it been possible to produce them 
by adding chemical impurities although a large section 
of the periodic table has been tried.” Accordingly, we 
know nothing more concerning the origin of 8 traps 
than we do of a traps, or the deep and shallow traps 
found in p-type silicon discussed in Part I. 
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APPENDIX: APPROXIMATE FORMULAS FOR USE 
IN MEASURING CAPTURE CROSS SECTIONS 


We are interested here in deriving simple, approxi- 
mate formulae which may be used in determining the 
capture cross section S of the a and 8 traps. These 
derivations are based in part on the experimental con- 
clusion that the rate of capture of holes in traps is small 
compared with their rate of capture in deathnium 
(normal recombination) centers. 

We start with the equations of trapping kinetics for 
a single kind of center as given in the Appendix of 
Part I: 


dp/dt=l—rp+ gpi— p(.N — pi)S?, (3) 
dp,/di= — gp tp (N — pi)Se. (4) 


Here p= the excess density of holes in the valence band, 
pi:= the excess density of holes in traps, r=1/r,= rate 


% H. C. Theuerer and J. M. Whelan, Trans. A.I.M.E. (to be 
published). These data have also been independently derived and 
described by Keck, Emis, Miiler, and others: P. H. Keck, Physica 
20, 1059(1954) ; R. Emis, Z. Naturforsch. 9A, 67 (1954) ; S. Miiller, 
Z. Naturforsch. 9B, 504 (1954) 

*® Hannay, Haynes, and Shulman, Phys. Rev. 96, 833(A) (1955) 

® This work was done in collaboration with N. B. Hannay and 
E. Buehler. 
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of recombination of excess holes in the valence band, 
g=1/r,= thermal rate of generation of holes from traps, 
S=cross section for capture of holes in traps, VN =den- 
sity of normally unfilled traps, »>=thermal velocity, 
l=rate of generation of electron-hole pairs per cm* by 
external light, and N.Sv=rate of trapping of holes when 
all traps are empty. 

Prior to ‘=0, let the specimen be in the dark and all 
traps empty (i.e., thermal equilibrium). For />0 let a 
light shine on the specimen such that a constant number 
1 of hole electron pairs is produced per cm® per sec. Near 
t=0, pi<KN, and it in addition g<N So, then 


po=l—(r+NS0)p, (5) 
Pi~NSop. (6) 

Integrating Eq. (5) gives 
p~{l/ (r+ NSv) [1 —exp(r+NSo)t]. (7) 


That is, in the order of time no longer than the recom- 
bination time 7,=1/r, the density of excess holes in the 
valence band increases to a value p=//(r+N Sv). The 
final steady state value of p from Eqs. (1) is p=//r. 
Thus if r>NSv, as is generally the case for n-type 
silicon, the density of holes in the valence band quickly 
rises essentially to its steady-state value and remains 
constant. 
We have then from Eq. (6) that 


Pro=N Sol/ (r+-N So), (8) 


so that if we measure the initial slope of the change in 
conductivity with time milliseconds to seconds after 
the light is turned on, and before p, becomes appreciable 
compared to .V, and also measure NV, r, and /, then S can 
be gotten directly from Eq. (8): 


S=rp,/No(l—p,). 


If r> NSv such that p does not change by more than 
say 10% after several lifetimes (7,), so that it may be 
known quite well, slightly more accurate values of S 
may be obtained by using Eqs. (3) and (4) rather than 
(5) and (6) for p;. For according to Eqs. (3) and (4), if 
p is constant, and we know that //(r+NSv) <p<l/r, 


PrN Sol/ (r+ NS0)— (g+pSv) pi. (9) 


By keeping p, small so that it never exceeds a few 
percent of V, then the measurement of the initial slope 
p, will give a reliable value of S unless g becomes large.” 
This can happen at high temperatures since g is increas- 
ing exponentially with 7, e.g., g« exp(—8200/7). As 
long as \ Sv is still much smaller than r, so that p is 
essentially constant, we can correct for this g-effect by 
adding to the measured initial slope the negative of the 
slope of the decay curve (obtained after the light is 
turned off) for the same value of ,, for this slope is 


* Both correction terms in Eq. (5), viz., (g¢+pSe)pi can be 
computed from the experimental data and applied if one desires. 
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just gp:. This is shown schematically in the right hand For the a traps, it is not necessary to measure / and r 
position of Fig. 5. It was necessary to make this correc- independently in order to obtain S, for their ratio can 
tion only at the highest temperature (62°C) at which be obtained directly from the oscillogram, Fig. 1, as 
the cross section of the @ traps was measured. described in the text. 
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Precipitation of Copper in Germanium 


R. A. LoGan 
Beil Telephone Laboratories, Murray Hill, New Jersey 
(Received June 27, 1955) 


The density of dislocations is shown to have a marked effect on the rate of anneal of copper in germanium, 
At 500°C samples containing high dislocation density (~10*/cm*) anneal in about 1 hour in contrast to 
material of low dislocation density (~10*/cm*) which requires about 24 hours, When copper-doped ger- 
manium is cooled from a high temperature in regions of high dislocation density, significant precipitation 
occurs in a cooling cycle of only a few seconds. In this case, in order to prevent precipitation the sample 


must be quenched from the high temperature in a time of the order of 0.1 second. 


INTRODUCTION 


HEN germanium is heated to high temperature 
without precaution to prevent chemical con- 
tamination, impurities diffuse into the crystal. Copper 
has an appreciable solubility and high diffusivity in 
germanium! and is generally the principal contaminant 
in most heating procedures. Copper is an acceptor in 
germanium with an energy level’ 0.04 ev above the 
valence band and a higher energy level’ near the center 
of the energy gap. 

When germanium is heated at a given temperature 
in the presence of copper at equilibrium, the concentra- 
tion of the solid solution is characteristic of the tem- 
perature only. Except for the temperature range near 
the melting point where retrograde solubility occurs,‘ 
the solubility increases with increasing temperature. 
Hence except for retrograde solubility effects, as soon 
as the temperature is lowered from this equilibrium 
temperature, the copper solution immediately becomes 
supersaturated; and the copper concentration, as in- 
ferred from resistivity measurements, will drop from the 
high-temperature value to that characteristic of the 
lower temperature. A study' of this annealing process 
with techniques using radioactive copper showed that 
the copper precipitated at various places in the crystal. 
The extent to which this copper precipitates depends 
mainly on the cooling cycle and the density of nuclea- 
tion sites. 

In the experiments reported here, it is shown that 
precipitation of copper is extremely rapid in regions of 


i Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev. 93, 
1182 (1954). 

2 F. J. Morin and J. P. Maita, Phys. Rev. 90, 337 (1953). 

* Burton, Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
(1953). 

4C. D. Thurmond and J. D. Struthers, J. Phys. Chem. 57, 831 
(1953). 


the crystal of high dislocation density (~10* disloca- 
tions/cm*). In such samples significant precipitation 
occurs in a few seconds, and in order to prevent pre- 
cipitation the sample must be quenched from the high 
temperature in a time of the order of 0.1 second. In 
addition, complete annealing at 500°C will occur in 
about 1 hour in contrast to a time of about 24 hours in 
material of low dislocation density (~10* disloca- 
tions/cm*). 

In these experiments, dislocations associated with 
plastic deformation are introduced into germanium by 
bending at high temperature. The copper solubility in 
these samples, determined from resistivity measure- 
ments, shows a marked dependence on the density of 
dislocations. In regions of high dislocation density 
(~10°/cm?*), the density of acceptors due to copper is 
much lower than in regions of low dislocation density 
(~10*/cm?). This phenomenon gives rise to an apparent 
decrease in copper solubility (as inferred from resistivity 
measurements) in regions of high dislocation density. 


EXPERIMENTAL PROCEDURE 


In these experiments, rods of dimension 0.06 in. 0.1 
in. X 1.0 in. were cut from a single crystal of germanium 
which had a room temperature resistivity of about 
0.8 ohm-cm, n-type. The rods were bent about the (111) 
crystal axis, without introducing chemical contamina- 
tion, by a method devised by Pearson.’ This method 
consists of (1) cleaning the rod,* (2) clamping it between 
molybdenum electrodes, (3) heating it by the joule heat 
developed by passing current through the rod, and (4) 
deforming the rod by bending at a high temperature 
(~800°C). The bent rods were then dipped in an 


§ Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 
*R. A. Logan, Phys. Rev. 91, 757 (1953). 
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aqueous solution of CuSO, and heated for 5 minutes at 
750°C to diffuse the copper into the crystal. At this 
temperature the diffusion constant of copper’ is 2.8 
X 10~* cm?/sec, and in 5 minutes copper will thus diffuse 
a mean distance of about 40 mils. 

The rods were then cleaned and heated in a furnace 
designed to heat and quench germanium.’ In this and 
subsequent heatings precautions were taken‘ so that no 
further chemical contamination was introduced into the 
samples. The heating cycle employed was as follows: 
The sample was heated to 900°C in 1 minute and was 
maintained at this temperature for 1 minute. The 
sample was then cooled by one of two possible cycles. 
In the first cycle the power to the furnace was simply 
shut off, and the sample cooled to 500°C in about 15 
seconds and to room temperature in about 2 minutes. 
In the other cycle the sample was quenched by dropping 
it out of the furnace into a bath of ethylene glycol. In 
the quench, it is estimated by considerations of heat 
conduction that the sample cooled to near room tem- 
perature in about 0.1 second. 

Two rods of germanium were bent to radii of curva- 
ture of 2.5 cm and 20 cm, introducing dislocation densi- 
ties of about 10’/cm? and 10*/cm?, respectively.* The 
rods were n-type with Np—N4~2X10"*/cm!’ so that 
acceptors associated with the added dislocations’ would 
have a negligible effect on Np— N 4. The rods were then 
cleaned* and heated to 900°C in the two-minute cycle 
as described above, followed by either a quench or a 
“slow” cool. 

Resistivity measurements were then made along the 
length of the rod by the 2-point probe technique, using 
points separated by 0.010 in. Resistivity readings were 
recorded at steps of 0.0052 in., so that a resistivity pro- 
file of the rod was obtained. The resistivity type (# or p) 
was determined from the sign of the thermoelectri 
voltage (thermal probe technique). 


RESULTS 


The resistivity profile of the rod bent to R= 2.5 cm is 
shown in Fig. 1. Curve (a) shows the resistivity profile 
obtained after heating the rod to 900°C followed by a 
“slow” cool. Curve (b) shows the profile of the same 
rod obtained after quenching from 900°C 

It is evident that after quenching, the resistivity 
along the rod is nearly uniform, and the impurity con 
centration deduced from the resistivity measurements 
varies less than 15% from the mean value. However, in 
the case of the “slow” cool there is a marked resistivity 
variation along the length of the rod, and the associated 
impurity concentration varies by more than an order of 
magnitude. It will be shown in a subsequent paper that 
no acceptors associated with defects are introduced by 

’ This furnace is very similar to that described in 6 

*W. T. Read, Jr., Dislocations in Crystals (McGraw Hill Book 
Company, Inc., New York, 1953), p. 38 
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the quench since the high dislocation density prevents 
the formation of these defects. 

From the resistivity measurements the increase in 
acceptor density can be calculated.’ In the region of 
maximum deformation more acceptors are found after 
quenching than after the “slow” cool. This effect is 
reversible in that heating to 900°C followed by either 
a quench or a “slow” cool will cause the acceptor 
density in the deformed region to cycle back and forth 
to the values characteristic of the quench and “slow” 
cool, respectively. This effect is presented in Fig. 2 
where a plot is made of the added acceptor concentra- 
tion measured after heat cycles which end with either 
a quench or “slow” cool. In this case, the room tem- 
perature resistivity was measured at the region of 
maximum deformation by the 2-point probe technique 
using points separated by 0.150 in. 

Studies of low-temperature annealing at 500°C in 
plastically deformed germanium indicate that again the 
dislocation density has a marked influence on the rate 
of copper precipitation. Figure 3(a) shows the resistivity 
profile of the rod bent plastically to an R= 20 cm. This 
rod was heated 5 min at 750°C in the presence of copper 
and cooled to room temperature in about 1 minute. The 
rod had an initial resistivity of 0.8 ohm-cm, n-type, and 
after bending and introducing copper into the crystal, 
the crystal remained n-type in the region of the deforma- 
tion. The ends of the rod which were held by the clamp 
type electrodes used to support the rod while bending 
remained cool and hence undeformed during the bend- 
ing. In these regions of low dislocation density the rod 
converted to low resistivity, p-type. 

This rod annealed at 500°C 
furnace in an H, atmosphere. The heating was inter- 


was in a nichrome 
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Fic. 1. Curve (a) is a plot of 2-point probe resistivity measure- 
ments along the copper doped bent rod (R= 2.5 cm after heating 
to 900°C and “slow” cooling to 500°C in about 15 sec; to room 
temperature in about 2 min. Curve (b) shows 2-point probe 
resistivity measurements along the same rod after heating to 
900°C and quenching in about 0.1 sec. 


*M. B. Prince, Phys. Rev. 92, 681 (1953). 
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rupted after 5, 20, and 60 minutes, and room tempera- 
ture resistivity profiles were obtained. These are shown 
in Figs. 3(b), 3(c), and 3(d), respectively. Two features 
of this anneal are noteworthy. In the region of maximum 
dislocation density (~10*/cm*), essentially complete 
anneal has occurred in about 1 hour, whereas in the un- 
deformed region, little annealing has occurred in this 
time. Secondly, although it is not understood, it is evi- 
dent that in the first few minutes of anneal, more 
acceptors are present in the deformed region than at the 
beginning of the anneal. 


DISCUSSION AND CONCLUSIONS 


The results presented above show that the rate of pre- 
cipitation of copper in germanium is increased markedly 
in the presence of large dislocation density. Although the 
actual mechanism of precipitation was not ascertained, 
it seems reasonable that copper atoms become attached 
to dislocations and act as centers of nucleation for 





Fic. 2. The added acceptor concentration in the copper doped 
bent rods plotted after successive heat cycles as follows: 1, 3, and 5 

heated to 900°C and cooled to 500°C in 15 sec; to room tempera- 
ture in about 2 min. 2 and 4—heated to 900°C and quenched in 
about 0.1 sec. 


precipitation of other copper atoms. The rate of anneal 
would also be markedly increased if copper atoms dif- 
fused along dislocations much faster than they diffuse 
in the pure crystal. 

These results suggest an explanation to some early 
experiments on annealing of copper in germanium. It 
was observed” that specimens obtained from multi- 
crystalline cast ingots annealed much faster than speci- 
mens of equal resistivity obtained from single crystals 
grown by conventional crystal-pulling techniques. For 
example at 500°C about 20 hours was required to 
anneal the single-crystal specimens whereas specimens 
from the cast ingots would anneal to the same extent 
in about 1 hour. The multicrystalline ingot would be 
expected to contain high dislocation density due to the 
strains introduced on freezing. In addition, the imper- 


” C. S. Fuller (private communication). 
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Fic. 3. Resistivity profiles of the copper doped bent rod 
(R= 20 cm) showing stages of anneal at 500°C. 


fections associated with the grain boundaries in these 
ingots might also stimulate precipitation. 

In the determination of copper solubility using re- 
sistivity measurements, a considerable variation in ac- 
ceptor concentration is encountered from sample to 
sample at any given temperature.’ It is quite reasonable 
to suppose that this variation may be largely due to 
precipitation during the cooling cycle. This point of 
view is supported by the results obtained with radio- 
active copper,' which measures the total amount of 
copper in the crystal, including that which precipitates 
as the crystal is cooled from the high temperature. 
Solubilities determined by radioactivity have been in 
general higher than those deduced from resistivity 
measurement. 

As shown in Fig. 3, a copper-doped sample containing 
10° dislocations/cm? annealed completely in about 1 
hour at 500°C. However, in the first few minutes of the 
anneal the acceptor concentration actually increases 
before the rapid decrease due to precipitation became 
the dominant effect. This process, which is not under- 
stood, is very similar to that observed by Mayburg" 
in his studies of the annealing of quenched germanium 
at 500°C. 
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Plasma Resonance in Crystals: Observations and Theory* 
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Observations are reported of an electron plasma resonance absorption line in a magnetic field in an 
n-type crystal of InSb at 9000 and 24.000 Mc/sec and at 4° and 77°K. The magnitude of the plasma fre- 
quency and its dependence on rf frequency and on the orientation of the figure axis of the specimen relative 
to the static magnetic field are in approximate agreement with the elementary theory of the plasma resonance 
developed previously by the authors. The line shape is discussed for experiments carried out under conditions 
of carrier modulation and magnetic field modulation. A theoretical discussion is given of the effects of 
specimen shape and of the possibility of detection of minority carrier cyclotron resonance in the presence 
of a majority carrier plasma. Eddy current effects are discussed, with reference to the possibility of the 
detection of cyclotron resonance in metals and semimetals. 





E have observed an electron plasma resonance 

line in a magnetic field in an n-type indium 
antimonide crystal at microwave frequencies at 4°K 
and 77°K. Plasma magnetic resonance effects as first 
observed were discussed and reported briefly by the 
present authors' in a paper on cyclotron resonance in 
silicon and germanium. In the present paper, we extend 
the theory in several directions and report the experi- 
mental observations in detail. We employ a classical 
drift-velocity treatment; the results can be extended 
easily, if required, by using the Boltzmann equation. 
We believe that the most serious shortcoming of the 
present treatment is the absence of any treatment of 
conditions near the surface of the specimen; our dis- 
cussion is not expected to be valid when either the 
smallest dimension of the specimen or the skin depth 
is comparable with the carrier mean free path or the 
radius of the motion. 


I. THEORETICAL 


We first review the general nature of a plasma reso- 
nance in a magnetic field. This is a simple extension of 
standard magneto-ionic theory. We consider a sphe- 
roidal particle of a crystalline material of dielectric 
constant ¢ with V conduction electrons per unit volume, 
the electrons having an isotropic effective mass m* and 
an isotropic collision or relaxation frequency p (= 7~"). 
We treat in the present paper only an isotropic effective 
mass; the electron mass in InSb is known to be iso- 
tropic. The particle is placed in a uniform external rf 
electric field E perpendicular to the figure or z-axis of 
the spheroid. The dimensions of the particle are assumed 
to be small in comparison with the skin depth and the 
wavelength of the radiation. A static magnetic field H 
is applied parallel to the z-axis. The equation of motion 
of the average or drift velocity of the conduction 


* This work has been supported in part by the Office of Naval 
Research and the U. S. Signal Corps 

' Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

* Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955) 


electrons is given by 
m* (dv/dt+-pv) =e(E—LP)+ (e/c)vXH, (1) 


where L is the depolarization factor (analogous to the 
demagnetization factor) normal to the figure axis of 
the specimen, and P is the dielectric polarization. The 
term — LP gives the depolarizing electric field associated 
with the dielectric polarization of the system. We 
neglect the questionable contribution of a Lorentz or 
cavity contribution to the local field acting on a carrier; 
we also neglect the effect of charges induced in the 
cavity walls by the polarization of the specimen. If x is 
the dielectric susceptibility per unit volume of the host 
crystal, exclusive of carriers, we have for the effective 
internal electric field acting on the carriers 


E.u= E—LP=E—L(xE.g+Ner), (2) 


where N is the conduction electron concentration, and 
r is the vector from the center of charge of the ionized 
donor atoms in the crystal to the center of charge of 
the conduction electrons. From Eq. (2), we have 


E.n= (E—LNer)/(1+Lx). (3) 
Introducing the notation 
E,;= E/(1+-Lyx), 
L;=L/(1+ Lx), 
the effective internal electric field becomes 
Eoee= E,— LiNer. 


The equation of motion in the xy-plane (normal to 
the figure axis) may be written 


fr dr LiNé@ edr 
m'(— +e—+— 1) =¢Est -— XH. 
d@ dt = m* c dt 
The depolarization effect is equivalent to a harmonic 


restoring force, of force constant L,Ne*. If Ey~e*, the 
equation of motion becomes 


(—a*+w,?+ iwp)r= (e/m*) E;+iorXo., (8) 
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where o,=eH/m*c, or 


(io’ +p) v= (e/m*) E.+vXe-, (9) 
where 


w= (LiNet/m*)i=[LNE/m*(1+Ly)}! (10) 


is the plasma frequency. We see that the influence of 
the plasma depolarization may be taken into account 
by substituting w’=w—w,’w" in place of w in the 
integrated equations of motion. 
A plot of w, as a function of the depolarization factor 
L and of the axial ratio of a spheroid is given in Fig. 1, 
taking for convenience x=1 which corresponds to 
e= 13.6, a value not unrepresentative of several classes 
of semiconductors. The shape dependence of the plasma 
frequency for this value of the dielectric susceptibility 
is not very marked, except for quite flat geometries. 
The rate of energy dissipation per unit volume is 
given by 
@=} Rel E- (dP*/dt) }. (11) 
Now 
P= x E.nt+-Ner, (12) 


or, using Eq. (3), 
dP wx 


dt 1+Lyx 


—Nev. 


+ . 
1+Lx 


If a tensor conductivity component, ¢,, is defined in 
terms of the solution of Eq. (9) by 


O22= Nev,/E,;*, 
we have, for the applied electric field in the x-direction, 
} Ee 2 


P=— Re(o,z)=}|E# 
(1+Lx)? 


? Re(o,.). (13) 


The same expression is obtained on calculating @ as 
} Re(E;-j*), where j is the current density. We may 
note that w,’= L,op, where p is the relaxation frequency. 
The real part og of the conductivity ¢,, is given by 
oR I+: y?+y2 


— (14) 
a (1 rer: =~ - '2)24-4y? 
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Fic. 1. Plasma frequency /,=w,/2x for m*=0.0im, x=1, and 
N=10" carriers/cm’, calculated as a function of depolarization 
factor L,. 


where 
oo= Ne*r/m* ; 
V=WT; Vy=WyT; 
ve=wer= (eH /m*c)r; 
ty-! 


v= (w—w,2w) r= v— ve 


The variation of og with the ratio of plasma frequency 
to experimental frequency is plotted in Fig. 2 for 
several values of the line sharpness parameter wr= ». 
When w,=w the conductivity is a maximum and equal 
to the value at zero frequency. In the absence of plasma 
effects (w,=0) the rf conductivity is lower than the dc 
conductivity, as is well known. When the plasma 
frequency is much greater than the experimental fre- 
quency (w,>w), the electron motion is stiffened by the 
plasma effects, and the conductivity is reduced; to the 
limit ¢g=w*/LZoo. In this limit the resonance frequency 
is independent of the effective mass and is wL,Nec/H. 
The reduction in rf losses at high conductivities was 
pointed out in connection with some earlier experi- 
mental observations.* 

We should note that plasma effects may be expected 
to have an important influence on microwave conduc- 
tivity measurements on semiconductors, In such experi- 
ments the geometry is usually planned with the hope 
that the wave guide or cavity walls will act effectively 
to short-circuit the depolarization fields, so plasma 
effects may be neglected (L=0). It has not been 
demonstrated theoretically or experimentally to our 
knowledge that the assumption J =0 is sufficiently valid 
for all of the diverse experimental arrangements which 
have been employed. We suggest it is possible that 
plasma effects may be responsible in part for the 
discrepant results reported by various observers for the 
microwave conductivity of germanium. 

The development of a magnetoplasma resonance 
from a cyclotron resonance as the carrier concentration 
(plasma frequency) is increased is illustrated in Fig. 3, 
where the conductivity is plotted against the magnetic 
field intensity, both in normalized units. The relaxation 
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Fic. 2. Calculated variation of og in zero magnetic field, as a 
function of (»,*/y*) = (w,?/w*), for several values of y=wr. 


s Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 
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Fic. 3. Development of magnetoplasma resonance; theoretical 
plot of effective conductivity og vs w,./w=»./v for »=1 and 
several values of rv, 


time is kept constant with y=1. At zero plasma fre- 
quency we have the curve v’=» for which a cyclotron 
resonance is just resolved For v,=v we have the trans- 
ition curve v’=0 which is of the form of an ordinary 
de magnetoresistance effect. For y,=2v we have the 
curve y’ 3v which exhibits a distinct magnetoplasma 
resonance, 

The striking consequences for the magnetoplasma 
resonance of a decrease in the experimental frequency 
are shown by Fig. 4. The two curves are drawn for a 
constant relaxation time and constant plasma fre- 
quency (v,=2), but for two experimental frequencies 
v=1.0and y=0.5. It is seen that a reduction in frequency 
by a factor of two almost doubles the actual value of 
the field for which the maximum of the 
magnetoplasma resonance occurs. 

It is sometimes convenient to work with the compo- 
nents of the conductivity tensor. We write 


magnetic 


le Orel stO2,F,; ly Oysl z+ Cyyl y- (15) 


For the problem considered above, 


(=) iw’ +p 

led  _ Co : 

_ ve * ° ys si a’ 

m iw’ +pP+w 
Né We 

O sy Cys ap 7 (17) 
m* J (iw'+p)?+w2 


The off-diagonal components satisfy the reciprocity 


(16) 


relation 
O2y(H)=0,2(—H). 


The tensor formulation is useful particularly in treat- 
ments of the nonreciprocal circuit properties of semi- 
conductor devices. It is possible, for example, to utilize 
the cyclotron or magnetoplasma resonance effects in a 
semiconductor gyrator. 


Elliptical Cross Section 


If the depolarization factors L*, L* in the xy plane 
the plane of the cyclotron motion—are not equal, we 
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are to replace L,; in Eq. (10) for the plasma frequency 
by an appropriate function. We have 


Euu?= (E*—L*Nex)/(1+L*x); 
Eut’= (E¥— L*Ney)/(14+L). 


(18) 


The determinantal equation for free undamped oscil- 
lations is 


i(w—wys*w") —We 
; =(, (19) 
We i(w—wy,7w") | 
so resonance occurs when 
we= (w—wy fw") (w—wp,?w) = ww, ’, (20) 


where wy/?=LNe/m*; w,7=LY#Ne/m*; Le=L*/ 


(1+L*x); Lw=L4/(1+L%). When w,,’, wp,?>u’*, we 
have 
(21) 


WE (Wyte p/w) = (LAL*)NE/m*a, 


so when plasma effects are dominant the magnetic field 
for magnetoplasma resonance is determined by the 
square root of the product of the effective depolarization 
factors L,*, L,”. 

If one depolarization factor, say L,*, is zero, the 
apparent cyclotron frequency is given by w?=«*—w,,’. 
This shows that when one of the plasma frequencies 
(wyy) is small, a resonance may only be obtained when 
the other (w,,) is also small, in order that w may be 
larger than w,,’. 

Minority Carriers 

We wish now to study the behavior of a low concen- 
tration NV, of minority carriers (which, for example, 
may be injected optically) in the presence of a high 
concentration N, (w,w) of majority carriers 4. In 
particular, we wish to determine the effect of the 
majority carriers on the cyclotron resonance of the 
minority carriers. In our work on cyclotron resonance 
in indium antimonide we observed the cyclotron reso- 
nance of a low concentration (possibly 10*— 10° carriers/ 
cm’) of high-mobility electrons and holes produced by 
optical excitation against the background of a relatively 
high concentration (~4X 10" per cm*) of low-mobility 
holes, presumably in an impurity band.‘ The present 
calculation examines the possible interaction effects in 
such a system. 

The effective electric field is 


Euge= (E—LNyer,)/(1+Lx), 


if we neglect the contribution of the minority carriers. 
The equations of motion are 


(22) 


(iw+p,)v,= (e/m,*) E,+i(my*/m,*) (w,?/w) va 
+¥,X@e.; (23) 
(24) 


4H J. Hrostowski (private communication) ; H. Fritzsche and 
K. Lark-Horovitz (private communication). We are indebted to 
all three workers for helpful communication of their unpublished 
results. 


( tw+ pr) vA= (e ‘m,*) E, +i(w,? /a3) Vat Vi X ea, 

















where w,*= LN ,e*/m,*. We note that in our approxi- 
mation the motion of the majority carriers is inde- 
pendent of the motion of the minority carriers. Thus, 
if E is in the x-direction, 


(e/my*) E;* (ico + pr) 








Tas= - > (25) 
(ico’ + pr)? +-wer? 
(e/m*)E Pwr 
ig? (26) 
(ieo’ + pr)? +wer? 
¢ In this degree of generality, the equations of motion 


for the minority carriers are rather tedious and unre- 
vealing. We examine first the equations in the approxi- 
mation w.a<p,, w’; that is, magnetic effects on the 
majority carriers are neglected. We have 





lw,” 
Girt pretty (Ee/me)| 1+ — p _ i (27) 
iw’ +pr)w 
(to + Ps) Vey t+ Wes?s2=0; (28) 
so fe . 
Yes e (iw+pr) (itp) 
—= —~) — ———— ——-, (29) 
E?# m,*/ [ (iw ps)? + wes? |(iw’ + pn) 
The total current density is 
je= N €0s2t+N rene. (30) 
If we set 
Nye?/m,* 
ori+101,= en (31) 
io’ +pr 
(N,e/m,*)(iwt+p,) 
cnstrtntcement neat (32) 
(iw+p,)*+-wes? 
we have for the total conductivity o(= j,/E,*): 
. . iwotPn 
o=oRrat+1lonmt (ox.+i07,)- eee gol (33) 
iw’ + pr 


so the power dissipation associated with the minority 
carriers is determined by 


o Rs (ww' +pr*)+-07,(w' —w) pr 


ReAc= Re(a—ap,)=- ~ (34) 
w+ p,? 
If plasma effects are dominant 
ReAc= —cpr,(w/w,)’. (35) 


If the relaxation frequency of the majority carriers is 
dominant, 


ReAc=cnr,. (36) 


In intermediate situations the power dissipation by the 
minority carriers may contain a mixture of absorptive 
(or.) and dispersive (¢7,) components. In the p-type 
indium antimonide crystal produced by the Bell Tele- 
phone Laboratories and used for our cyclotron reso- 
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Fic. 4. Calculated effect of reducing experimental frequency 
by a factor of two. Plot of conductivity 95 w./#=»,./» for r= 1.0 
and »=0.5, keeping »,= 2. 


nance work, we have approximately, at 4°K, V,=4 
X 10"/cm® and p,»~ 2X 10" sec as calculated from the 
conductivity ¢,=4X10~ (ohm-cm)~ and an effective 
mass® of m; taking L;~1, we have w,,~3X10" sec. 
We see therefore that at the experimental frequency 
w= 1.510" the relaxation frequency may be dominant 
in this specimen, and the energy absorption by minority 
carriers probably is not affected by the presence of 
the majority carriers. 


Cyclotron and Plasma Resonance Under Eddy 
Current Conditions 


We calculate now the magnetic field dependence of 
the rate of energy absorption in an infinite slab of 
material thick in comparison with the rf skin depth.® 
Our primary interest is in the shape of the absorption 
line under eddy current conditions. We assume explicitly 
that the carrier mean free path is small in comparison 
with the skin depth. This assumption limits the region 
of validity of the treatment to moderately low carrier 
concentrations. Two geometries are of interest, one 
with the static magnetic field parallel to the plane of 
the slab and the second with the magnetic field normal 
to the plane. We take the plane of the slab to be the 
xy plane. The results suggest that under eddy current 
conditions and the above assumptions it is not possible 
to obtain a distinctive cyclotron resonance line. With 
carriers produced by optical absorption it should be 
possible to get around the difficulty for the perpendic- 
ular geometry if the injected carriers can be localized 
in the surface region of the specimen, as by recombi- 
nation. a 


Parallel Geometry 


The static magnetic field is in the y-direction. The 
equations to be solved are the cyclotron equations (15) 
through (17), and the wave equation in a conducting 


* The effective mass should be that of holes in the impurity 
band; we have taken this as m in complete ignorance of what to 
do. It may be that a much higher mass is applicable; in the limit 
of high mass the majority carriers will have little effect on the 
cyclotron resonance of the minority carriers. 

* See also B. Donovan and E. H. Sondheimer, Proc. Phys. Soc. 
(London) A66, 849 (1953). 
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iG. 5. Calculated power absorption vs magnetic field intensity 


under eddy current conditions with H parallel to the surface 


medium 
4r 0) « PE 
= aa 


4 


(37) 
eat Cc Fr 

The right-hand side of this equation is zero for the z 

component. We assume E, has a solution of the form 
eX«t-*- the wave equation gives us 
4rwo 


(38) 


With the appropriate restrictions this expression gives 
the usual low frequency eddy current result. 


The electromagnetic behavior of the material is 
described conveniently by the intrinsic surface im- 
pedance 

E, w EE, w 
Z 39) 
Hy | so c OE,/d: ck 
The rate of energy loss per unit area is 
S= (c/8r) | H,|* Re(Z), (40) 


from the Poynting vector. If we may neglect «*/¢c in 
(38), as is often justified, we have that the shape of 
the absorption line is determined by 


’ 


or’ +o7)'+e,7}' 
Re(Z) « Re(t/a)! 41) 
2(on*+0;*) 
where 
C=CoRrt+ Ww, (42) 


The unusual line shape is shown in Fig. 5 for a pure 
cyclotron resonance, with no specific plasma effects 
that is, the ratio of the skin depth to the breadth of 
the specimen is taken to be vanishingly small. There is 
no recognizable cyclotron resonance line 
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Perpendicular Geometry 


The static magnetic field is in the z-direction. From 
the electromagnetic wave equation 
—RE,=1i(49w/c*)(cE,+-02,E,y)— (e’/C)Ez; , 
; _ (43) 
— RPE, =1(49w/c*) (oyzE,t+oE,)— (ew/C)Ey. 


We obtain & from the following determinantal equation, 
where p=4rw/c*: 


ew" ; 
F+ipo—— PO zy 
ce 
=(), (44) 
ew” 
— ipo sy k’+ipa— 
2 
SO 
k? = (ew*/c*)—ipot pory, (45) 
and 
E,=+iE,. (46) 


If we enforce the condition that the radiation field 
at the surface shall be linearly polarized, the field 
components are given by 

E,=}Eo(e*##e-*) ; 
(47) 


iE y= 4Eo(e *+4#—e—*-*), 


Thus, H,= (ic/w)(0E,/dy) = (c/2w)Eo(ky+k_) at the 


surface, and, neglecting ew*/c’, 


{ iw \! 
Re(Z) « Re ( ) 
4rra6 


(1+- iw’ r—iw.r)!(1+iw’r+iw,7)! 
x . (48) 


(14-tw’r—iw.r)!+ (1+iw’r+iw,7)! 
A plot of the power absorption as a function of the 
magnetic field intensity is given in Fig. 6. There is no 
recognizable cyclotron resonance line. 
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Fic. 6. Calculated power absorption »s magnetic field intensity 
under eddy current conditions with H normal to the surface. 
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Line Shape 


It is often convenient in microwave resonance experi- 
ments to present as the output signal the modulated 
component of the rf power absorption in the specimen. 
The modulation in our experiments may be produced 
by modulating the carrier concentration,’ which may 
be accomplished conveniently by modulating a light 
source which produces internal photoelectrons in the 
specimen, or by modulating the magnetic field intensity, 
a standard method in electron and nuclear spin reso- 
nance experiments. 

In carrier modulation, the signal S is proportional to 
dor/IN, where ce is given by Eq. (14) and N is the 
carrier concentration. We find that 


do 
S« Re o—~ — -=] (49) 
v dv’ 
or 
1+i7 _ivy'Lvd— (1+iv')*] 
S« Re e| —— ; 50) 
(1+ir’)? +2 oe (1+iv’)P 
If »'>v 
1+v2—y” 
S« | — ; 
(14-2 24 4y’2 
(i+y— v) 
+8y"v? | (51) 
c( 1+y?—y2 224-4y ny 
and the phase of the signal changes when 
ye=y"?—1, (52) 


A plot of calculated line shapes is given in Fig. 7, in 
the approximation »’>yv. The line shapes are quite 
distinctive and are somewhat reminiscent of the shapes 
of ordinary spin resonance absorption lines under eddy 
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Fic. 7. Plot of theoretical line shape 2s magnetic field when the 
carrier concentration is modulated and the detected signal is the 
modulated component of the power absorption. The plot is for 
the limiting case r<v,, so vr’ = —v,?/yv. 





7 A. F. Kip, Physica 20, 813 (1954). 
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Fic. 8. Plot of theoretical line shape vs magnetic field when 
the magnetic field is modulated and the detected signal is the 
modulated component of the power absorption. 


current conditions. We note that if plasma effects may 
be neglected the signal is simply of the form of og, an 
absorption shape. It should therefore be possible to 
distinguish in most instances plasma resonances from 
cyclotron resonances by the line shape. 

With magnetic field modulation the signal S is of the 
form 

S« don/dH, (53) 
or 
(1. +r2— vv? ( ve! _ ¥") 


Say - 
ra = yi y 2+497P 


(54) 


The calculated line shapes are plotted in Fig. 8; it is 
seen that the lines tend to be more antisymmetric 
about the resonance frequency than was true with 
carrier modulation. 


II. EXPERIMENTAL RESULTS 


Although the plasma resonance absorption line is in 
general relatively strong, it is not entirely a trivial 
matter to arrange to observe the resonance experi- 
mentally. It is not convenient to sweep in frequency 
over a wide range, so we have preferred to use a mag- 
netic field to sweep the plasma frequency through the 
experimental frequency. It is desirable to use a crystal 
in which the carrier concentration is independent of 
temperature,*® so the heating or ionization effects of the 
microwave field will not change the carrier concentra- 
tion. We were fortunate enough to obtain from the 
Battelle Memorial Institute, through the kindness of 
Dr. A. C. Beer, an n-type indium antimonide crystal 
which is very well suited to our purpose. The crystal is 
described by Dr. Beer as having an average extrinsic 
carrier density of 1.410% cm; we are inclined to 
believe on the basis of our plasma measurements that 
the fragment used in our work actually had a carrier 
density of (0.5+-0.2) 10" cm. The electron density 
at somewhat higher concentrations in n-InSb is_known 


* There is some interest in experiments on materials in which 
the carrier concentration can be varied by varying the temipera- 
ture, and our original observation of a plasma resonance in 
germanium was made in this way, but we have not used the 
method in a systematic way. 
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Fic. 9. Experimental plasma resonance absorption signals 


tained with carrier modulation in a thin disk of n-type InSb at 
77°K. at 9000 Mc/sec 24000 Mc’ se as indicated The 
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agnetic field or parallel to the plane 


and 
is directed norma! 

k in separate runs. The broken lines connect the curves 
9000 oersteds with single terminal points determined at 
The resonance condition is determined approxi 
rossover points 


to be independent of temperature® between the temper- 


atures of liquid helium and liquid nitrogen. In our 


sample the plasma frequency did not appear to shift 
between these two temperatures, so we believe with 


some confidence that the electron concentration is 


. : 
indeed approximately constant 


it X-band at 77°K it 


tion, however 


1 
At high rf power levels 
appeared to be possible to alter 
the carrier concentra 

It is 
effective mass correspond approximately to a convenient 
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desired that the concentration and 


Carrier 


experimental 
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the properties ol 
que ncy 
reasonable laboratory magnetic field acting on the light 


close enough microwave range, so a 
effective mass of the carrier makes possible measure- 
ments at both X-band and K-band. It is also necessary 
that the relaxation time of the carriers be long enough 
vermit the resonance to be resolved distinctly. The 
at 80°K is reported to 
Taking the effective 
mass pm* / e410 
sec. As at K-band we obtained plasma resonance at a 
cyclotron angular frequency of about 4X10" radians 


oO} 
mobility 


be about 500000 cm 


measured at Battelle 
voit-set 


to be m* =0.013m. we have r 


sec, we should expect a resolution w,7 of about 16, more 
than adequate. The actual resolution was only about 2 


‘lieve that the actual resolution is probably limited 
by unavoidable irregularities in the shape of the test 
specimen. The fact that the resolution did not improve 


on moving to X-band" supports our opinion 


*H. J. Hrostowski (private communication 
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It is required further that the thickness of the 
specimen be less than the rf skin depth. Based on the 
reported mobility 4=5X 10° cm*/volt-sec and carrier 
concentration V = 1.4 10" cm, we calculate that the 
skin depth at K-band is about 0.1 mm. The value may 
be raised to 0.2 mm if the correct NV should be 0.5X 10" 
cm~*, The skin depth is too small, taken in combination 
with the poor mechanical properties of the material, 
for us to fabricate easily a suitable well-formed sphe- 
roidal test specimen. Through persistent efforts, Dr. 
Lawrence Hadley was able to isolate an irregular disk 
roughly 0.4 mmX0.4 mm X0.1 mm. This specimen was 
good enough to enable us to confirm approximately the 
principal predictions of the magnetoplasma theory, but 
we can claim none of the high accuracy and reproduci- 
bility often associated with other types of resonance 
experiments. We also checked qualitatively the general 
features of the results using a second specimen in the 
form of a short thin needle, making runs at 77°K and 
4°K, with no significant differences at the two temper- 
atures. 

The experimental absorption curves obtained with 
the disk-like specimen are plotted in Fig. 9, for runs 
taken at 77°K under carrier (light) modulation.” The 
observed curves show the general features of the calcu- 
lated curves, Fig. 7, but seem to be smudged out as 
might be expected if the depolarization factors vary 
somewhat from point to point within the irregular 
specimen. The resonance field at 24 000 Mc/sec for the 
norma! field orientation is apparently near 2500 oersteds, 
as compared with 3500 oersteds in the parallel field 
orientation. 

We note that in our specimen the effect of the plasma 


may be described as shifting the position of the cyclo- 
i 


tron resonance to higher magnetic fields; the shift is 
by a factor of 20 or more at K-band and 200 or more 
at X-band. 

The ratio of 0.7 between the two orientations is in 
approximate agreement with the ratio calculated using 
Eq. (21 
of the specimen. 

(L./4r)=0.15; 


dielectric constant 


and the approximate axial dimensions a, 8, c 
We have (L,/4r)=0.70; (L,/4r) 

further, taking the 
of InSb as 14, 


I e 0.64. 


the value of 


so the calculated ratio of resonance fields is 


H H 


0.64/1 (0.64) (0.87 0.86, (56 


with an appreciable range of error because of the 
uncertain depolarization factors of the specimen. The 
thickness actually varies between 0.07 and 0.12 mm; 

The experimental methods employed were similar in general 
to those described in reference 1; in the plasma work some 
difficulty is caused by the high loss of the specimen 

“8 Avery, Goodwin, Lawson, and Moss, Proc. Phys. Soc 
London) B67, 761 (1954 Dr. Beer has called our attention to 
several unpublished results suggesting that the dielectric constant 
may be close to 17. If we use this value, Eq. (58) would give VN 
c lose to 0 5 10 ‘cm . whic h might be im reased to 0.6X% 10 ‘ cm J 
by the consideration which follows Eq. (58 
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further, the injected carriers may not cover the specimen 
uniformly. The observed resonance field ratio 0.7 is 
somewhat low. 

We shall now estimate the carrier concentration V 
from the K-band data in the normal field orientation. 
The approximate resonance condition is, from Eq. (14), 


—wo w= LNe/m*. (57) 


Here w=1.5X10" radians/sec; w.=eH/m*c=3X 10" 


radians/sec for H=2500 oersteds and m*=0.013m: 
and L,*=0.64 from Eq. (55). Thus 
N=m* wwo,/Le=0.4X 10" cm, (58) 


as compared with the electron concentration of 1.4 10" 
cm~ reported by Dr. Beer for a part of the crystal as 
grown. We do not believe the discrepancy necessarily 
is significant in view of the distribution in impurity 
concentration known to occur in other semiconductor 
crystals. The anisotropy discrepancy suggests that we 
have overestimated 1,*, and a correction for this would 
make the observed V0.5 X10" cm~* 

Experimental results are shown in Fig. 10 for a 
second specimen which had a better geometry than 
that used in Fig. 9; the improvement in resolution is 
evident. 

It is a remarkable feature of the plasma resonance 
condition (57) that the resonance moves to higher 
magnetic fields as the frequency is lowered. The fre- 
quency ratio 9000 Mc/sec/24 000 Mc/sec is 1/2.7; the 
corresponding resonance field ratio is expected to be 2.7. 
The observed increase on going from K-band to X-band 
is from 2500 oersteds to 6200 oersteds in the perpen- 
dicular orientation, a factor of 2.5. In the parallel 
orientation the results are less reliable because of 
limitations on the available magnetic field, but the 
corresponding factor appears to be about 2.9. The 
effects of frequency are thus in general agreement with 
expectation. 

Ill. SUMMARY 

We have given an elementary and simplified theory 
of plasma resonance in a magnetic field in semiconductor 
crystals for carriers having a single isotropic effective 
mass. The dependence of the magnetic field at resonance 
on microwave frequency, specimen shape and orienta- 
tion, and carrier concentration has been confirmed 
approximately by observations on conduction electrons 
in indium antimonide. The plasma effect, apart from 
any intrinsic interest, is important in the interpretation 
of cyclotron resonance experiments at high carrier con- 
centrations; that is, at concentrations over perhaps 10” 
cm~*. It remains to be seen whether the depolarizing 
electric fields which give rise to the plasma frequency 
can be short-circuited by suitable contact between the 
specimen and the walls of the resonant cavity. It may 
not be possible to carry out cyclotron resonance experi- 
ments at high carrier densities unless the plasma 
frequency can be suppressed. In normal metals the 
plasma frequency for L=4- is in the near ultraviolet 


spectral region. 
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Fic. 10. Experimental plasma resonance absorption signal 
obtained with carrier modulation in a thin ecenenien waadl 

(a=0.04 cm, b=0.026 cm, and c=0.008 cm) of n-type ns. = 
77°K and 24000 mc. The ‘magnetic field is along the c-axis. The 
position of the resonance corresponds to an electron charge 
concentration of ~0.8X 10"/cm*. The width indicates an apparent 
relaxation time of about wer. The improvement in resolution 
with respect to the curves shown in Fig. 9 is attributed to the 
smoother geometry of the present specimen. 


It may be possible that the properties of the electron 
plasma in indium antimonide may find application in 
oscillators in the millimeter and submillimeter region. 
It is relatively easy to obtain a pure plasma resonance 
in this region, and the Q of the resonance may be of 
the order of 50 to 100 at liquid nitrogen temperature. 
The oscillator might be tuned by means of a magnetic 
field. 

Apart from the overriding importance of depolarizing 
fields in metals, we note from the calculations presented 
above that the specimen must, regardless of carrier 
concentration, be thinner than a skin depth if the plot 
of power absorption vs magnetic field is to exhibit a 
resonance maximum. This point is not considered cor- 
rectly in Dingle’s discussion“ of diamagnetic resonance 
in metals, and we have at present no reason to believe 
that resonance absorption can occur under the condi- 
tions envisaged in his paper. This remark also applies 
to the reference by Dorfman" to cyclotron resonance 
in metals. 
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the measurements. The crystal of indium antimonide 
used in the work was supplied by the Battelle Memorial 
Institute through the kindness of Dr. A. C. Beer. It 
was developed as part of contractual work undertaken 
for Wright Air Development Center, U. S. Air Force. 
Dr. Lawrence Hadley, on leave from Dartmouth Col- 
lege, kindly undertook the difficult preparation of the 
specimen. We wish also to thank Mr. R. Behringer for 
checking the manuscript. We wish to thank Professor 
L. B. Loeb and Dr. D. Judd for helpful conversations. 





“R. B. Dingle, Proc. Roy. Soc. (London) A212, 38 (1952); 


Phys: Rev. 96, $80 (1985). 
J. G. Dorfman Deiiedy Ab Akad. Nauk (S.S.S.R.) 81, 765 
(1951); Phys. Rev. ev. 96,81 704 1954 
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Superconductivity of Zirconium Alloys 
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The superconducting transition temperatures of alloys between zirconium and VIIIth column elements are 
substantially higher than those of zirconium. The same is true for zirconium-gold alloys. This observation 
confirms a rule previously established about the height of transition temperatures. 








I. INTRODUCTION 


T has been shown previously’ that a maximum in 

superconducting transition temperatures occurs for 
those elements, compounds and alloys which have an 
average valence electron per atom ratio near 5 or 7. 
This behavior seems analogous to that of +, the elec- 
tronic term of the specific heat,? which shows a maxi- 
mum for elements with 3, 5, or 7 valence electrons per 
atom. It seemed likely, therefore, that a maximum in 
the superconducting transition temperature should oc- 
cur simultaneously with a maximum for y. Elements 
with 4 valence electrons per atom should have, there- 
fore, minimum transition temperatures. In fact, haf- 
nium is the lowest known superconductor at 0.32°K. 
The purpose of this note is to show data on zirconium 
alioys with electron concentrations on both sides of 4 
and which show the expected minimum in the super- 
conducting transition temperature. 


Il. THE VARIATION OF ELECTRON DENSITIES 


Zirconium, which also has 4 valence electrons per 
atom, becomes superconducting at 0.75°K. Zr-Rh alloys 
show rather high transition temperatures,’ presumably 
due to the increase in electron density. This same effect 
should now be shown in varying degrees by alloying Zr 
with the other elements in the VIIIth column of the 
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Fic. 1. Superconducting transition temperatures as 
function of electron concentration i. 


‘ B. T. Matthias, Phys. Rev. 97, 74 (1955). 
2 J. G. Daunt, Phys. Rev. 80, 911 (1950). 


periodic system. The results confirming this assumption 4 
are given in Table I. 

Table I shows the superconducting transition tem- 
peratures of alloys between Zr and 10% (atomic) of the 
given element. As can be seen, they all raise the transi- 
tion temperature of zirconium. 

In order to demonstrate the existence of a minimum, 
one had to find superconducting Zr alloys with an aver- 
age valence electron per atom concentration below 4. 
These were finally discovered in the zirconium-gold 
system. For about 10% (atomic) Au the transition 
temperature is at a maximum of 2.80°K. 

In Fig. 1, the variation of transition temperature with 
varying electron concentration is shown. To illustrate 
the rise in temperature for an increase of electrons, 
osmium alloys were chosen. Any other element in the 
VIIIth column would have exhibited the same behavior 
qualitatively. We are aware that by comparing zirco- 
nium-gold alloys on the left side to zirconium-osmium 
alloys on the right side, we are stretching the analogy. 
Our excuse is that within the indicated region we pre- 
serve essentially the same Zr lattice in both alloys. The 
minimum transition temperature of Zr is apparent. The 
maxima, however, on both sides are not those mentioned 
earlier and are only due to the onset of a second phase. 








IIL Zr ALLOYS WITH FERROMAGNETIC ELEMENTS 


It seems worthwhile to point out specifically the in- 
crease in superconducting transition temperature of Zr 
by the ferromagnetic elements in Table I. Considering 
the empirical fact that superconductivity and ferromag- 
netism seem to be mutually incompatible, the super- 
conductivity of these alloys suggests that most of the d 
shell holes have been filled.* This again is a proof of the 
formerly stated hypothesis' that the superconducting 
transition temperature is primarily determined by the 
average electron density and not strongly affected by 





Taste I. Superconducting transition temperatures of Zr alloys 
with VITIth column elements. 








= 
Fe(~1°) 


Co(3.9°) Ni(1.5°) 
Ru(5.7°) Rh(9°) Pd(7.5°) 
Os(5.2°) Ir(5.5°) Pt(3°) 





* This is consistent with the fact that Fe, Co, and Ni dissolve 
substitutionally rather than interstitially in Zr. 
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the individual atom. (Mass and volume are of course 
important, but are neglected for the moment to preserve 
the simplicity of the picture.) Thus, an alloy containing 
5% Fe and 5% Ni shows a behavior similar to that of 
an alloy with 10% Co. In the same way, an alloy with 
5% Ru and 5% Pd duplicates the one with 10% Rh. 
Carrying this concept further, it was possible to ob- 
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tain a superconducting compound which seemed com- 
parable to CoSix, which becomes superconducting at 
1.4°K. It is CoZr, which becomes superconducting at 
6.3°K. We found also that NiZr, becomes superconduct- 
ing at 1.52°K. 

We wish to thank Dr. J. K. Galt for many helpful 
comments. 
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Magnetic Moment Arrangements and Magnetocrystalline Deformations 
in Antiferromagnetic Compounds* 
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The neutron diffraction data of Shull ef al. on the powder specimens of MnO, FeO, CoO, etc., are re- 
examined. It is found that except for FeO the observed Debye-Scherrer patterns may be produced by a 
number of magnctic moment arrangements with the same antiparallel coupling among the moments on the 
next nearest neighboring ions, but with different sublattice correlations and different orientations of mag- 
netic axis (or axes). The symmetry change observed at the Néel point is interpreted as a strong effect of 
spontaneous anisotropy magnetostriction. As a consequence the uniaxial direction of the modified symmetry 
must coincide with that of the magnetic axis. Assignments of antiferromagnetic arrangements for the com- 
pounds are reached. Our prescription does not agree with that of Shull ef al. except in the case of FeO. The 
sharp readjustment of lattice parameters at the transition temperature and the orientation of spin axis in 
other antiferromagnetic compounds are discussed from the viewpoint of the anisotropy magnetostriction 


approach. 


I. INTRODUCTION 


N this note we intend to give a close re-examination 

of the neutron diffraction data obtained by Shull 
et al! on MnO, FeO, CoO, NiO, MnS, and MnSe in 
powder form. This study is of interest in view of the 
fact that whereas FeO, MnO, NiO, and MnS are dis- 
torted slightly from the cubic to rhombohedral sym- 
metry and CoO becomes tetragonal at temperatures 
below the Néel point, yet the arrangements of moments 
on magnetic ions assigned by Shull et al. to MnO, NiO, 
MnS, and CoO are all the same, both as to the con- 
figuration of + and — spins and the direction of spin 
axis.” It should be remarked that the symmetry changes 
stated above are established results of more than one 
author** using x-ray techniques. The explanation of this 
magnetocrystalline effect put forward by Smart and 
Greenwald’ is not consistent with the same discrepancy. 


* This research was supported by the Army Signal Corps and 
the Office of Naval Research under contracts with the Carnegie 
Institute of Technology 

1 Shull, Strauser, a Ww ollan, Phys. Rev. 83, 333 (1951). 

* Since we do have in some cases orbital contributions to the 
magnetic moment, it is preferable to use the terms “antiferro- 
magnetic axis” or “ etic axis’’ instead of “spin axis.” We 
shall use them alternatively with the same meaning. Similarly, 
“spins” and “magnetic moments” are used interchangeably. 

*H. P. Rooksby, Acta Cryst. 1, 226 (1948); N. C. Tombs and 
H. P. Rooksby, Neture 165, 442 (1950); H. P. Rooksby and N. C. 
Tombs, Nature 167, 364 (1951). 

*S. Greenwald and J. S. Smart, Nature 166, 523 (£950); 
S. Greenwald, Acta Cryst. 6, 396 (1953 ). 

$j. S. Smart and S. Greenwald, Phys. Rev. 82, 113 (1951). 


From our analysis of the neutron diffraction data and 
the hypothesis of anisotropy magnetostriction we pre- 
scribe for these compounds (except FeO) antiferro- 
magnetic arrangements different from those assigned 
previously. We shall also discuss the crystallographic 
position of the magnetic axis in other antiferromagnetics 
such as Cr,O;, MnFs, etc. 

The neutron diffraction patterns of MnO, MnS, 
MnSe, CoO, and NiO below their respective Néel 
points are alike. The pattern of FeO is slightly different 
with the singular absence of a certain magnetic diffrac- 
tion line. Shull ef al. find that the magnetic unit cell 
dimensions are twice as large as the dimensions of a 
chemical unit cell and that the next nearest neighboring 
magnetic ions must have the spins opposite. These 
statements are conclusive and can be verified with little 
effort. However, there are two types of spin arrange- 
ments, both consistent with the next nearest antiparallel 
coupling, but different in the coupling among the 
neares! neighboring magnetic ions. They are illustrated 
in Fig. 1. In type A the four face-centered cubic (f.c.c.) 
sublattices of antiparallel spins are correlated such that 
on each (111) plane the spins are parallel and the spins 
on two neighboring (111) planes opposite; in type B 
this particular coupling among the nearest spins is 
absent. The four f.c.c. sublattices divide the full f.c.c. 
lattice in such a way that no two nearest neighboring 
ions are in the same sublattice. Shull ef al. have shown 
that a satisfactory agreement is obtained between the 





628 


D ————— 
Ve = yy 
/ ag o 
Jf Ly ~- 
Q/ ; y 
sf % 
So C 
~~ ~—/ 
Cc 
rs 
es a 
2 Q 
y, D 
+ vant 4 
+> + 
> 
G 4 
4, an 
+ _ 
B Mg 
‘ =X 4) 
> 
+) vm + 
Fic. 1. Two different f magnetic moments wi 
antiparalle! coupling i nearesi neighbors on the 





f.c.c. lattice 


observed diffraction pattern of MnO and the calculated 
peak intensities by assuming a configuration of type A 
with the spin axis in a cubic direction, and that the 
pattern in FeO can be accounted for by assuming a 
type A arrangement with a [111] spin axis. They also 
conclude that CoO, NiO, MnS, MnSe have the 
same spin arrangement as MnQ. They recognize the 


and 


alternative arrangement of type B but reject it on the 


grounds that no distortion of the cubic symmetry 
would be expected at the antiferromagnetic transition. 
We shall take a different point of view on tl 


in the coming discussion. 


is matter 


Il. DEBYE-SCHERRER INTENSITY AND ALTERNATIVE 
ASSIGNMENTS OF MAGNETIC STRUCTURE 


Before we proceed to state our viewpoint, it is neces- 
sary to consider, in detail, the Debye-Scherrer intensity 
of these compounds. Since unpolarized neutrons were 
used in the experiments, the observed intensity is the 
sum of nuclear and magnetic diffractions. The former is 
independent of the magnetic structure and so we need 
only to discuss the magnetic diffraction intensity factor 

qF..|*, where F,, is the magnetic structure amplitude 
of a magnetic unit cell and q is «x(x-n)—n, 
and n are respectively the unit vector in the direction 
axis. We have 


where x 


of the scattering vector and the magneti 
for the type A configuration 


F,,.=8/,.{1—expix(h+k)/2 
expix(k+1)/2—expir(/+h)/2}, (1A 
and for type B 


F,,=8f.{1+-expia(h+k)/2 


—expix(k+1)/2—expix(/+h)/2}, (1B) 
where 
fa=(E/mc*)vSf (2 
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is the magnetic scattering amplitude of the magnetic 
ion concerned, whose spin quantum number is S. » is 
the magnetic moment of the neutron, and { is an atomic 
form factor which takes care of the decrease of the 
scattered amplitude as a result from the finite ex- 
tension of the magnetically active electrons. h,"k, and 
l are the indices referred to the magnetic unit cell and 
are all odd numbers in the equations. (F,,=0 for A, k, 
and / not all odd.) ‘The factor 8 is found in the equations, 
because for odd indices the diffractions by the 8 chemi- 
cal unit cells in a magnetic unit cell are coherent. Let 
a, 8, and y be the direction cosines of the magnetic axis. 
We write 


¢ = 1— (ah+Bk+yl)*/N, (3) 
where 
V=?+2+P. 
For type A we derive: 
h—k) 
16, when k—] ‘are divisible by 4, 
F,/8f,.\2=4 l—h) (4A) 
0, otherwise ; 
and 
gu? = 3{1— (a8+By+-ya) (hk+kl+th)/N}. (5A) 
For type B: 
F,,/8fn|?=4, (4B) 
and 
qu? =, (5B) 


independent of a, 8, and +. gs,” is the average of g* calcu- 
lated over all the possible permutations and combina- 
tions of signs of (+4,+k,+/) with given h, k, and ] 
for which F,, is not zero. For type A three out of four 
of all these permutations and combinations of signs do 
not satisfy the condition that h—k, k—1, and 1—k be 
divisible by 4. They make no contribution to the 
intensity. Those with h—k, k—1, and 1—h divisible by 
+ have an intensity four times that of each diffraction 
maximum of B[ «Sy |. Therefore, the spin arrangements 
A[100] and BlaSy] must yield the same Debye- 
Scherrer pattern, although their diffraction patterns 
produced by a single crystal under neutron irradiation 
should be markedly different. 

The occurrence of more than one magnetic axis 
among the sublattices cannot be ruled out by physical 
considerations. Its influence on the susceptibilities has 
been discussed by Van Vleck.* We have evidence to 
believe that this is the case in MnO ,.? Therefore we 
must, in general, allow that the magnetic axes of the 
four sublattices in the MnO type compounds may be all 
in different orientations. Let n;(a;,8;,7,) with i=0, 1, 2,3 
be the unit vectors along the four magnetic axes and 





* J. H. Van Vieck, J. phys. radium 12, 262 (1951). 

’R. A. Erickson, Phys. Rev. 85, 745 (1952); H. Bizette and 
B. Tsai, Colloque sur les Phenomenes Cryomagneliques (Perrin- 
Langevin, Paris, 1948 
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qi= «(x-n;)—1n,;. Now we have 
1X Gi(Fm)s|?= (8fm)*| Gotan expix(k-+l)/2 

+q2 expix(I+h)/2+q3 expix(h+h)/2|*. (6) 
We derive the intensity of a Debye-Scherrer line 


Tihk)« SS |S iqi(Fa)i|?=4(8fn)*pQn*, (7) 


(th, 2k, +0) 


where (i440 is summed over all the possible 
permutations and combinations of signs of (+4,+,+/), 
and p is the multiplicity factor. 


On? = 3[1—(mo,m,mo,m;) (h*k* +k +0%h*)/N], (8) 
with 


@(Mo,M;,Mo,Ns)= } (a1 82+ Braet Boyst y2Bst yout vies 
—aoB3— Byyo— ¥1B0— Y200— azo), (9) 


and (h*,k*J*) is one of those combinations of 
(+h,Ak, +1) such that h*—k*, k*—I*, and *—A* are 
all divisible by 4. When we put mo=n\= —n.= — ny 
the general case is reduced to the type B arrangement 
discussed above, and the right-hand side of Eq. (9) is 
zero. Similarly, when no= — mn, = — m= —n;=n(a,8,7) 
we have the type A arrangement and ¢= (a8+6y+7a). 
In both cases (* reduces to ga? given by Eq. (4A) and 
(4B) respectively. In general any arrangement making 
¢=0 must produce the same Debye pattern as that of 
A[100] and BlaSy] and those satisfying ¢=1fmust 
produce a powder diffraction pattern, the same as that 
of A[111 ]. Among the former we are specially interested 
in the case of mp=n,= (100) and n.=n,;= (010). For 
this arrange ment the notation C[100 ][010 ] will be used. 

It is inevitable to conclude that with the powder 
diffraction data alone a large number of spin arrange- 
ments may be assigned to each of the MnO type com- 
pounds. When we assume a single magnetic axis for the 
four sublattices, there is no ambiguity in the antiferro- 
magnetic structure of FeO which must be A[111], but 
even then the spin arrangement of MnO, NiO, CoO, 
MnS, and MnSe still cannot be decided. The analysis 
given in the preceding paragraph thoroughly illustrates 
the limitation of the Debye-Scherrer method in neutron 
diffraction work, a situation similar to that of the same 
method in the x-ray analysis. A precise assignment of a 
magnetic structure cannot be reached with the results 
of the powder diffraction technique alone, when there 
are more than two sublattices of parallel spins involved 
and the direction of spin axis (or axes) is not revealed 
by the singular absence of a certain diffraction line. In 
our case there are eight sublattices of parallel spins. 
In FeO we notice the singular absence of the (111) line. 

We shall now look into the symmetry changes accom- 
panying the magnetic transition. The rhombohedral 
distortion of the cubic structure of MnO and NiO 
produces a contraction in the [111] direction and that 
of the FeO an expansion in the same direction. In the 
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Taste I. Crystalline deformation and assignment of magnetic 
moment arrangement in the MnO type compounds. 








Compounds MnO FeO CoO NiO MnS MnSe 
Symmetry* Rh Rh. Tet Rh. Rh. Rh.? 
Rhombohedral 
angle, or a>6o® a<60® c/a<i a >6o" ? ? 
Carapenality 
Shull et al.> Afoo1) Aili) Aloo) Afoo1} Afoo1) Aloo1) 
This note Bit) Afiti} Bloor) or Blitt) BCiit) Brim) 
Af001) or 
C100 T(010) 











* Rh. = rhombohedral; 
» See reference 1 





Tet. tetragonal. 


type A arrangement a contraction or an expansion in 
the trigonal direction changes the distance between the 
antiferromagnetically coupled spins on the neighboring 
(111) planes. Smart and Greenwald have proposed to 
explain the symmetry distortion by assuming that the 
dependence of the exchange integral J on the distance 
between magnetic ions is in favor of such a contraction 
or an expansion. However, the tetragonal deformation 
of CoO directly contradicts this exchange magneto- 
striction hypothesis. We shall adopt the viewpoint that 
this magnetocrystalline effect is simply a strong mani- 
festation of (spontaneous) anisotropy magnetostriction. 
The deformation amounts to a strain of 10 to 10° 
which is larger than the usual magnetostriction by 
several orders of magnitude. The term anisotropy 
magnetostriction is used to describe the fact that the 
anisotropy energy depends on the strain, and, as a 
consequence of this and the minimization of the internal 
energy, the lattice of the antiferromagnetic crystal 
must be a deformed one with respect to the cubic lattice 
of the paramagnetic state.* In this mechanism it is the 
direction of magnetic axis rather than the configuration 
in which the moments on magnetic ions are coupled that 
determines the characteristics of the magnetocrystalline 
deformation. By symmetry considerations we expect 
that the compounds with rhombohedral symmetry, 
when antiferromagnetic, are the ones having the spin 
axis in the [111] direction, MnO, MnS, and NiO must 
have the type B arrangement but FeO the type A 
correlation of sublattices. Similarly, we may assign to 
CoO either the A or B[001] arrangement or C[100] 
[010], in each case [001] being the tetragonal axis. 
For the purpose of clarity we list in Table I the com- 
pounds, their symmetry below the Néel point, and the 
two antiferromagnetic structures prescribed respec- 
tively by Shull et al. and by the present writer. Because 
of the large number of possibilities that lead to a given 
value of @ of Eq. (9), our assignments given in Table I 
may not be the only ones consistent with the neutron 
diffraction data and the anisotropy magnetostriction 
hypothesis. It is interesting to note that according to 
our assignment the B[111] structure is distorted by a 
contraction in the trigonal direction (a>60°) and the 
A[111] structure by an expansion in the same direction 


*R. Becker and W. Déring, ‘yy rman (Verlag Julius 
Springer, Berlin, 1939), Chap. ITI, Sec 
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(a<60°). A possible explanation of the different sign of 
Aa for FeO is that in the A[111] structure exchange 
magnetostriction must also be expected to occur but 
not in the B[ 111] structure. 

The issue between the different assignments can be 
decided either by neutron diffraction on a single crystal 
or by measuring the susceptibilities of a single crystal 
to determine the direction of spin axis. Indirect evi- 
dence concerning the spin arrangement can be obtained 
by conducting the following suggested experiments 
which may be performed either on a sintered specimen 
or single crystal. The sharp decrease of Young’s 
modulus of CcO and NiO at the Néel point as shown by 
Street and Lewis’ and of CoO by Fine” indicates the 
readiness of the trigonal axis in NiO and the tetragonal 
axis in CoO to switch to a more favorable orientation, 
presumably a crystallographically equivalent one, under 
an applied stress. Single crystals of NiO are always 
badly twinned even under extremely careful handling 
and the distribution of twinned domains can be dis- 
turbed by a light touch." In Rh. A[100] structure the 
spin axis is not at all related to the rhombohedral direc- 
tion, while in Rh. A[111], Rh. B[111], and Tet. A or 
B[001] the spin axis coincides with the rhombohedral 
or tetragonal axis. Therefore, in the former the spin 
axis would not have to turn when the rhombohedral 
axis flops under external stress, but in the latter the 
spin axis must turn with the uniaxis of symmetry. The 
change of the direction of spin axis can be detected by 
the difference in susceptibility before and after the 
application of external stress. On the other hand, with 
a sufficiently strong magnetic field we could switch the 
spin axis from one of its normal direction to an equiva- 
In Rh. A[ 111], Rh. BL111], and Tet. BL001] 
the uniaxis of the crystal must turn with the spin axis 
1[ 100] the three 


cubic directions are equivalent with respect to the 


lent one 
and produce an elastic strain. In Rh 


rhombohedral! axis. The switch of spin axis would not 
demand a flop of the rhombohedral axis, say, from 
[111] to [111] and so no strain would be induced. 
According to the following discussion an extremely 
strong field is required in this experiment 


III. DISCUSSION 


Our anisotropy magnetostriction hypothesis must 
face the question of why the deformation is such a large 
effect in the MnO type compounds as well as other anti- 
ferromagnetics to be mentioned later, being larger than 
the magnetostriction in the ordinary ferromagnetics by 
orders of magnitude. We may answer this by affirming 
that the large magnetostriction is tied to a high anisot- 
ropy in the antiferromagnetics, since both are under 
the same influence of a strong spin-orbit coupling. The 


argument goes as follows: 
*R. Street and B. Lewis, Nature 168, 1036 (1951 
”M. E. Fine, Revs. Modern Phys. 25, 158 (1953 
" W. Roth (unpublished 
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The dipole-dipole term of the anisotropy energy has 
been calculated by Kaplan” for type A arrangement on 
an undeformed cubic lattice. He obtains 


E.= K,4(a8+B8y+ya), (10A) 
where 
K .=1.64 107 ergs/cm?’ for MnO. (11) 
For type B arrangement our calculation shows 
E,=0 (10B) 


independent of the direction of spin axis. Evidently Ey 
of Eq. (10) in either case cannot be taken as the anisot- 
ropy energy we wish to discuss, since we have not 
considered the deformed symmetry, nor included the 
second order effect of the dipole interaction, nor the 
multipole interactions.'"* Moreover, we must also take 
into consideration the spin-orbit coupling. A calculation 
of the anisotropy energy including these effects would 
be enormously troublesome, even to obtain a quite 
approximate result. Fortunately, the following ob- 
servation can be made from Eq. (10A). For the spin 
arrangement of FeO A[111], Ey is a maximum of Eq. 
(10A) instead of a minimum. Therefore, this dipole- 
dipole energy is not the dominant term of the total 
anisotropy, although this term already amounts to 10’ 
erg/cm*. Accordingly, we must conclude that for the 
MnO type compounds the anisotropy energy is of the 
order of 108-10° erg/cm’*. (Incidentally, we may men- 
tion that in order to overcome such a high anisotropy 
a field of 10° gauss or higher would be required to turn 
the spin axis.) The origin of this high anisotropy should 
be sought in the Mn-O-Mn super-exchange. The im- 
portance of spin-orbit coupling in the calculation of 
anisotropy energy has been shown by Van Vleck." 
When this coupling is not taken into consideration the 
second-order perturbation calculation of the dipole 
energy of a cubic ferromagnetic gives a result only 
1/1000 of the observed anisotropy. The anomalous mag- 
nitude of the anisotropy can be reasonably attributed 
to the effect of the spin-orbit coupling with the anisot- 
ropy in the energy of orbital valence. This applies as 
well whether or not the inclusion of the multipole 
interactions besides the dipole term is necessary. 
Vonsovsky™ has shown that with the orbital wave 
function acting as the bridge between the spin and the 
crystal lattice, the dependence of the dipole energy and 
the spin-orbit energy can account for the observed 
magnetostriction in the metals of the iron group. Pre- 
sumably, a strong spin-orbit coupling should lead to a 
large magnetostriction. On the grounds of these con- 
nections we may hold that a large (spontaneous) 
magnetostriction should be found in magnetics of high 
anisotropy such as the MnO-type antiferromagnetics. 
We shall present the following empirical findings to 





J. I. Kaplan, J. Chem. Phys. 22, 1709 (1954) 
"J. H. Van Vieck, Ann. inst. Henri Poncaré 10, 57 (1947). 
“S, V. Vonsovsky, J. Phys. (U.S.S.R.) 3, 181 (1940), 














demonstrate some remarkable correlations between the 
magnetostriction and the anisotropy energy. The mag- 
netostrictive energy (the sum of the elastic strain 
energy and the magnetoelastic energy) may be ex- 
pressed by an increment AK in the anisotropy constant. 
AK is a function of the elastic moduli and the magneto- 
strictive constants of the crystal. This has been ex- 
plicitly shown by Kittel'® for ferromagnets of cubic 
symmetry. For ferromagnetic metals and alloys the 
ratio AK/K is generally of the order of 10~ to 10-* and 
K is of the order of 10° erg/cm*. For the MnO type 
compounds K ~ 10§— 10° erg/cm*. AK is of the order of 
YX’, where Y is the Young’s modulus and A the magneto- 
strictive strain. For CoO Greenwald‘ found \=10~ to 
10~* increasing with the decrease of temperature, and 
according to Street and Lewis’ Y~10" dyne/cm’. 
Therefore, here again we have AK/K~10~ to 10~*. It 
seems that the anisotropy energy and the energy of 
magnetostriction varies roughly in proportion from 
metallic ferromagnetics to the antiferromagnetic com- 
pounds. 

In order to test our confidence in the anisotropy 
magnetostriction approach we shall examine the rela- 
tion between the magnetic axis (or axes) and the crystal 
summetry of the antiferromagnetics for which such 
information is available.“* With the exception of 
CuCl,-2H,0, which is in a different category, they are 
listed in Table II. No change of symmetry has been 
reported at the Néel point of these compounds. For 
several cases sharp changes of the lattice parameters’? 
are found accompanying the magnetic transition. Prob- 
ably all the compounds have, more or less, a readjust- 
ment of lattice spaces at the Néel point. Except the 
state of a-Fe,O; in the temperature range of — 20°C 
and 675°C, their spin axis is in the uniaxial direction, or 
in the case of MnO, the spin axes are orientated sym- 
metrically in the plane perpendicular to the uniaxial 
direction. This situation agrees perfectly with the 
concept of anisotropy magnetostriction. In the case of 
NiF:, the deviation in the direction of spin axis from 
the tetragonal axis by 10 degrees should induce a slight 
distortion of the true tetragonal symmetry. An accurate 
x-ray analysis should be carried out on this compound. 


4 C. Kittel, Revs. Modern Phys. 21, 541 (1949). 

16 The sources of information for the antiferromagnetics listed 
are: (a) a-FesO,: see reference 1. (b) Cr,O;: B. N. Brockhouse, 
J. Chem. Phys. 21, 961 (1953); McGuire, Scott, and Grannis, 
Phys. Rev. 98, 1562(A) (1955). (c) MnF;: R. A. Erickson, Phys. 
Rev. 90, 779 (1953). (d) MnO,: See reference 7. (e) CrSb: A. L. 
Snow, Phys. Rev. 85, 365 (1953); Revs. Modern Phys. 25, 127 
(1953). 

17 The sources of information on the change of lattice param- 
eters are: (a) a-Fe,O,: B. T. M. Willis and H. P. Rooksby, 
Proc. Phys. Soc. (London) B65, 950 (1952). (b) Cr.O,: S. Green- 
wald, Nature 168, 379 (1951). In this article Greenwald reported 
a contraction in the [111] direction when Cr,O, is cooled below 
the Néel point. It has been found by R. J. Davis and W. E. Arm- 
strong, and by Greenwald herself (reindexing her original data) 
that the readjustment of lattice parameters involves an expansion 
in the [111] direction instead of a contraction. See S. Greenwald, 
Nature (to be published). (c) CrSb: See reference 16(e), or 
B. T. M. Willis, Acta Cryst. 6, 425 (1953). 
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TasLe II. Crystalline structure and the orientation of magnetic 
axis (or axes) in antiferromagnetic compounds. 








Directions of spin axis 





Compounds Crystal structure (or axes) 

MnFs, FeFs, CoFs, Tetragonal, rutile Tetragonal axis 

and NiFs structure 

MnO; Tetragonal, rutile Two spin axes within the 
structure xy-plane and mutually 

perpendicular 

CrSb Hexagonal, AsNi Hexagonal axis 
structure 

a-FeO: (below Rhombohedral aAlO; Rhombohedral axis 

—20°C) and CreOs = structure 

a-FeO: (between Rhombohedral @-AlrO: Within the (111) plane 

—20°C and 675°C) structure and direction to a 


. nearest 
neighboring Fe** in the 
ane 











*In NiF: the spin alignment is not exactly along the tetragonal axis 
but makes an angle of 10 degrees with the latter. 


The degree of distortion depends, of course, on the 
strength of anisotropy-elastic coupling, which is not 
known for this compound. The spin axis in the high- 
temperature antiferromagnetic state of a-Fe QO, is 
perpendicular to the trigonal axis. From our viewpoint 
the crystal structure should become monoclinic in the 
temperature range of this state. Yet, according to the 
x-ray analysis of Willis and Rooksby,"’ a-FeyO, re- 
mains rhombohedral with a sharp change of lattice 
parameters at 675°C. This should not be taken as a 
negative evidence of the general validity of our hy- 
pothesis, as can be explained in the following. Anderson 
et al.* find by a resonance technique that the anisotropy 
force in a-Fe,O,; is only about 60 gauss in the (111) 
plane, while that in a plane containing the [111] axis 
is 30 000 gauss. Combining this experimental fact and 
the concept mentioned in the preceding paragraph that 
a strong magnetostriction goes together with high 
anisotropy, we must anticipate in a-FesO,; a small 
magnetostriction within the (111) plane. Therefore, an 
x-ray experiment cannot detect the distortion of the 
(111) cross section of a unit cell, although the readjust- 
ment of lattice parameters is so much larger and more 
readily measured by x-ray technique. Another effect of 
concurrent interest is the —20°C transition of a-FeO, 
at which the magnetic axis turns to the [111] direction 
in the lower temperature range. Willis and Rooksby 
report that the change, if any, of lattice parameters at 
this transition is considerably less than that which 
occurs at the high Néel temperature associated with the 
magnetic lattice formation. This simply means that the 
two antiferromagnetic states of a-FeO;, which are 
different only in the orientation of magnetic axis, have 
approximately the same spontaneous magnetostriction. 
No criterion on our anisotropy magnetostriction hy- 
pothesis can be derived from this effect. 

The author wishes to thank Professor J. E. Goldman 
for his kind interest in this work. He is also indebted 
to Dr. J. S. Smart and Dr. C. G. Shull for helpful 
comments. 


* P. W. Anderson ef al., Phys. Rev. 93, 717 (1954). 
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When a plane polarized electromagnetic wave passes through a 
semiconductor and a static magnetic field is applied along the 
direction of propagation, there occurs a rotation of the plane of 
polarization and the transmitted radiation is found to be ellipti- 
cally polarized. This effect is due to the influence of the free charge 
carriers in the semiconductor and has been analyzed using the 
Drude-Zener model. For smal! losses, weak magnetic fields, and 
small values of wr (assuming the relaxation time r to be energy 
independent) the angle of rotation of the plane of polarization can 
be expressed to a first order of approximation by the simple 
formula 

B= b (po /€0)* (cop B// Kt, 
where yw is the Hall mobility, oo is the dc conductivity, B is the 
magnetic field, ¢ is the thickness of sample traversed, KX’ is the 
dielectric constant of the material at the frequency employed in 
the experiments, and ¢ and yo are the dielectric constant and the 


I. INTRODUCTION 


HE rotation of the plane of polarization of a 
plane polarized electromagnetic wave of optical 
frequencies passing through a substance under the 
influence of a static magnetic field along the direction 
of propagation is known as the Faraday effect and has 
been extensively investigated, both experimentally and 
theoretically.' The effect can be explained by consider- 
ing the influence of the magnetic field on the equations 
of motion of the bound electrons which gives rise to 
different velocities of propagation for the right- and left- 
handed circularly polarized components of the plane 
polarized wave. The effect has also been observed in 
ferromagnetic materials at microwave frequencies.’ In 
this case the mechanism is the influence of the precession 
of the electron spin. Ferromagnetic materials with low 
loss (ferrites) have found use in microwave circuits.’ 
When a plane-polarized electromagnetic wave passes 
through a semiconductor and a static magnetic field is 
applied along the direction of propagation, the plane of 
polarization is found to rotate and the transmitted 
radiation becomes elliptically polarized. In this case the 
effect is caused by the free charge carriers and the 
mechanism is similar to that producing the Hall effect. 
Faraday rotation in artificial dielectrics has been pre- 
dicted by Wicher* from an analysis in terms of the 


* This work was supported by the U. S. Air Force 

t This paper represents part of a thesis submitted by one of 
us (R.R.R.) to the Department of Physics, University of Penn- 
sylvania, in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy 

t Now in the U. S. Army stationed in Greenland 

‘See for instance: W. Schiitz, Handbuch der Experimental- 
physik (Akademische Verlagsgeschellschaft MBH, Leipzig, 1936), 
pp. 1-199 
*C. Hogan, Revs. Modern Phys. 25, 253 (1953 
*C. Hogan, Bell System Tech. J. 31, 1 (1952 
*E. Wicher, J. Appl. Phys. 22, 1327 (1951). 
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permeability of free space respectively. For spherical energy sur- 
faces, the degree of ellipticity, which is a second-order effect, can 
be expressed by the relation &= (uo/e)*{oo(uB)(wr)//K' \ 
where w/2x is the frequency and r is the relaxation time. Thus, 
for small losses the ellipticity is proportional to the latter quantity. 
For the case of low frequencies, the effect can be explained by the 
introduction of a Hall-effect type field into Maxwell’s equations. 
In general, the angle of rotation and the ellipticity may depend on 
the direction of the applied magnetic field because of the non- 
spherical nature of the energy surfaces. 

Room-temperature measurements of the angle of rotation at 
microwave frequencies on both n- and p-type samples of ger- 
manium gave values of 3780 cm*/volt-sec and 3300 cm*/volt-sec 
for the electron and hole mobilities respectively. The method 
should be applicable to the determination of mobilities in powdered 
samples without using electrodes, if the field inside the powdered 
particles is determined by a Clausius-Mosotti type approximation. 


Hall field. Using large magnetic fields (~16 kilo- 
oersted) the Faraday rotation in germanium has been 
investigated at microwave frequencies by Suhl and 
Pearson.’ Their work was done at low temperatures 
(77°K) where the collision frequency of the free charge 
carriers is small compared to the signal frequency. 
Estimates of the effective masses of these carriers could 
be computed from their measurements. 

The present work is concerned with the investigation 
of the Faraday effect in semiconductors at room tem- 
perature (where the collision frequency is greater than 
the signal frequency) with relatively small magnetic 
fields, in order to establish what information can be 
gained from such a simple experiment. The angle of 
rotation of the plane of polarization of microwaves 
traversing thin (ca 4 mm) samples of n- and p-type 
germanium inserted in a circular guide (7E,, mode) 
has been measured. For magnetic fields of 1400 gauss 
the angle of rotation was about 3 degrees. A simple 
analysis in terms of a dielectric medium having a con- 
centration of free charge carriers characterized by a 
mobility and an isotropic effective mass (Drude-Zener 
model) shows, that the angle of rotation depends on the 
de conductivity and the mobility of the charge carriers, 
as well as on the static dielectric constant, the magnetic 
field and the sample thickness. Using known values for 
the static dielectric constant and the dc conductivity, 
the mobility of the charge carriers can be calculated 
from our experiments. The relaxation time or the 
effective mass of the charge carriers does not affect the 
angle of rotation to a first order of approximation. A 
knowledge of an accurate value of the relaxation time 
is, therefore, unnecessary in order to calculate the 
mobility to great accuracy. If the approximation of 


+H. Suhl and G. L. Pearson, Phys. Rev. 92, 858 (1953). 
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low losses is made, the above analysis predicts a degree 
of ellipticity of the transmitted radiation which de- 
pends linearly on the relaxation time. Both effects are 
complicated by the anisotropy of the effective masses 
of the charge carriers, especially when the applied 
magnetic field is large. 


Il. ANALYSIS OF THE MECHANISM BY THE 
DRUDE-ZENER THEORY*.’ 


The Faraday effect in semiconductors can be readily - 


analyzed in terms of the classical Drude-Zener model. 
The equations of motion of the electrons or holes under 
the influence of the static magnetic field and the micro 
wave electromagnetic field are identical in this analysis 
to those of importance in the classical theory of cyclo- 
tron resonance in semiconductors, as developed, for 
instance, in the publications of Dresselhaus, Kip, and 
Kittel* and Lax, Zeiger, and Dexter.’ 

The effect will first be analyzed for a model of simple 
spherical energy surfaces. Consider the propagation of 
plane electromagnetic waves in a medium of dielectric 
constant ¢,;’(real) containing V free charge carriers per 
unit volume, each with a charge gq, a single effective 
mass m, and a relaxation time 7" subjected to a static 
magnetic field B, in the direction of propagation. The 
charge carriers obey the following equation of motion: 


dv m 

m—+—v=q(E+v XB), (1) 
dr 

where v is the drift velocity of the charge carriers. 

If the motion of the charge carriers, as well as that 
of the electromagnetic field is confined to the (xy) 
plane (the static magnetic field being applied in the z 
direction) we have, assuming isotropic scattering: 

m 
mi,+—v4=qE.FigB,, (2) 
T 
where 
0, =Dsbi2,, 
E,=E,+iE,,. 
For steady-state solutions under harmonic electric 
fields the total current density including contributions 
from these charge carriers and the displacement cur- 
rent is 


J oral = [.- 


(3) 


Nq@/w(mwo+qB,) a 
(m/r)*+ (mw+qB,) in 
(Ng’m/1) Ex 
+--+, (4) 
(m/r)*+ (mw+qB,)* 


* Some the the equations derived in this section are in essence 
identical to those obtained independently by Suh! and Pearson.’ 
The authors are very grateful to Dr. Pearson for submitting to 
them a copy of his paper delivered before the meeting of the 
American Physical Society at Rochester, New York, June, 1953. 

7H. Suhl and G. L. Pearson (private communication). 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

* Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

* T. S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953); 
Phys. Rev. 91, 1565 (1953). 
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where w is the angular frequency of the impressed radia- 
tion. Thus, corresponding to the two values Z, and B_ 
for the electric field, there are two values for the effective 
dielectric constant and conductivity respectively : 





oo/w(wrtpB,) 
¢,’= eer... 
1+ (wr+uB,)* . 
(5) 
ve) 
1+ (wr+uB,)* 


where oo= Nq'r/m is the de conductivity and u=gr/m 
is the mobility. The fields Z, and Z_ are solutions of 
Maxwell’s equations in a nonmagnetic medium and for 
plane wave solutions propagating in the +s direction, 
we have 

(6) 


Here yo is the permeability of free space and k, =a,+i8, 
are the complex propagation constants corresponding to 
right- and left-handed circularly polarized light re- 
spectively. The difference between these propagation 
constants results in the production of elliptically po- 
larized waves from plane polarized waves with the 
major axis of the ellipse rotated with respect to the 
original plane of polarization. It can be seen that for 
either a reversal of the direction of the magnetic field 
or a reversal of the sign of the carriers, the two propaga- 
tion vectors are interchanged. 

The angle of rotation @ and the degree of ellipticity & 
of the transmitted radiation can be expressed in terms 
of the real and imaginary parts of the propagation 
constants." For small thicknesses ¢, 


6=}(a_—a,)f, 


hi? = yo(€,'w*—o,w). 


(7) 


&=}(8,—B_)I. (8) 


Hence, the angle of rotation and the degree of ellipticity 
are very nearly proportional to the sample thickness / 
(for small ¢) and the phenomenon can, therefore, be 
described as a type of “Faraday effect.” 

It is shown in treatises on electromagnetic theory" 


that 
1 «,’ e,"" ; ; 
a= (eau) - “{ (14+) +1]| (9) 
2 & e,” 


1,’ «,/” ; 4 
~84= (eau) - =] (1+ =) -1]} , (10) 
2 & «,” 


where ¢,” =o,/w. 

From these two equations the angle of rotation and 
the ellipticity can be calculated using Eqs. (7) and (8) 
and values of ¢,’ and e,” from Eq. (5). Although the 
mobility and the relaxation time appear explicitly in 

“See for instance: K. Forsterling, Lehrbuch der Optik (S. 


Hirzel, Leipzig, 1928), p. 44. 
8 See for instance: A. von Hippel, Dielectrics and Waves (John 


Wiley and Sons, Inc., New York, 1954), p. 28. 


and 


and 
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Eq. (5) it is possible to show that to a first approxima- 
tion, the angle of rotation is independent of the relaxa- 
tion time and hence a value for the mobility can be 
obtained from a measurement of the angle of rotation 
without an accurate knowledge of the relaxation time. 
As a first approximation, we assume that the con- 
ductivity is independent of the frequency so that 


” 
€ = 79/W. 


Expressing the dielectric constant in the form 
€s'= €:'— (Ae);, 
where 
oo/w(wrtyuB,) 
(Ae), " 
1+ (wrt uB,)* 


we can write Eq. (9) as 


If we neglect terms involving (Ae),?, obvious reduc- 


tions give 


xi (Ae), — (Ae) 


where 


Now 
with 
where 


and 


For weak magnetic fields and small values of wr (uB, 
, we obtain for the angle of rotation, using 
and (13) 


and wrX1 
Eqs. (5), (7), (12), 


x (“ 

2y/2\ € 

For semiconductors, even at microwave fre- 
quencies, (Ae), can be neglected and we then obtain 


x (*)=—= 
2/2N\en/ VKyi 


At microwave frequencies for most 


, omBt 
) : . (14) 
(mK :’—x(Ae)a |! 


most 


(15) 


semiconductors 
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7o/wés 1 so that, as a rough estimate 


po\! omBt 
v~o.4s(“) ——, 
€9 J/K,i' 


For the case of small losses (a9/w<e’), 


1 /uo touBt 
o--(—) =, 
2 € / ‘ai 
where K’ is the dielectric constant of the material at 
the frequency employed. In general, values of sufficient 
accuracy for the angle of rotation can be obtained from 
Eq. (15). If greater accuracy is desired a rough estimate 
of the relaxation time 7 (i.e., (Ae)y) is sufficient to 
obtain very accurate values for the mobility from meas- 
urements of the angle of rotation @, using Eq. (14). 

The degree of ellipticity is a second-order effect and 
cannot be readily approximated in the general case. 
For oo/w<e’, however, we can approximately set 


[see Eq. (10) ] 
ee 
ZN eof W\/Ky’ /K-' 


(17) 


8,—B_= 18) 


Again letting 1/K,’=./K_'=+/K’ in the denominator 
we have for the degree of ellipticity 


1 Mo i 1 
é= ( ) (o,—o_)t, 
4Neo/ V/K’ 


(19) 


which with the aid of Eq. (5) reduces to (if wr and 
uB,<K1) 

wo\ ! oo(uB,) (wr) 

€0 4/K’ 


Hence, for small losses the ellipticity depends linearly 
on the relaxation time. 

If <’’>€’ it is still possible to determine the relaxation 
time from a measurement of the ellipticity if the 
mobility has been previously determined from a meas- 
urement of the angle of rotation. It can also be shown 
that the angle of rotation reverses when the sign of the 
charge carriers or the direction of the magnetic field is 
reversed. 

The whole derivation is based on the assumption that 
r is energy independent. For more complicated cases 
where the relaxation time is a sensitive function of the 
velocity, the appropriate averages must be calculated 
in a manner similar to that proposed by Goldey and 
Brown" and Herring." 

Because of the small values of the quantities 4B, and 
wr employed here, the cyclotron resonance condition 
wr=uB, cannot be expected to lead to any sharp 
maxima in the rotation vs B curve discussed by Suhl 
and Pearson.* The derivation also assumes the existence 


"8 J. M. Goldey and S. C. Brown, Phys. Rev. 98, 1761 (1955). 
“C. Herring, Bell Syst. Tech. J. 34, 237 (1955). 


(20) 
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of only one effective carrier mass while in germanium 
the effective mass is anisotropic and more complex 
models of the energy surfaces apply in this case. For 
ellipsoidal energy surfaces, the Faraday rotation was 
discussed by Suhl and Pearson’ and the equations de- 
veloped by Lax and Roth" can also be applied to this 
problem. 

In this case, the conductivity tensor in the coordinate 
system of each of the ellipsoids (in n-type germanium, 
8 ellipsoids in the [111] direction) must be transformed 
to a coordinate system defined by the applied magnetic 
field and the transformed tensors for each of the 
ellipsoids added and divided by the number of ellipsoids, 
to obtain the conductivity tensor relevant to this 
problem. From this tensor a complex effective con- 
ductivity [ (¢err)4 ] can be calculated, which determines 
the propagation constants for right-handed and left- 
handed circularly polarized waves by the equation 


k,? ” Mow eae” oi iow (Gert) +- 


The real part of [(o.:)4 ] then corresponds to the con- 
ductivities o, and the imaginary part to the products 
w(Ae)s which were derived for the case of spherical 
energy surfaces in Eq. (5). It is, therefore, simple to 
determine the angle of rotation of the plane of polariza- 
tion and ellipticity of the transmitted radiation if the 
appropriate values of (cer), have been calculated for 
the case under consideration. 

In general, the equations for the Faraday rotation 
and the ellipticity for ellipsoidal energy surfaces are 
much more complicated than for spherical energy sur- 
faces and are dependent on the direction of the applied 
magnetic field. It can be shown however, that in n-type 
germanium for small magnetic fields applied in the 
[100] or [110] directions, and small values of wr,'* 
the relation for the Faraday rotation derived for spheri- 
cal energy surfaces [see Eq. (14)] applies to a first 
order of approximation also to ellipsoidal energy sur- 
faces, if the mobility u is interpreted as the Hall mobility 
(assuming energy independent relaxation times r). 

In n-type germanium, where there are 8 ellipsoidal 
energy surfaces in the [111] directions, the effective 
complex conductivity for a magnetic field applied in 
the [100] direction parallel to the direction of propaga- 
tion of the electromagnetic wave is given by the 
relation'® 


(oe) += 04+ iw( Aes 


m+ 2m, 
=oq 1+i1[ — - ———— 
{ (Greer al 


m,+2my, gB 
1+( . ) wm, CD 
3m, me (A, 1)+iw} 


u Benjamin Lax and Laura M. Roth, Phys. Rev. 98, 5, 549 
(1955). 

The above approximations are valid in our experiments, 
where «B=0.06 and wr0.07 (see Sec. V). 
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where m, and mp» are the longitudinal and transverse 
components of the mass tensor. It is easy to show that 
this equation leads to the correct values for ¢, and 
(Ae), given by Eq. (5), if m= me. 

For small values of the magnetic field, so that the 
second term in the denominator of Eq. (21) may be 
neglected, and small values of wr 


mit 2ms 
(Ae), — (Ad)_= 2od (= — :)- “|p (22) 
Qeeit its 


leading to an expression for the angle of rotation 
equivalent to that given by Eq. (14), if 


mit2m: 
»-(= =. 
Qans-+ te 
But, for energy independent relaxation times, the ratio 


of the Hall mobility uy to the drift mobility » is given 
by the relation" 


(23) 


Bu 3m, (m+ 2m) 


oe mee? 
Hence, 
3mm (m+ 2ms) ge (Amite) mit2ms qr 


Danie tits ms 


oe 


(m+)? 3myme 


As far as the anisotropy of the effective masses is con- 
cerned, the electron mobility in germanium obtained 
from measurements of the Faraday rotation with small 
magnetic fields in the [100] direction and low fre- 
quencies or relaxation times (small values of wr) is, 
therefore, the Hall mobility. 

In the case of n-type germanium, the complex effec- 
tive conductivity (cer), was also calculated for mag- 
netic fields applied in the [110] direction (the direction 
in which the field was applied in our experiments) and, 
to the order of approximation discussed above, Eq. (14) 
was found to be valid in this case also. 

For the case of holes in germanium the energy sur- 
faces were, as a first approximation, assumed to be 
spherical, although they should be more accurately 
represented by warped spheres.’ 


Hl. CONNECTION WITH THE HALL EFFECT AND 
MAXWELL’S EQUATIONS 


Making the assumption that the definition of the 
Hall field for the de case 


Ew=RBX J=uBx E, 


where R is the Hall constant and w= Roo (u being the 
Hall mobility) is also valid for sinusoidally varying 
currents at low frequencies, the results of the Drude- 
Zener analysis, described in the previous section can, 
for the case of low frequencies, also be obtained by 
adding Hall-type fields to Maxwell’s equations as 
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follows: 
oH 
VX (E+ Ex) = —po—, 
al 


GE dEy 
vxH ~nk+¢ —+—| 
a 


For plane wave solutions of angular frequency w, with 
the static magnetic field applied along the direction of 
propagation, the above equations lead to the following 
propagation constants for right- and left-handed cir- 
cularly polarized light: 


we’ 1+ (uB)* }F wom B— iwoy 


k,? Mo ’ 
1+ (uB)? 


(24) 


which are identical with the results derived from the 
Drude-Zener model at low frequencies (wr<yB). 

The fact that the Hall field must not be added to the 
first term on the right-hand side of the second equation 
is because, in analogy with the dc case, the total cur- 
rent contains a displacement current, but no conduction 
current contribution from the Hall field. 

By adding Hall-effect terms to Maxwell’s equations 
Wicher' has predicted a Faraday rotation for artificial 
dielectrics. It can, however, be shown that if the di- 
electric constant is independent of B any current en- 
tirely in phase with E produces no rotation. If 


dE 
J=a (a real), 
al 
and 
E, = RBx J, 
then 


oH 
VX ( E +- Ex) = — Ug 
al 


ak GEy 
TXH= (a+«)( + ). 
at at 


Assuming solutions identical to those giving Eq. (24) 
ki= kh? = wpe’ 


and no Faraday rotation can be expected. The rotation 
predicted by Wicher* for artificial dielectrics would not 
occur if a Hall field term had been added to the left- 
hand side of the first of Maxwell’s equations. 


IV. EQUIPMENT AND MEASURING TECHNIQUES 


A block diagram of the equipment appears in Fig. 1. 
The signal generator was a Klystron 723 AB tube and 
it was isolated from the rest of the circuit by two 
variable attenuators and one rotating attenuator, the 
latter modulating the power at 10 cycles per second so 
that a high-impedance 10-cycle amplifier (Electro- 
Mechanical Research Company) could be used in con- 
junction with the crystal detector. The wave guide was 
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of the standard rectangular X band variety and transmit- 
ted. the standard TE,» mode except for the section con- 
taining the sample. This consisted of two lengths of 
cylindrical hollow brass pipe which fitted together 
inside a brass sleeve thus permitting the rotation of 
one of the circular guides relative to the other. With 
no sample in the guide the power in the rotating guide 
varied as cos*#, where @ is the angle between the prin- 
cipal planes of the two guides. With the sample inserted 
and no magnetic field applied this same cos*@ variation 
was observed except that there was a slightly larger 
minimum. In all cases the power ratio of maximum to 
minimum was 10* or more. The reflections from the 
junctions of the rectangular and circular guides should 
have no effect on the measured angle of rotation if they 
are isotropic. The cos’@ variation mentioned above in- 
dicates this to be the case. A solenoid slipped over the 
circular guide supplied the longitudinal magnetic field. 
The angle of rotation of the second guide relative to the 
first was measured by reflecting light from an attached 
mirror. 

The sample was inserted in the nonrotating guide. 
It was found that the result did not depend on whether 
the sample made electrical contact (as determined by 
an ohm-meter) with the guide or not, although the 
spacing was not made more than about 0.5 mm. This 
is probably explained by the fact that the size of spacing 
and thickness of the sample (about 4.5 mm) makes 
propagation around the center impossible. The result 
was found to be unvaried when the sample was ro- 
tated about an axis along the direction of propagation 
illustrating the cubic nature of the single crystals used. 
An arbitrary zero ellipticity and rotation both inde- 
pendent of the magnetic field were introduced by 
inserting into the rotating guide a rectangular post of 
lucite inclined at an arbitrary angle relative to the 
original direction of polarization. This changed the 
original angle of the minimum by about 2.0° but the 
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measured rotation caused by the field about this new 
minimum remained the same. These angles are of the 
order of 3.5°. When the attenuators isolating the 
oscillator were varied it was found that the rotation 
caused by the magnetic field was independent of the 
power delivered by the oscillator over a range of 10? in 
power. The angle was determined by taking about 6 
points around the minimum and drawing a symmetric 
curve. The angle was found to reverse when the 
magnetic field was reversed. The measured angle was 
reproducible to within about 4 percent. The germanium 
utilized had a skin depth of about 3 mm so that with 
samples about 4.5 mm thick all problems of multiple 
transmission due to internal reflections and standing 
waves should be eliminated. 

The analysis above has been made for a plane wave 
while the waves used in the experiment were propagat- 
ing in the TE, mode in the cylindrical guide. This 
problem is covered by Suh! and Walker,'’ but to apply 
their solution to the present case of lossy materials 
would involve complex trial and error solutions of 
Bessel functions of complex arguments. We here present 
a semiquantitative analysis. While the guide mode 
differs from a plane wave by having (a) a longitudinal 
component of the magnetic field, (b) H not constant 
in a transverse plane, (c) £ not constant in a transverse 
plane, it was felt that only the absence of a uniform 
electric field in the transverse plane would cause any 
important difference between the two solutions. 

A diagram of the electric field is given in Fig. 2.'* 
From this figure, it appears that the actual field con- 
figuration in the guide differs from that of a plane 
polarized wave by the decrease of the field vector in 
the plane of polarization. The former does not lead to a 
change of the angle of rotation as the wave passes 
through the sample, but only to a change in the ampli- 
tude or intensity of the field component parallel to the 
major axis of the ellipse. Although a field component at 
right angles to the plane of polarization will lead to a 
change of the angle of rotation compared with the 
plane polarized incident wave, it is easily seen from 
symmetry considerations that the contributions of this 
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Fic. 2. Field configura- 
tion in circular guide (TE 
mode). 





7H. Suhl and L. R. Walker, Phys. Rev. 86, 122 (1952). 

1*N. Marcuvitz, Wave Guide Hamibook (McGraw-Hill Book 
Company, Inc., 1951), Vol. 10, Radiation Laboratory Series, p. 71. 
This reference also contains an analytic expression for the field 
(p. 69). 
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Fic. 3, Rotation of the 
plane of polarization for n 
and / type semiconductors. 


Direction of Propagotion into paper 
Direction of Magnetic Field into paper. 


field component are equal and opposite at equal and 
opposite distances from the center of the guide and will, 
therefore, on the average, cancel out. 

We may, therefore, conclude that the plane wave 
solutions which we have used in our theoretical con- 
siderations are good approximations in determining 
the angle of rotation of the plane of polarization. The 
degree of ellipticity of the transmitted radiation, how- 
ever, will be influenced by deviations from the assump- 
tion of strictly plane polarized incident waves. 


V. RESULTS 


Measurements were made on two single crystals of 
germanium, which were made available to us through 
the courtesy of the Philco Radio Corporation. The 
crystals were large enough to fill the entire cross section 
of the guide. One sample was n-type with a resistivity 
of 16 ohm-cm and the other p-type with a resistivity of 
19.8 ohm-cm. The magnetic field was applied in the 
[110] direction. The observed sense of rotation was in 
agreement with the theoretical arguments given above. 
(Fig. 3.) 

The experimental results for these two samples at 
room temperature are shown in Table I. 

The effective Hall mobility was calculated from Eq. 
(14) using a value of 16 for the static dielectric constant 
K,; and a value of 1.3X10~" sec for the relaxation 
time r. An approximate value for the effective Hall 
mobility can be obtained from Eq. (15) which does not 
contain the relaxation time. From Eq. (15) we obtain 
values of 3720 cm?/volt-sec and 3080 cm*/volt-sec for 
the effective Hall mobilities of the m- and p-type 
samples respectively. These values differ by only ca 2 
percent from the more accurate values obtained from 
Eq. (14), showing that the dependence of the Faraday 
rotation on the relaxation time is not very large. 

From the values for the effective Hall mobility 
of these two samples, it is easy to derive the Hall 
mobility of electrons and holes in germanium at room 
temperature. 

An elementary analysis gives the following relations 
between the effective Hall mobilities (ser). and (sort) y 
of the n- and p-type samples, respectively, obtained from 
our experiments, and the Hall mobilities u, and ys of 
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Tasie I. Faraday rotation and effective Hall mobilities of n- 
and p-type samples of germanium at room tempera‘ure. Thickness 
of samples=4.6X10"* meters. Wavelength = 3.434 cm. Magnetic 
field B,= 1430 gauss. 


Effective Hall 





De conductivity Measured 
o angle mobility sett 
Sample ohm-meter)~? ” cm?*/volt-sec 
n-type 6.25 —3°28' 4.4’ 3640+70 
p-type 5.05 +2°22' 4-4 3040-485 





the electrons and holes: 





ue ( OB(n,/n,)—1 
bt B(n,/n,)?+1 
1— (n,/n)*Bb 
(pets) p “ms . 
1+ (n;/n,)°B 


Here m, is the hole concentration in the sample, 6 and 
B are the Hall and drift mobility ratios respectively, 
while m, is defined by the relation nn,=n?. (n, being 
the electron concentration.) 

The ratio n,/n, can be obtained from the appropriate 
roots of the equation 


Paorp nN; n,(B+1) 


pi 1+(n,/n,°B 


where px or » are the dc resistivities of our samples and 
p, is the intrinsic resistivity of germanium, which was 
taken to be 47 ohm-cm.” 

For the drift mobility ratio a value of 2.1 was chosen™ 
while the Hall mobility ratio was taken to be 1.18 in 
agreement with the measurements of Morin™ as well 
as our own results. 

The Hall mobility values of the electrons and holes 
in germanium at room temperature thus obtained are 
given in Table II and are compared with those of 
Morin.” 

The errors in the mobility values as stated in Table II 
apply only to the precision with which the angles of 
rotation could be determined. The relatively good 
agreement between our values and those of Morin is 
surprising considering the rather rough nature of our 
experiments and the many approximation inherent in 
our theoretical considerations and must be considered 
accidental. 

Measurements of the ellipticity & of the transmitted 
radiation in these samples gave values of the correct 
order of magnitude. The latter were, however, too small 
to permit an accurate determination of the relaxation 
time, since the small elliptical component always 
present in the incident radiation in the guide was of the 
same order of magnitude as that produced by the 
transmission through the sample. This background 
ellipticity can be caused by imperfections in the circular 


® L. P. Hunter, Phys. Rev. 91, 579 (1953). 
® F. Morin, Phys. Rev. 93, 62 (1954). 
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guide or nonuniformity of the sample. Furthermore, 
the difference in the power received by the detector 
between radiation along the major and minor axes of 
the ellipse was too large to be measured accurately with 
our equipment. To obtain a value of the relaxation time, 
the tests will have to be carried out at lower tempera- 
tures or with somewhat larger magnetic fields. In any 
case, the anisotropy of the effective masses of the charge 
carriers will have to be taken into account even for weak 
magnetic fields, since the ellipticity is a second order 
effect (see Sec. II). In addition, the fact that the 
incident radiation in the guide is not strictly plane 
parallel will have a far larger influence on the ellipticity 
than on the angle of rotation and the applicability of 
the equations developed in Sec. II to this problem 
requires careful consideration (see Sec. IV). 


VI. APPLICATION TO POWDERS 


The measurements described in the previous sections 
can also be applied to powders. This method has the 
attractive feature that no electrodes need to be applied 
to the specimen. 

In order to apply the technique, it is necessary to find 
the field existing within the powder particle in terms 
of the average field in the wave guide. A procedure 
which can be applied to specimens in which the dis- 
placement current is large in comparison with the 
conduction current has been worked out by Smith.”# 
He gives a formula for the average field within randomly 
oriented particles of different shapes in terms of the 
microscopic field which is averaged over both particles 
and the space between them. 

In the case of spheres, his formulas are the same as 
those obtained by the Clausius-Mosotti procedure but 
differ markedly when particles of other shapes such as 
prolate spheroids are considered. 

Some preliminary measurements have been made on 
a germanium powder obtained by crushing in a mortar 
and pestle some single crystal germanium of high 
quality. The rotation observed was much less than that 
obtained from the same amount of crystalline material. 
The reason for this is that the maximum density ob- 
tainable is only about 50 percent of the single crystal 
value. Germanium has a high dielectric constant and 
hence most of the field appears in the interstices be- 
tween the particles rather than in the particles them- 


Taste II. Hall mobilities of electrons and holes in 
germamum at room temperature. 


Hall mobility (cm*/volt-sec) 


Hall effect 
Faraday rotation measurements 
measurements Morin) 
Electrons 37804-70 3900 
Holes 3330485 3300 





= R. S. Smith, Thesis, University of Pennsylvania (1955). See 
also Tech. Rept. 12, Contract N6-onr-24914, January 1, 1955. 
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selves. The effect did appear to be of the right order of 
magnitude, but no quantitative measurements were 
attempted because of the unknown particle shape dis- 
tribution of our crushed specimen. 

Further work on powders is planned for the im- 
mediate future. 


Vil. DISCUSSION 


A measurement of the rotation of the plane of 
polarization when a plane polarized electromagnetic 
wave passes through a nonferromagnetic semiconductor 
and a small magnetic field is applied along the direction 
of propagation yields to a first order of approximation 
values of the product om/\/K,:’ where ao is the de 
conductivity, » the Hall mobility of the free charge 
carriers and K,,’ the static dielectric constant of the 
material [see Eq. (15) ]. Hence, if the de conductivity 
and the static dielectric constant are known, the mo- 
bility can be determined by this technique. Conversely, 
K,,’ can be obtained if the de conductivity and the 
Hall mobility of the sample are known. The method has 
the advantage over dielectric measurements in that 
measurements of the angle of rotation of the plane of 
polarization are considerably easier than measurements 
of standing wave ratios. Furthermore, the method 
should be applicable to measurements on powdered 
samples without electrodes. Since the angle of rotation 
depends only in the second order of approximation on 
the relaxation time through the factor o7/e and since 
this is small for almost all semiconductors, even at 
microwave frequencies,” an accurate knowledge of the 
relaxation time of the charge carriers is not essential in 
order to obtain accurate values of the Hall mobility 
for most semiconductors. 

For weak magnetic fields (at least when these are 
applied in the [100] or [110] directions) and small 
values of wr, the equations governing the Faraday 
rotation are, to a first approximation, the same for 
ellipsoidal or spherical energy surfaces, and, by the 
use of Eq. (14), measurements of the above quantity 
will lead to a determination of the Hall mobility of the 
charge carriers. In general, the angle of rotation may 
depend on the direction of the applied magnetic field 
because of the nonspherical nature of the energy 
surfaces. 

Although a measurement of the angle of rotation of 
the plane of polarization cannot be expected to give 
accurate information on the relaxation time, the re- 
laxation time and also the effective masses of the charge 
carriers can be obtained from a measurement of the 
phase shift or the degree of ellipticity of the transmitted 


= R. Rau, Tech. Rept. 2, Contract AF 33(616)-78, January 15, 
1955, 
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radiation, if the mobility of the charge carriers has 
already been determined from a measurement of the 
angle of rotation of the plane of polarization [see 
Eq. (20)]." The phase shift should be appreciable, and 
could be measured accurately, if larger magnetic fields 
are employed or if the experiments are carried out at 
lower temperatures. Furthermore, if the phase shift is 
investigated as a function of the magnetic field strength 
B, the relaxation time could be obtained from measure- 
ments of small differences in the phase shift which 
should be detectable even at higher temperatures and 
low frequencies (small values of wr). Since the phase 
shift is a second order effect the anisotropy of the 
effective masses must be taken into account and the 
simple Eq. (20) is no longer valid (see Sec. IT). Hence, 
the ellipticity is a function of the direction of the 
applied magnetic field. In principle, then, the effective 
masses of the charge carriers may be determined from 
measurements of the Faraday rotation and the phase 
shift as a function of the orientation of the applied 
magnetic field, as was attempted in the experiments of 
Suhl and Pearson.’ While this method would be more 
inaccurate than the cyclotron resonance technique, it 
may be applicable to measurements at somewhat higher 
temperatures than the latter and to substances in 
which the cyclotron resonance method cannot be used. 

For general applications, the theory has to be worked 
out in detail in cases where the relaxation time is a 
function of the electron energy and direction of motion, 
but this difficulty would also be experienced in the 
interpretation of dielectric measurements although the 
mathematical formalism may be simpler in the latter 
case.™ 
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"For materials of small conductivity and spherical energy 
surfaces the phase shift depends linearly on the relaxation time. 

™ The mobility obtained from the Faraday rotation can prob- 
ably not be interpreted simply as the effective Hall mobility of 
the charge carriers, even for weak magnetic fields, if the ener, 
dependence of the relaxation tisre js taken into account, — 
such a interpretation seems correct as far as the anisotropy of 
effective masses is concerned. (See reference 14.) 
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The Schottky effect and the periodic deviations about the Schottky line have been simultaneously in- 
vestigated for thin films of SrO on molybdenum. The experimentally determined Schottky slope is in good 
agreement with the theoretical value of e4kT for deposits less than a monolayer; but becomes larger than 


theory for more than a monolayer 


rhe periodic deviations obtained for a clean molybdenum surface wash 


out when as little as 1/60 monolayer of SrO is deposited on the surface. The implication is that the electron 
reflection coefficient near a Mo-SrO surface cannot be associated with the simple yu reflection found for 


ais 


clean met 


HE Schottky effect and the periodic deviations 

from the Schottky line have been suggested! as 
a too! for exploring the nature of the surface potential 
barrier. The thermionic emission in the Schottky region 
for thin films of SrO on molybdenum has been investi- 
gated experimentally, using a cylindrical anode-guard 
ring structure coaxially mounted with a 0.003-inch 
polished molybdenum wire. Strontium oxide was de- 
posited by evaporation from four coated platinum 
source filaments* using the deposition techniques of 
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on the Schottky deviations as a thin film 
a clean molybdeaum filament. F; represents the 


the Schottky line. See reference 3 





of SrO 


Fic. 1. Effect 
is deposited or 
periodic deviation from 


* Supported in part by the Office of Naval Research 

t Now at the U. S. Naval Research Laboratory, Washington, 
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* The source 


d M. H. Nichols, Revs. Modern Phys. 21, 185 


filaments, prepared by spraying a coating of SrO 


in a nitrocellulose binder on highly re d platinum, were fur 
nished by G. E. Moore, Bell Telephone Laboratories, Murray Hill, 


New Jersey 


Moore and Allison* and the emission measurement 
methods developed for periodic deviation studies.‘ 
Measurements were carried out up to fields of 10° volt 
cm”. Table I gives the slope of the experimental 
Schottky line as compared with the theoretical slope 
e'kT, for various deposits of SrO. Calibrations of the 
source filaments have shown that it required approxi- 
mately 8 hours of evaporation to deposit the equivalent 
of one uniform monomolecular layer on the receiver 
filament. Within the accuracy of temperature deter- 
minations, the experimental and theoretical Schottky 
slopes are in agreement for less than a monolayer. For 
as little as 1/60 monolayer (7 minutes deposit by 
evaporation) the thermionic emission increased by a 
factor of 10° over that for clean molybdenum, indicating 
that the electron current observed came from regions 
covered by SrO. That the Schottky law was obeyed 
gives indication of a mirror image potential in the 
\ region® of the barrier, for SrO deposits of less than a 
monolayer. 

For coverages greater than a monolayer, the experi- 
mental slope becomes larger than the theoretical slope; 
it is nearly twice as large at approximately 16 layers. 
This effect is common in the study of oxide cathodes 
where there is also more than a monolayer of alkaline 
earth oxide present. An explanation has been suggested 


Taste I. The variation in Schottky slope for a molybdenum 
filament on which SrO has been deposited as a thin film. The 
equivalent of one monomolecular layer of SrO is deposited during 


Experimental slope 
Theoretical slope 


1.03+0.03* 
0.99 
1.03+0.03> 
1.00 
0.99+0.01¢ 
1.21—1.45 
1.61—1.92 


Evaporation time 
(clean Mo 
minutes 
minutes 

5 hours 
hours 
hours 6 
hours 7 


Work function 


4.36 ev 
2.44+0.04 
2.34+0.04 
34+004 
34+0.04 
+0.1 
+0.1 


Allison, Phys. Rev. 77, 246 (1950). 


'G.E 
* Munick, LaBerge, and Coomes, Phys. Rev. 80, 887 (1950). 
* Juenker, Colladay, and Coomes, Phys. Rev. 90, 772 (1953). 
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by Nergaard® for the case of films thick enough to 
exhibit semiconducting properties. 

The effect on the periodic deviations’ from the 
Schottky line resulting from a deposition of SrO on 
molybdenum is illustrated in Fig. 1. There is a washing 
out of the deviations for deposits as small as 1/60 mono- 


*L. S. Nergaard, RCA Rev. 18, 464 (1952). 
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layer, and at approximately 4 monolayer there are no 
deviations from the Schottky line greater than 1/100%. 
Since the surface barrier is mirror image in the A region, 
as suggested above, these data would indicate that with 
the SrO film, electron reflections near the emitter sur- 
face cannot be associated with the simple y coefficient® 
found for clean metals. 
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Search for the Hall Effect in a Superconductor. I. Theory 
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Various theoretical explanations for the absence of a Hall effect in a superconductor are considered, and 
none are found convincing. It is concluded that this property lies outside the existing body of theory, and 
the general requirements it imposes on a future theory are adduced. 


I, ORIENTATION 


N a previous work! the early inconclusive result of 
Kamerlingh Onnes, that the Hall coefficient of a 
metal vanishes when it goes into the superconducting 
state, was confirmed for a vanadium sample. (In fact, 
it was shown that the Hall coefficient was reduced to 
less than about 20° of its value in the normal state. 
It would probably be more difficult to explain its re- 
duction to a finite smaller value than to explain its 
vanishing completely, so that, for the purposes of the 
following, we will suppose that these experiments 
demonstrate the disappearance of the Hall effect in the 
superconducting state.) It is the purpose of this note to 
discuss the theoretical implications, if any, of this fact. 
To begin with, it is probably well to dispose of some 
previous arguments that have been advanced, to the 
effect that it is perfectly obvious that there ought to 
be no Hall effect in a superconductor. These arguments 
take several forms, and we discuss them in order. 

First, it has been argued that, since a magnetic field 
can hardly penetrate a superconductor, and, since a 
magnetic field is essential to a Hall effect, such an effect 
is precluded. In fact, a magnetic field penetrates a 
superconductor to a known depth of about 10-* cm, 
and within this penetration depth the current densities 
can be quite large. This property of a superconductor is 
fully taken into account in the earlier paper, in evalu- 
ating the magnitude of effect to be expected. 

The second argument is due to Pippard? and is as 
follows: if there were a Hall effect in a superconductor 
it would be possible, in a static magnetic field, to impose 

'H. W. Lewis, Phys. Rev. 92, 1149 (1953) 

? Unpublished, but quoted in D, Schoenberg, Superconductivity 
(Cambridge University Press, London, 1952), p. 49. I have had 
the pleasure of an interesting conversation with Professor Pippard 
on this question. 


a resistive load on the Hall voltage, and so to draw 
energy from the field. This would, however, cause the 
collapse of the magnetic field, which is in contradiction 
to the observed stability of the current-carrying state 
in a superconductor. Consequently, there must be a 
contact potential at the surface, which is just sufficient 
to cancel the Hall voltage, and to render it unob- 
servable. 

The answer to this comes in two parts. (We must 
grant, to begin with, that the gedanken-experiment 
would go as described, though it has not been tried. 
This is very probable.) In the first place, one must 
consider the magnitudes involved in this gedanken- 
experiment. A superconducting sphere of radius a, in 
an applied magnetic field 7, has an energy excess over a 
nonsuperconducting sphere equal to 3H%a*/8. The Hall 
voltage' between the pole and equator would be 
9RH*/32x, where R is the Hall coefficient, and, as 
before, H is the applied field at infinity. If a resistive 
load Z is now applied, the decay time 7 will be given 
by T= 128%°Za'/27R°H". Suppose a~1 cm, Z*1 ohm 
=10° emu, 7=100 gauss, R= 100 10~* emu (tin or 
lead); then T~5 X10" sec. Thus, the field collapse of 
which we have spoken above would take something 
more than fifteen million years. The stability of the 
super currents can hardly be considered to be estab- 
lished over such periods of time. This time can, of 
course, be somewhat reduced by a suitable choice of 
different numbers from those used above, but cannot 
be brought down to the experimental time, which is of 
the order of weeks. 

Thus, one is finally forced to make this argument a 
matter of principle, and here the question is less clear. 
If one accepts the idea that the field collapse will indeed 
occur over such a long period of time, one accepts with 
it the concept of a lower energy state of a supercon- 
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ductor, in which the field is no longer excluded. Thus 
the normal superconducting state, exhibiting the Meiss- 
ner effect, must be regarded as metastable, rather than 
absolutely stable. This concept is distasteful to some 
physicists, but cannot be regarded as in any sense ex- 
cluded by the information at hand. The answer to such 
a question must probably ultimately come from a 
satisfactory theory of the superconducting state. 

The third argument we will discuss is given by 
London’ and is substantially as follows, if we confine 
ourselves, for the moment, to the discussion of the 
forces acting on the superelectrons, and ignore the 
normal electrons. 

Consider the Lorentz expression for the force per 
unit volume acting on the former 


F=p,[ E+ (1/c)v,.xH], (1) 
where p, is the charge density of the superelectrons, 
v, their velocity, c the speed of light, and E and H the 
electric and magnetic fields. This can be transformed, 
by using the London equations 


(1/¢ )H, 


curl(Aj,) = curl (Ap,v, = - (2) 


A(d/dt)(j,)=E (3) 
to eliminate the field strengths. A is a constant. Then (1) 
can be written after suitable transformation 
ra] 
)+div(AS), 


al 


where § is a tensor defined by 


So = JaJo— 4 PO», (5) 
and which represents the kinetic stress tensor of the 
supercurrents. Thus (4) tells us that the momentum 
delivered to the supercurrents, per unit volume, and 
per unit time, is divided between an increase of the 
momentum density in the volume, and a transport of 
stress across the boundary of the region considered, 
AS,, representing the flow in the v direction of the u com- 
ponent of momentum density. If we were to add the 
stress tensor of the electromagnetic field we would find 
an over-all conservation law of the form 


aP/at+div(T)=0, (6) 


where we have derived above the expressions for the 
contributions of the superelectrons to P and T. The 
contributions due to the field have the standard form. 

It is now argued that, in the statienary case, the first 
term on the right side of (4) vanishes, as does E, 
according to (3). Thus, the second term on the right 
side of (1), representing the magnetic force on the 
superelectrons, is converted completely into the kinetic 
stress of the supercurrents, represented by S$ in (4). 


* F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1950), p. 70 
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We have thus an equilibrium situation, in which the 
magnetic forces are balanced by the inertial forces, 
without an electric field, hence without a Hall effect. 
At the surface of the material, where S changes dis- 
continuously, becoming zero outside the metal, there 
must be surface forces which finally take up the trans- 
ferred momentum, and which are responsible for the 
fact that even a superconducting wire can be used in an 
electric motor. This, then, is a coherent picture, in 
which the Hall effect has no place. 

To study it more carefully, we must go back to the 
London equations (2) and (3), and to their basis. Here 
one can adopt one of two points of view; one can postu- 
late the equations in the form given, or one can try to 
justify them, or at least make them plausible, by study- 
ing the motion of a frictionless electronic fluid in an 
electromagnetic field. London has done this in the book 
previously referred to.? The motion of each electron, 
under the force represented by (1), will be deter- 
mined by 

m(dv,/dt)= e(E+(1/c)v.xH), (7) 
where m and e are the mass and charge of the electron. 
Further, the acceleration can be transformed into 


dy, Ov, Ov, 
-=——+(v,-¥)v,=—-+}9(v,")—v,Xcurlv,, (8) 
dt al at 


so that (7) can be written 


Ov, e e 
+49 (v,")— B= ¥.x{ curlv.+ ul (9) 


at m mc 


If we now take the curl of both sides, call the expression 
in the square bracket Q, and use one of Maxwell’s 
equations, it is easy to see that we have 


=curl(v,XQ). (10) 


Consequently, if Q is initially zero everywhere, it will 
remain zero at all times. It is thus consistent to postu- 
late, in addition to the equations of motion, the equation 


Q=0 (11) 


t is obvious that this is identical with London’s first 
equation (2), if we identify A with m/ep,. This is in fact 
the right order of magnitude for A, if we take for p, 
about one electron per atom. 

Thus, one is led to London’s equation (2), with a 
meaning for the constant A. Now combine this with (9), 
to obtain 

dv, /dt= (e/m) E—49 (v,"), (12) 
which is, apart from the last term, identical with (3), 
and with the same value of A. London now argues that, 
although (12) is probably a more consistent expression 
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of the equations for a superconductor than is (3), the 
gradient term is always small, and (3) is simpler. We 
will argue that the extra term radically alters the con- 
clusion drawn above about the absence of the Hall 
effect. 

Indeed, if one goes through the argument contained 
between Eqs. (1) and (6), but using (12) instead of (3), 
one finds that it goes exactly as before, except that the 
tensor S is replaced by a new tensor S’, lacking the last 
term in (5), and therefore given by 


Sue’ ™ JuJo. (13) 
Also, it is no longer the case that E=0 in a stationary 
state, but, from (12) 


m al 
E=—V¥(v,”)=—¥(A4,’), 
2e 2m 


(14) 


since mv,=eAj,, with the value adopted for A in this 
picture.‘ 

There are therefore two points in which the conclu- 
sions differ from those drawn by London on the basis 
of (2) and (3). First, the expression for the kinetic 
stress tensor is changed from (5) to (13), thus elimi- 
nating the Bernouilli pressure term. Thus, since the 
normal components of j must be zero at the surface, 
the discontinuity in stress across the surface no longer 
exists, and the same is true of the surface forces which 
appear in the original picture. Secondly, the electric 
field is no longer zero, but is given by (14), and con- 
stitutes the Hall field. The usefulness of the super- 
conducting wire in an electric motor is still guaranteed, 
but the forces communicating with the surface are 
electric forces operating on the metallic lattice. This is 
the more usual situation. 

To spell out this point, consider the following par- 
ticularly simple stationary situation. A free plane 
surface of a superconducting body has a magnetic 
field Hy parallel to the body just outside it, and currents 
j inside. Call the interior normal the z direction, the 
magnetic field direction y, and the current direction x, 
supposing them to be mutually perpendicular. Then, 
according to Eqs. (2) or (11), combined with Ampere’s 
law, for the stationary case, 


curlH = (4x/c)j, (15) 


we can find that the magnetic field as well as the current 
decrease exponentially going into the material as 
j= jo exp[—z/d], 


16) 
H= H, exp[ —2/A], ( 
where the penetration depth A is given by 


h?= Ac?/4ar = mc*/4arep,. (17) 


‘Substantially this conclusion was reached by F. Bopp, Z. 
Physik 107, 623 (1937), in a discussion of the derivation of 
London’s equations from the acceleration theory. 
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With this distribution of field and current we note that 
(v,-¥)v,=0, so that there are no so-called “inertial 
forces.” This is true in both representations of the 
London equations. Indeed, the “inertial forces” in the 
version given by Eqs. (2) through (5) can be regarded 
as arising in breaking up this relation into 


(v,:¥)v,= $9 (v,")— v,Xcurlv,, (18) 


and then ignoring the first term on the right-hand side, 
as negligible. In fact, in the case here presented, it is 
equal and opposite to the last term, which is usually 
kept, and the electric field given by (14) is easily seen 
to be equal to the usual Hall field. Since the net force 
on the electrons is now zero, it is clear that the magnetic 
force has been turned into electric forces that act on 
the metallic lattice. 

In conclusion, then, we may say that there are 
available two forms of London’s equations, (2) and (3), 
and (11) and (12), respectively. We may denote them 
by I and II. They differ by terms which are usually 
negligible, but which are of utmost interest here. I is the 
set originally proposed by London, and leads to the 
prediction that the Hall effect is absent. IT is the set 
that appears naturally from a study of the dynamics of 
a frictionless electronic fluid, and leads to a normal 
Hall effect. II is probably, according to London, a 
somewhat more consistent expression of the electro- 
dynamics of a superconductor, if we believe that 
frictionless motion of electrons is in any way involved. 
It is probably also worth noting that the equations II 
constitute, to second order, a relativistically covariant 
set, whereas the equations I do not. At the very least, 
it appears that from this type of argument one cannot 
predict whether or not a superconductor ought to 
exhibit a Hall effect. 

Note added in proof.—Professor Bardeen has kindly 
called to my attention an article by J. Lindhard [Phil. 
Mag. 44, 916 (1953)] in which it is argued that the 
London equations do not represent a limiting case of a 
frictionless electronic fluid. This argument depends 
upon the zero-point velocity of the electrons in a metal, 
and must be regarded as rendering still more mysterious 
the origin of the London equations. 

In all the above we have ignored the role of the 
“normal” electrons in the superconductor. The next 
sections will be devoted to a study of their influence. 


Il. THE TWO-FLUID MODEL 


We want here to set out briefly those characteristics 
of the “two-fluid” model* which will be essential to the 
subsequent discussion. The model has been developed 
in much greater specificity than we need for our pur- 
poses. Indeed, for these off-equilibrium situations the 
specific forms of the model that are currently in vogue 


cannot be considered well established. 


* Gorterand Casimir, Physik. Z. 35, 963 (1934); Z. tech. Phys, 
15, 539 (1934); see also reference 2, pp. 194 ff. 
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We consider the electrons to divide themselves into 
two groups, with the relative populations of these 
groups determined by a parameter f that can vary 
between zero and unity, and which we call the “fraction 
of normal! electrons.” These two groups are supposed 
to coexist in the same volume, and to be in thermal, 
but 
local equilibrium, the same temperature T and Gibbs 


mechanical interaction. Thus they have, in 


not 


free energy density u (per unit mass) but not necessarily 


the same pressures.*’ It follows that in transport 


equilibrium we have 
pnVu To avi 5 
p,Vut+e,.0T, 


vp, 
vp 


(19 


where Pp, p, and o are the pressure, density, and transport 


entropy per unit volume, and the subs ripts refer to 


normal and superconducting components. These equa 


thermomechanical forces on the 


tions determine the 
trons in terms of the gradients of the 
We will Ssup- 


entropy of the superconducting 


two groups OF elec 


macroscopic thermodynamic quantities 


pose that the transport 
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superconductor, one must do so without moving the 
normal electrons. 

The Hall effect situation is one in which currents are 
carried by the superelectrons alone, so that only they 
experience the magnetic forces. A complete discussion 
of the behavior of the electrons in the skin must there- 
fore take into account the details of the two-fluid model. 
This is the subject of the next section. 


Ill. THE HALL EFFECT IN THE TWO-FLUID MODEL 


In the presence of electric and magnetic fields the 
forces on both the normal and superconducting electrons 
are given by combining (19) with the Lorentz force. 
If we suppose that only the superelectrons are moving 
(with a mean velocity »,), we have, for the forces on 
the electrons (per unit volume 


F,=paVuetonVT, 


: : (20) 
F,=p,V ut (e/mc)p,{ v,X H], 


1 


where we have introduced the electrochemical potential 
u, to include the electric forces. Equilibrium is deter- 
mined by the absence of a net force on the super- 


, ' 
electrons, so that 


Vu.t+ (e/mc)[ v,.x H]=0. (21) 


We have now to consider the normal electrons. If there 
is a net force on them, it will result in an internal 
circulation of current, and therefore a dissipative effect.® 
Within this framework, the only way this can be 
avoided is for the thermoelectric force, represented by 
the term in the gradient of the temperature in (20) to 
cancel the electrochemical force—so that we would have 
a thermal gradient in the presence of a magnetic field. 
This would amount to substituting an Ettingshausen 
effect for the Hall effect, and is doubtless what would 
happen if the metal were a thermal insulator. It is not 
hard to see, however, that the actual thermal gradient 
will be severely reduced by heat transport in the metal, 
and, in fact, by a factor of approximately (kT/E,r)? 
which is of order 10~*. This can be estimated by writing 
down the entropy flow balance in the steady-state con- 
dition. Thus, the metal can be considered to be iso- 
thermal, and a net force equal to p,Vu, must be sup- 
posed to act on the normal electrons. Thus we have both 
a dissipative normal current, and a Hall effect. 

Deferring for a moment discussion of the fact that 
the two-fluid model fails to account for the absence of 
the Hall effect, let us consider first the magnitude of the 
resistive dissipation predicted above. We can express it 
in terms of the time constant for the decay of the dia- 
magnetic state of the superconductor, which we have 
already calculated in Sec. I. We have only to use for 

* This is not at all unfamiliar. In an ordinary metal that has 
overlapping bands, so that there are two i groups of 
electror.s, there is an internal circulation when a current flows in 
the presence of a magnetic field. The same applies to the holes 
and electrons in a semiconductor 


distinct 
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the impedance Z which loads the Hall voltage, some 
estimate of the resistance of the skin layer to the flow 
of normal currents. For an area of about 1 cm?, a pene- 
tration defth of about 10-* cm, and a resistivity of 
about 10-*2 cm, the impedance may be estimated to 
be of the order of 10~"' ohm. This is more likely high 
than low for a typical sample. Thus the decay time, 
which was 5X10" sec with a loading of one ohm, is 
reduced to a few hours at most. This is much too short, 
so that we can be sure that loading of the Hall voltage 
by the normal electrons does not occur on anything 
like the scale suggested by the two fluid model. 

It is to be emphasized that this conclusion is inde- 
pendent of the possible existence of a contact potential 
that may cancel the Hall voltage at the surface of the 
specimen, and is a direct consequence of the systematic 
application of the two-fluid model to the problem. We 
can therefore only conclude that, if cancellation of the 
magnetic forces on the superelectrons takes place in the 
interior of the sample, then the forces responsible for 
this cancellation (the Hall forces) cannot act also on 
the normal electrons. This is a new feature of a super- 
conductor, and is not contained in the existing phe- 
nomenological theories 

It is not hard to see that the new phenomenological 


theories’ do not improve the situation, at least in their 
* Ginzburg and Landau, J. I 
12 (1950). J. Bardeen, Ph 


xptl. Theoret. Phys. (U.S.S.R 
I 


I 
20, No ys. Rev. 94, 554 (1954 
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present form. What they provide for is a reluctance 
(because of the uncertainty principle) of the electrons 
to change their wave functions over distances shorter 
than ~10~ cm, and this is not required by our con- 
siderations. 

IV. CONCLUSIONS 


We have considered all possible explanations of the 
absence of a Hall effect in a superconductor, which both 
lie in the framework of existing theory, and are known 
to the author. All have been found wanting. The simple 
assumption of a contact potential that just cancels the 
Hall voltage has been found to beg the question, since 
we are still in trouble in the interior of the sample, as 
discussed in Sec. III. 

We therefore conclude that an explanation of the 
absence of a Hall effect in a superconductor will require 
an extension of present theory in a direction not easily 
foreseen. It will require a long-range cooperative inter- 
action among the electrons, that is not contained in 
the present phenomenological theories, and which will 
serve to transfer the magnetic forces on the super- 
conducting electrons directly to the metallic lattice in 
such a way that the noncurrent carrying electrons are 
affected. Whether 
molecular theory of superconductivity contain the seeds 


not the present beginnings of a 


of such an interaction, we do not know. 
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Theory of the Magnetic Susceptibility of Graphite* 
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The theory of the magnetic susceptibility of graphite is pre 
sented in terms of a three-dimensional Wallace electron energy 
band structure. The experimentally observed variation with 
temperature is explained in a satisfactory manner, provided the 
interplane resonance integral occurring in the band approximation 

This 
mate and implies that a two-dimen 
sional band approximation may be invalid in many cases. The in 
plane resonance integral is obtained by fitting the variation, with 


is given a value of about 0.5 ev is about five times larger 


than the previously used 


electron concentration, of the electrical resistivity of a graphite 


bisulphate residue compound. In this way a value of 1.63 ev for 


this integral is obtained. It might be noted that these values 


enabled a better fit of the resistivity over the entire range of 


bisulphatization than could be obtained by a two-dimensional 


theory. On the other hand, the value thus obtained for the actual 


I. INTRODUCTION 
“RAPHITE shows a very high diamagnetic 
ceptibility which is, in addition, extremely ani- 


sus- 


sotropic.! These properties have been explained by 


* This paper is based on studies conducted for the U. S. Atomic 
Energy Commissior 

'N. Ganguli and K. S 
177, 168 (1940 


Krishman, Proc. Roy. Soc. (London) 


Hove 
{merican Aviation, Inc., Downey, California 

1955 

magnitude of the susceptibility is lower than that observed by a 
factor of about 40. The 
susceptibility of bromine graphite is then analyzed on the basis 


room temperature) variation of the 
of the above theory, using the indicated values of the constants 
In this way, a value is obtained for the percentage of the bromine 
which is ionized. This is found to be weakly dependent on the 
amount of bromine, varying between 18% at 0.3 atomic percent 


bromine to 13% at 0.8 atomic percent bromine. The experimental 


value has been found to vary slightly around 18%. This agreement 
is very good and indicates that the theory is valid in explaining 
variations of the even though there is 


relative susceptibility, 


difficulty in predicting the absolute magnitude. The latter is the 
only serious discrepancy found in the present work and has not 


yet been explained 


Eatherly’? and Smoluchowski’ as due to the highly 
anisotropic Brillouin zone structure of the conduction 
band.‘ It was originally shown by Peierls,’ and later 

?W. P. Eatherly, see comments in discussion following refer 
ence 3 

* K. Smoluchowski, Revs. Modern Phys. 25, 178 (1953) 

*P. R. Wallace, Phys. Rev. 71, 622 (1947) 

*R. Peierls, Z. Physik 80, 763 (1933 
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extended by Wilson,* that there are terms in the mag- 
netic susceptibility of crystalline conductors which 
depend on the curvature of the energy surfaces near the 
Fermi level and which can become large (and negative), 
especially if the band is nearly filled or nearly empty. 
These effects arise from changes in the level density 
rather than spin interactions and, for free electrons, 
reduce to the well-known Landau diamagnetism.’? The 
earlier applications of this to graphite? utilized a two- 
dimensional approximation to the band structure* and 
were able to explain, in a qualitative way, the rapid 
changes in the susceptibility with such factors as 
bromination.* However, difficulties arose in making 
quantitative comparisons with experiment, particularly 
those relating to temperature effects. For this reason, 
a more detailed study was made using a three-dimen- 
sional band structure; the present paper gives the 
results of this study. In general, these results have been 
successful in explaining relative changes of the sus- 
ceptibility. In addition, it has been possible to evaluate 
some of the constants inherent in the band structure 
by correlation of the theoretical and experimental 
susceptibility. The values of these constants thus ob- 
tained are of the order of magnitude of previous esti- 
mates (all of which are very approximate), but differ 
sufficiently to have a significant effect on the theoretical 
interpretation of the electrical properties of graphite. 
There is one discrepancy between theory and experi- 
ment which the present work reduces, but does not 
This concerns the absolute magnitude of the 


remove 
susceptibility. Previous attempts’ to calculate this 
yielded a value which was lower than the observed by 
a factor of several hundred. The present calculation is 
still low by a factor of about forty. While this may be 
merely an error, either in the derivation or in the 
numerical work, all attempts to find such an error have 
failed. It should be emphasized that the theory of the 
magnetic susceptibility of electronic conductors presents 
some of the most difficult problems in solid-state physics 
and, at present, cannot be considered as generally 
satisfactory. This is especially true when the bands are 
degenerate (or nearly degenerate), as in the case of 
graphite, in which case terms which are usually con- 
sidered negligible may become important.* Adams® has 
made some calculations for bismuth, where he shows 
that such terms are important, although it is very 
difficult to use his results for graphite. As will be seen, 
the use of the simpler (single band) theory of Peierls® 
for graphite is apparently satisfactory in explaining all 
relative variations of the susceptibility and fails only 
in predicting the magnitude. This would seem to imply 
that, if the trouble lies in neglecting terms of possible 
importance, these terms can be put into the form of the 
Peierls expression times a slowly varying function. The 


* A. H. Wilson, Proc. Cambridge Phil. Soc. 49, 292 (1953 
L. Landau, Z. Physik 64, 629 (1930 
*G. Hennig, J. Chem. Phys. 19, 922 (1951 
1438, 1443 (1952 
*E. N. Adams IT, Phys. Rev. 89, 633 (1953). 


; J. Chem. Phys. 20, 
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latter would then approximately cancel for the relative 
susceptibility 


Il. TEMPERATURE DEPENDENCE 


Using the nondegenerate theory of Wilson,* the con- 
duction electron contribution to the magnetic suscepti- 
bility per unit volume is 


uo fm? CE PE VE \*10fo 
x= ( yf -( ) —d'k, (1) 
127°\ Ok? Ok? = \dk0k,/ JOE 
for a constant magnetic field in the Z-direction. The 
integration is over all k space, fo is the Fermi-Dirac 
distribution function, and wo is the Bohr magneton. 
The Wallace* model for the conduction band structure 
of graphite gives two touching bands, the lower one 
completely filled (at zero temperature) and the upper 
completely empty. If the origin of k is translated to one 
of the corners of the hexagonal Brillouin zone,' the 
Wallace energy values (near the corner) are 
Cc } 
(2) 


¢ 
€= — 7; cos-k,+] y:* cos*-k,+ S00 Kay? : 
? ) 


~ 


where ¢ is measured from the energy of band touching 
and the (+) refers to the upper (empty) and lower. 
bands. Here x,?7=«x,+x,? where xz=k,—k, (corner), 
etc., and a and ¢ are the magnitudes of the lattice 
translation vectors. The constants yo and y; are reso- 
nance integrals between coplanar and interplane nearest 
neighbors, respectively, and have been roughly esti- 
mated by Coulson” as being 0.9 ev and 0.09 ev. For 
the purposes of the present work, these will be regarded 
as disposable constants to be determined by experiment. 
Using Eq. (2), it is a straightforward, although 
laborious, procedure to reduce Eq. (1) to the form 


por fm? ay a e— At € 
x= ( ) f sech'( af de, (3) 
r\rR cy: (4kT) = 2kT 71 


where Af is the Fermi energy measured from the top 
of the filled band. The function 4(x) is symmetrical and 
has the following form for x>0: 
(2+-2*) | x 

; In 


h(x)= 
2(1—x2)5/2| 


2—2°—[(1—2*)(4—2°) ]}“* 


gt 


— x") 


x?) (4—x*) for 0<x<1 


[ (x*—1)(4—2*) }” 


[ (x*@—1)(4—-2%) }! ‘| for 1<x<2 
x(x*+2) 
= for x>2. 
2(x*—1)*” 
eC. 4 Coulson and R. Taylor, Proc. Phys. Soc. (London) 
A65, 815 (1952). 
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Thus for small x, 4(x) diverges logarithmically, while it 
has a slight peak at x=2 and approaches rx“ for 
large x. The expansion of (x) for small x is 


h(x)~~— |nx—9.614+-0(22); 


it is valid to introduce this into Eq. (3) if y:>4&T. 
At room temperature, 447=0.1 ev and the @ priori 
assumption will be made that 7; is greater than this. 
Note that the approximation becomes better for lower 
temperatures. 

For an untreated graphite single crystal, the quantity 
Aft is zero. Under this condition, and evaluating the 
constants of Eq. (3), there is found 


i E Yo 71 eA 
—x0~(0.375X 10-7) (in +027) (4) 
v1 2kT 


in cgs mass units (ergs g~' gauss~*). This is correct up 
to an order of (kT /y,)*. The variation of xo with tem- 
perature has been measured by Ganguli and Krishnan,' 
Goldsmith," McClelland,” and Owen." In using these 
data, the core diamagnetism of the carbon atoms must 
be subtracted in order to obtain a value corresponding 
to the susceptibility considered here. The corrected 
experimental results are plotted in Fig. 1, normalized 
to 300°K. Superimposed on this plot are curves of 
Eq. (4) (normalized similarly) for several values of 7. 
It is apparent from this that the best fit is obtained 
when ¥; is between 0.5 and 0.8 ev, with 0.5 ev appearing 
preferable. The commonly used value of 0.1 ev gives 
worse agreement with the observed results than can 
be accounted for on the basis that one is approaching 
the limit of validity inherent in Eq. (4) at room tem- 
perature. Thus, in the work to follow, a value of 0.5 ev 
will be used for y;. If xo is plotted against In7’, a straight 
line results at low temperatures (less than about room 
temperature) with a slope proportional to (yo*y:"). 
This slope, with a 7; of 0.5 ev, gives a value of 10.5 ev 
for yo. The same value of yo is obtained from fitting 
the experimental magnitude of the susceptibility (about 
22.110~* cgs units). Previously estimated values'®-™ 
of yo lie between 1.0 and 3.0 ev and it is not likely that 
the order of magnitude of these former values is wrong. 
Furthermore, as will be shown later, a yo of 10 ev gives 
serious discrepancies with the brom-graphite data, 
which require a value of about 1.6 ev. Thus, as men- 
tioned in the previous section, it must be concluded that 
the coefficient in Eq. (1) is low by a factor of about 
forty. At present this cannot be explained. Since all of 
the relative changes of x appear to be explained by 
Eq. (1), however, it is reasonable to assume that what- 
ever causes this discrepancy does not greatly alter the 
form of the energy integral; similarly, it probably does 
not depend on a serious alteration of the assumed 
energy band structure [Eq. (2) ]. 

1M. Goldsmith, J. Chem. Phys. 18, 523 (1950 

# J. D. McClelland (private communication 

4M. Owen, Ann. Physik 37, 657 (1912 

“4K. Komatsu and T. Nagamiya, J. Phys. S« 
(1951 
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Fic. 1. The relative variation with temperature of the conduction 
electron diamagnetic susceptibility of normal graphite 


Ill. BROM-GRAPHITE RESIDUE COMPOUNDS 


The electronic properties of many of the interstitial 
compounds of graphite have been extensively studied 
by Hennig. The compound of particular interest to 
the present report is that with bromine. The brom- 
graphite residue compounds are useful in studying the 
properties of graphite because a fraction of the bromine 
is always ionized, which thus removes electrons from 
the graphite band. Since the bromine is presumably at 
crystal boundaries,’ it has little effect on the band 
structure itself. The fraction of the residual bromine 
which is ionized is fairly constant (at about 18%) for 
ion concentrations of from 0.01 to 0.09 atomic percent. 
This ionized fraction was obtained by Hennig by com- 
paring the electrical resistivity with that for graphite- 
bisulphate compounds, for which the ion concentration 
can be found with a reasonable accuracy by electrolytic 
methods. Since the ion concentration also represents the 
number of electrons which are removed from the band, 
the brom-graphite residue compounds permit a study 
of various electronic properties of graphite as a function 
of various known electron concentrations. In the present 
paper, the experimental susceptibility of brom-graphite, 
measured by Hennig and McClelland,'® will be com- 
pared with the theory. 

The effect of depleting electrons from the graphite 
conduction band will be to alter Af, the Fermi energy 
measured from the top of the band, in Eq. (3) for the 
magnetic susceptibility. Although Af will actually be 
negative, x is a symmetrical function of Af [because of 
the use of Eq. (2) for the energy spectrum] and Af¢ 
may be taken as a positive quantity only. If Af is small 
(considerably less than +;), the function A(e/7,) in the 
integrand may be expanded as was done in the last 
section. Then the susceptibility (in cgs mass units) 
becomes 


_ att yi 
—x—~ (0.375 X 10-7) In 
yi! 2k7 


—().614 


af i 
+4F -) » (9) 
2k7 j 


‘G. Hennig and J. D. McClelland, J. Chem. Phys. (to be 
published 
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of course, evident that if enough electrons are trapped 
out of the energy, band, graphite must look nearly 
metallic. to 

Since, from the’ last" sec tion, y; has a value of about 
0.5 ev, the ranges of validity of Eqs. (5) and (6) overlap 
at low temperatures and nearly do so even at room 
temperature. Thus, a satisfactory picture of Eq. (3) 
may be obtained by plotting Eqs. (5) and (6) and 
connecting them smoothly. This is done in Fig. 3, 
which actually plots x/xo, where xo is the value for 
4f=0. Two temperatures, 78° and 288°K, are shown. ‘ e 
The experimental points of Hennig and McClelland’® 
for type AGOT-KC graphite are given in Fig. 4 as a 
function of g, the atomic percent of bromine in the 
residue compound. A cross plot of Figs. 3 and 4 yields 
the variation of A¢ with bromine concentration, which 
is shown in Fig. 5. As can be seen from Fig. 5, one may 
very nearly put 
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where g is atomic percent of bromine and A¢ is in ev. 
| oil It is necessary to know the relationship between the 





Wo. 2. A plot of the function F(a number of electrons trapped (m,) and Af. First of all, 


it can be shown that, at room temperature and below, 


sen ‘ the temperature dependence of Af is negligible for 
Fla f sech’(x—a) Inxdx. graphite (the variation is not more than about 10%). 
£ Then, one can relate 
. . . af 
The function F must be found by numerical integration N, f V (ede. 
but, once obtained, it is known for any temperature. 


It is given in Fig. 2 as a function of its argument 


If At is much larger than 4&7, the integrand in where V(e) is the density of states per carbon atom if n, 
Eq. (3) has an appreciable value only at e=0 and __ is the number of trapped electrons per atom. Using the 


«= Aft. Then the susceptibility is energy spectrum of Eq. (2), it is easily shown that 
¥ 271 Af) 4 
~y~ (0.37510 ng lor Af<-)1. (8) 
y Vo 9-70" r 
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iz AY fA For a y; of 0.5 ev, this is a valid approximation insofar 
*x exp TH , »)} “ ‘ 
exp] — 4 CX] ' | he value of yo can 


as the present work is concerned. 
be independently obtained from the variation of the 
The first term corresponds to the integration around — electrical resistivity with the residue graphite-bisulphate 
e=0 and is negligible. The 
ture independent and is the analog of the Landau by electrolytic methods, the number of trapped elec- 


remaining term is tempera- compound. This has also been studied by Hennig,* and, 





susceptibility of a degenerate free electron gas. It is, 
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trons has been directly determined. Using the band 
structure of Eq. (2), the resistivity, normalized to the 
untreated resistivity, can be written® 


p 4¢ 
—= (ina) /In 2 cosh—— }. (9) 
re 2kT 


It has been assumed here that Af is considerably less 
than y; and that the electron relaxation time is energy 
independent; the latter would be expected if boundary 
or defect scattering were predominant. Using Eq. (8), 
Eq. (9) may be written in terms of the number of 
electrons trapped per atom, with yo as a parameter. 
On Fig. 6 is reproduced the resistivity variation found 
by Hennig* for room temperature and 144°K, together 
with a plot of Eq. (9) for y,:=0.5 ev and yo= 1.63 ev. 
The room temperature fit is good but it becomes worse 
for the low temperature. The latter may be because the 
scattering is not strictly energy independent or that 
the band structure is not sufficiently accurate. It should 
be mentioned that as long as 7; is much larger than both 
A¢ and kT, the theoretical two- and three-dimensional 
resistivities are identical in terms of Af, but a two- 
dimensional energy band model gives m, proportional to 
(A¢)?. A two-dimensional fit® is also shown in Fig. 6, 
and it can be seen that this is less satisfactory than the 
three-dimensional result. 

Using the values 0.5 ev and 1.63 ev thus obtained 
for y; and yo, the relation between the number of 
trapped electrons (per C atom) and the Fermi energy 
lowering (in ev) becomes 


n~2.2X10-7AE. (10) 


If p is the atomic percent of the bromine which is 
ionized, then m, may be written as (10~‘p)q. Introducing 
Eq. (10) into Eq. (7) (the relation between Af and g as 
found from the susceptibility), there is found 


pol2q*%. (11) 
Thus, p varies from 18% ionization for g=0.3 atomic 
percent of bromine to 13% ionization at g=0.8 atomic 
percent of bromine. This is in good agreement with 
the estimates which Hennig obtained independently 
(which varied slightly around a value of 18%). It is 
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Fic. 5. Variation of the Fermi energy (Af) of brom-graphite 
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Fic. 6. Relative variation of the electrical resistivity of 
brom-graphite with electron concentration 


especially gratifying to note that the values found 
from the magnetic susceptibility data involve no 
arbitrary parameters, i.e., the constants y; and yo were 
obtained by completely independent methods. 


IV. CONCLUSIONS 


The major conclusion arising from the present work 
is that the relative changes of the magnetic suscepti- 
bility of graphite with temperature and with electron 
concentration can be quantitatively explained by a 
simple single-band theory if a three-dimensional energy 
band spectrum is used. This requires an in-plane reso- 
nance integral of 1.63 ev and an interplane integral of 
about 0.5 ev. The latter is considerably higher than the 
estimate made by Coulson’ and this implies that a 
two-dimensional graphite model may be an invalid 
approximation for many of the electronic properties. 
It does not, however, appear that this simple theory 
can predict the actual magnitude of the observed sus- 
ceptibility. It is not yet clear whether this discrepancy 
(a factor of about forty) can be removed by a multiband 
theory® or whether it is due to a serious fault in the 
graphite band structure. For example, Johnston'® has 
pointed out that there is a slight band overlap inside 
the zone; it is conceivable that this could contribute a 
sizeable diamagnetism, although it would seem highly 
fortuitous if this effect showed the same relative be- 
havior as found in the present paper. Because of the 
success of the present treatment of the relative varia- 
tion, however, it is a reasonable presumption that any 
neglected effects of importance can be put into the form 
of a term like Eq. (1) multiplied by a slowly varying 
function of temperature and electron concentration. 
The latter term would then approximately cancel in a 
relative expression. 
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Previous measurements of the magnetic susceptibility of UI, revealed a susceptibility maximum near 
3.2°K of antiferromagnetic character, and a second susceptibility maximum at 1.5°K which is strongly 
depressed by an applied magnetic field of only 5 to 10 oersteds. The specific heat of UI; has now been meas- 
ured from 1.2° to 4.2°K. These measurements show a A-type anomaly of magnitude 10 joules/mole-deg at 
2.61°K which is interpreted as arising from the antiferromagnetic transition. The behavior of the entropy 
and specific heat curves indicates an extensive short-range order above the antiferromagnetic transition 
point. The lower temperature susceptibility anomaly is tentatively interpreted as a manifestation of the 


growth of long-range antiferromagnetic order 


SUSCEPTIBILITY MEASUREMENTS 


HE magnetic susceptibilities of UCl,, UBrs, and 

UI, have recently been measured from 77° to 
~500°K by Dawson.! In the region near room tempera- 
ture and above the susceptibilities of these compounds 
followed the Curie-Weiss law. In the case of UI, the 
susceptibility followed a Curie-Weiss law in the tem- 
perature region 200°-400°K, with a measured Weiss 
constant of about 5°K; this small Weiss constant 
suggests the possibility of a magnetic ordering transi- 
tion at liquid helium temperatures. 

In order to investigate the magnetic properties of 
UI, at very low temperatures, Roberts, Lavalle, and 
Erickson? measured the differential magnetic suscepti- 
bility of polycrystalline UI, in the region 1.1°-4.2°K. 
These measurements were carried out with a mutual 
inductance bridge which has been described previously.’ 
The susceptibility curves are reproduced here in Figs. 1 
and 2 along with some additional new data. These 
data were obtained as before? with an oscillating meas- 
uring field of about 2 oersteds amplitude and a fre- 
quency of 500 cycles per second. The temperature of the 
sample was obtained from liquid helium vapor pressure 
mealsurements using the 1948 temperature scale* with 
corrections given by Erickson and Roberts.® The bridge 
caibration was determined at 77°K using the absolute 
susceptibility as measured by Dawson at that tempera- 
ture. The results of our measurements show a well- 
defined susceptibility maximum at 3.2°K, characteristic 
of a transition to the antiferromagnetic state. In addi- 

* Reported at the New York meeting of the American Physical 
Society, January, 1955 are. 

+t Graduate Fellow of the Oak Ridge Institute of Nuclear 
Studies from the University of Tennessee. This work was included 
in a thesis submitted in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy at the University of Tennessee 

Dawson, Atomic Energy Research Establishm 

name C/R 578, September, 1950 (unpublished See also J 
Chem. Soc., 429 (1951) , 

? Roberts, Lavalle, and Erickson, J. Chem. Phys. 22, 1145 
(1954 

* Erickson, Roberts, and Dabbs, Rev. Sci. Instr. 25, 1178 (1954 

*H. Van Dijk and D. Shoe nberg Nature 164, 151 (1949 

*R. A. Erickson and L. D. Roberts, Phys. Rev 93, 957 (1954 
These corrections are in accord with the temperature scale 


adopted at the Paris Low Temperature Conference, September, 
195 





tion to the 3.2°K maximum, the susceptibility displays 
further anomalous behavior in that both the reactive 
component (x’) and the resistive component (x’’) pass 
through a maximum near 1.5°K. The 1.5°K maximum 
in both components of the susceptibility is strongly de- 
pressed by applied magnetic ficlds of 5-10 oersteds, 
while the 3.2°K maximum is relatively field independent. 

The open and closed circles in Figs. 1 and 2 represent 
data points taken on two different samples of UI; which 
were prepared by different chemical processes? from 
materials of high purity. The very good agreement 
between these two samples is taken as evidence that 
this anomalous susceptibility behavior is an inherent 
property of UI;, and suggests, in particular, that the 
exceptional behavior near 1.5°K is not due to impurity 
effects. It is interesting to note that the lower tempera- 
ture susceptibility maximum would not have been ob- 
served if the usual strong magnetic field Gouy method 
had been used rather than the above bridge procedure. 


SPECIFIC HEAT MEASUREMENTS 


In order to extend the study of the properties of UI; 
at liquid helium temperatures, the specific heat of 
polycrystalline UI; has been measured from 1.2°-4.2°K 
by the usual techniques of low temperature calorimetry. 
The over-all procedures and apparatus used will be 
described elsewhere.* The temperature scale used in 
the specific heat measurements is that noted in refer- 
ence 5. The sample of UI; used in the specific heat 
measurements (0.1041 mole) was part of a large 
sample prepared at the time of the susceptibility 
studies. The sample had been stored in a sealed glass 
container in an atmosphere of helium gas prior to its 
use in the specific heat experiments. It was handled at 
all times in an atmosphere of dry, inert gas to prevent 
chemical decomposition or contamination. This sample 
was prepared by reacting uranium metal, in the form 
of a powder, with iodine gas at a high temperature. This 
preparation has been previously described in the 
literature.’ The UI, was in the form of a powder with 


*R. B. Murray, paper on specific heat of MnCl, (to be 
published 

?J. J. Katz and E. Rabinowitch, The Chemisiry of Uranium 
(McGraw-Hill Book Company, New York, 1951). 
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Fic. 1. Reactive component of the differential magnetic susceptibility of polycrystalline UI, as a function 
of temperature and applied magnetic field. The applied field H was parallel to the oscillating measuring field 


Hi is in oersteds. 


average particle size ~} mm. The UI; samples used in 
the susceptibility and specific heat studies were pre- 
pared by D. E. Lavalle of this laboratory. 

The copper calorimeter cup used in the UI, experi- 
ments is shown schematically in Fig. 3. This cup was 
gold-plated on the inside to prevent any chemical re- 
action between the sample and copper wall. A thin- 
wall, gold-plated, copper sleeve was bonded to the 
bottom of the calorimeter cup with Araldite cement. 
A heater coil of Constantan wire was insulated from 
and bound to the outside of the sleeve with Araldite. 
The carbon resistance thermometer was prepared from 
a 4-watt Alle.-Br-“'ey resistor by grinding away the 
external insulating over. This unit (47 ohms at room 
temperature) was cemented to the wall of the cup and 
was covered by the UI; specimen. Helium exchange 
gas at a pressure of 20 cm Hg at room temperature was 
sealed inside the cup to insure thermal equilibrium. In 
the measuring process the sample was heated over 
temperature increments ranging from 20 to 100 
millidegrees. 

The results of the specific heat measurements are 
shown in Fig. 4 and in Table I. The data points given 


here represent the molar specific heat of UI), the specific 
heat of the calorimeter cup, thermometer, etc., having 
been subtracted from the measured points. This correc- 
tion, which amounted at most to only 2% of the total 
specific heat at 4.2°K, was calculated from known 
specific heats of the components of the calorimeter 
assembly. 

The specific heat maximum at 2.61°K (Fig. 4) is 
interpreted as arising from the onset of long-range anti- 
ferromagnetic order, and is thus to be associated with 
the susceptibility maximum observed at 3.2°K (Fig. 1). 
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Fic. 2. Resistive t of the differential magnetic sus- 
ceptibility of polycrystalline UI, as a function of temperature and 
applied magnetic field. The applied field H was parallel to the 
oscillating measuring field. H is in oersteds. 
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—— the small contribution from the lattice. For a com- 

vO SE at pletely disordered system of electronic moments the 

} J S minimum entropy per mole is R |n2, corresponding to 

} Te, C + a, [ J=4, where J is the effective angular momentum quan- 
‘tem | im omen | "esis tum number. Reference to Fig. 5 shows that at 4.2°K 
- noe Ce Oe only about one half of this minimum has been achieved. 

—e At 2.61°K, where the specific heat passes through its 


maximum, the calculated entropy is only 0.2 R In2. 











-+ , POWDER DISCUSSION OF THE SPECIFIC HEAT AND 
SUSCEPTIBILITY ANOMALIES 
7 . 
The ground-state electronic configuration of the U+*+* 
« ion in UI, is not known and thus the maximum entropy 


of disorder, R1ln(2J+1), cannot be predicted. The 
fact that the calculated entropy is only 0.2R In2 at the 
transition point shows nevertheless that the electron 
system is still only partially disordered at that tem- 
q = perature. This end od small value of the entropy at 
the transition point (2.61°K) is in distinct contrast with 











y the predictions of the molecular field theory and indi- 

P cates that there is an extensive short-range order per- 

f>— coprt sisting at temperatures well above the transition point. 

4 Correspondingly, the very gradual fall in the specific 

ee a ee heat above 3°K may be associated with the slow decay 

of this short-range order. Such a small entropy at the 

, oo a os o transition temperature as well as the large, almost 


temperature-independent magnetic specific heat im- 
Below 2.61°K the specific heat exhibits a very sharp mediately above the transition point, is unusual. 
fall which is characteristic of cooperative transitions. As mentioned previously, the susceptibility anomaly 
No evidence of thermal hvsteresis effects was found. at 3.2°K, Fig. 1, is interpreted as arising from a transi- 
Above 3°K. the specific heat behaves in a rather tion to the antiferromagnetic state. This conclusion is 
based on the fact that (1) the susceptibility demon- 
strates a well-defined maximum which is nearly field 
dependent, and (2) the specific heat exhibits a A-type 
characteristic of cooperative ordering. In 


unusual manner, decreasing very slowly with increasing 
cer As no specihe heat data are available at 


is not possible to establist 


emperatures above 4.2°K, it 
the lattice contribution to the spec ifn transition 


a any accuracy 
view of the evidence of an extensive short-range order, 


heat in the liquid helium region. By comparison with 
the lattice specific heat of other compounds at liquid it is not surprising that the peak in the specific heat 
helium temperatures, however, we may estimate the occurs at a somewhat lower temperature than does the 
order of magnitude of the lattice specific heat to be susceptibility maximum, since the specific heat anomaly 
~0.1 to 0.2 joule/mole-deg at 4°K. With this estimate presumably occurs with the onset of long-range mag- 
the lattice specific heat amounts to about 3 to 6% of netic ordering, whereas the susceptibility would be 





the total specific heat at 4°K. Thus it does not seem affected by the extensive short-range order above this 
reasonable to account for the large speci heat above transition. 
3° as arising from the mttice contribution. : 
No indication of a second specific heat anomaly was n 
found in the neighborhood of 1.5°K, the temperature 
} is 


at which the susceptibility shows a second maximum 


| 
| 
j 
: 
CALCULATION OF THE ENTROPY i \ 





Since the specific heat of UI; was found to be ex- 


tremely small near 1°K, the total contribution to the / aaa 
entropy below 1° arising from this ordering process is ) 

assumed to be negligible, and we may correspondingly y 
evaluate the entropy by numerical integration of the er | 
specific heat data between 1.2° and 4.2°K. The results —_ ; 


of the entropy calculation are shown in Fig. 5. The 
entropy calculated in this manner includes, of course, Fro. 4. Molar specific heat of UI, as a function of temperature 








MAGNETIC AND 


Turning now to the susceptibility anomaly near 1.5°, 
we note that the magnitude of the 1.5° susceptibility 
peak is of the same order as the antiferromagnetic 
maximum at 3.2°K. The extreme field dependence of 
the susceptibility near 1.5° indicates that this effect 
is also of a cooperative nature, since the susceptibility 
of a system of noninteracting moments would be 
unaffected by such small applied fields. In addition, the 
fact that the susceptibility is depressed by these small 
fields suggests that the ordering is, at least in part, of a 
weakly “‘ferromagnetic’”’ nature. 

The presence of a large out-of-phase susceptibility 
component, x”, Fig. 2, is to be associated with a phase 
lag between the applied measuring field and the induced 
moment. This behavior is characteristic of ordinary 
ferromagnetic materials (e.g., iron) suggesting further 
an analogy between the 1.5°K susceptibility anomaly 
and a type of “ferromagnetic” behavior. 

The extreme sensitivity of the susceptibility at 1.5°K 
to small magnetic fields has been noted above. We now 
observe that, as the applied steady field attains larger 
values the susceptibility appears to approach a lower 
limit. This occurs at fields in the vicinity of 1850 
oersteds. The susceptibility in the neighborhood of the 
antiferromagnetic maximum at 3.2°K was found to be 
essentially field independent; it then seems reasonable 
to ascribe the strong field limiting susceptibility near 
1.5°K to the residual antiferromagnetic properties of 
the system. This strong field limit of the antiferro- 
magnetic susceptibility extrapolated to 0°K is about 
0.6 times its maximum value at 3.2°K. Thus there 
appears to be a correlation with the Van Vleck two- 
sublattice model of antiferromagnetism,* which pre- 
dicts a ratio of 3. It does not seem justifiable, however, 
to conclude on this basis alone that the antiferro- 
magnetic order in UJ, is of a simple two-sublattice type. 
Rather, we note the qualitative similarity in the be- 
havior of the residual antiferromagnetic susceptibility 
observed here, and that predicted by the Van Vleck 
theory. 

If we ascribe differences between the 1850 oersted 





Fic. 5. Entropy of UI, as a function of temperature 


* J. H. Van Vieck, J. Chem. Phys. 9, 85 (1941). 
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Taste I. Molar specific heat of UT, 


Tr C meas 

deg K) (joules /mole-deg) 
Experiment Number 1 
1.230 0.173 
1.287 0.129 
1.355 0.175 
1.424 0.172 
1.490 0.212 
1.547 0.250 
1.598 0.293 
1.663 0.359 
1.766 0.496 
1.820 0.575 
1.875 0.679 
1.963 0.882 
2.042 1.11 
2.105 1.33 
2.191 1.72 
2.291 2.30 
2.363 2.89 
2.439 3.72 
2.500 4.71 
2.537 6.39 
Experiment Number 2 

2.443 3.78 
2.518 5.35 
2.579 8.84 
2.648 8.96 
2.721 6.81 
2.803 5.47 
2.883 4.77 
2.949 4.45 
3.015 4.26 
3.083 4.07 
3.144 3.97 
3.229 3.84 
3.306 3.78 
3.377 3.7 
3.446 3.64 
3.517 3.60 
3.589 3.58 
3.659 3.55 
3.724 3.52 
3.790 3,53 
3.846 3.50 
3.904 3.50 
3.992 3.48 
4.079 3.46 
4.164 348 
2.496 4.65 
2.548 6.90 
2.576 944 
2.599 9A3 
2.622 9 66 
2.651 9.09 
201 7.71 
2.737 6.40 


curve and the curves in lower fields, Fig. 1, as due to 
the “ferromagnetic” behavior, it is possible to determine 
this incremental susceptibility, denoted by 5, as a 
function of field. A plot of S vs H at 1.5°K is shown in 
Fig. 6. The corresponding magnetization (at 1.5°K) as 
a function of field is obtained by integrating S as a 
function of H and is shown in Fig. 7. This integration 
neglects the small (about one percent) contribution 
from the resistive component. By integrating this sus- 
ceptibility to large fields it was found that the in- 
cremental moment appears to saturate at M,u.~0.6 





D. ROBERTS 
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Fic. 6. “Ferromagnetic” 


susceptibility of UI, as a function 
of applic ‘ 


d field H at 1.5°K. 


24 


1.5°K 


ion. This is quite small, being of the 


emu/mole (at or an average moment of 10 
emu per U**+ 
order of 10~* Bohr magneton. This ratio of 10~* should 
be taken as an approximate value, since we have 
assumed that the residual antiferromagnetic suscepti- 
bility is field independent. This is not strictly true, as 
the susceptibility near 3°K is in fact depressed some- 
what by fields greater than about 300 oersteds and a 
large contribution to the area under the S vs H curve, 
Fig. 6, comes at large fields. This calculation, neverthe- 
less, should indicate the correct order of magnitude. 
Because of the approximate nature of the above 


calculation, we do not present detailed results for Mat 


as a function of temperature. We note, however, that 


the extreme field sensitivity of the susceptibility first 
appears at a temperature just below the temperature 
of maximum specific heat and displays a trend toward 
increasing magnetization with decreasing temperature. 
Thus, the extreme field sensitivity of the susceptibility 
and the growth of long range antiferromagnetic order 
i 


are simultaneous phenomena in temperature and are 
possibly correlated. In this connection it is also interest- 


ing to note that with small applied fields the phase 


angle 6=arctany’’/y’ also increases with decreasing 
temperature below about 2.6°K. 

Referring to the specific heat measurement, we note 
that there is only one specific heat anomaly, although 
there are two susceptibility maxima. This suggests 
either that both of the susceptibility peaks are associ- 
ated with the same ordering process, or that one of the 
susceptibility maxima (presumably that at 1.5°) results 
from the ordering, perhaps by some new process, of 
relatively few moments 

Weak ferromagnetic properties are often found 


accompany antiferromagnetic transitions. Néel’ 


1954 (unpublished 


*L. Néel, Brussels Conference 


AND R. B. 


MURRAY 


suggested a possible explanation of this for crystals of 
a layer lattice structure, of which UI, is an example, by 
postulating the existence of antiferromagnetic domains. 
These antiferromagnetic domains are considered by 
Néel to consist of ferromagnetic sheets of alternating 
spin orientation with a corresponding zero net mag- 
netization. The boundary between two antiferromag- 
netic domains is considered to be a region (a few layers 
in thickness) in which the spin phase shifts by 180 
degrees, giving rise to an uncompensated net spin, of a 
ferromagnetic nature, in the separating wall. On the 
basis of Néel’s picture, the growth of magnetization in 
the separating walls, and thus of the “ferromagnetic” 
effects, would be expected to be simply correlated with 
the growth of long-range antiferromagnetic order 
throughout the crystal. In the case of UI;, the observed 
parasitic “ferromagnetism” begins to grow in at tem- 


800C 


M (emu/moie) x10 


€ 


AY \oersteds 


“Ferromagnetic” moment of UI, as a function of 
applied field H at 1.5°K 


peratures just below the 2.61°K antiferromagnetic 
specific heat anomaly as previously noted. Thus there 
is an interesting parallel between Néel’s suggestion of 
ferromagnetic walls separating antiferromagnetic do- 
mains and the observed behavior of UI;. It must be 
noted, however, that this picture of Néel does not 
provide a unique interpretation of these measurements. 
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The relative absorption of 10 Mc/sec sound pulses has been studied between 1.5°K and 3.73°K (the 
transition temperature) in superconducting polycrystalline tin and above 3.73°K to about 4.2°K in the 
normal metal. Above the transition the absorption was heavy, but below it, the absorption decreased con- 
siderably as the temperature was lowered. It was possible to estimate how the minimum value of the absorp 
tion coefficient (which differed from the true value by an undetermined constant equal to the absorption co 
efficient at the absolute zero of temperature) varied as a function of temperature but no success has yet been 
achieved in correlating this quantitatively with existing theories of superconductivity or of absorption of 


sound in metals at low temperatures. 





I, INTRODUCTION 


HE transition between the superconducting and 

normal phases was first shown to have an effect 
on the absorption of sound in a pure superconductor by 
Bémmel and Olsen,' who observed that the absorption 
at a frequency of 1 Mc/sec in lead changed while the 
transition was taking place in the presence of a magnetic 
field; that the absorption was in fact different in the 
two phases for a lead single crystal was later discovered 
by Bémmel,? who covered the frequency range 9-27 
Mc/sec and showed that in the superconducting phase 
the absorption was substantially less than in the normal 
phase for the same temperature both for longitudinal 
and transverse waves. That a similar effect was ob- 
servable in polycrystalline tin with 10 Mc/sec (longi- 
tudinal) sound was reported by the author and it is 
the purpose of this paper to amplify the contents of 
that abstract. A number of other investigators*~* have 
also recently reported an essentially similar effect in tin. 


Il. EXPERIMENTAL METHOD 


The experimental arrangement is illustrated by the 
block diagram (Fig. 1). Short (1-2 usec) pulses of high 
frequency (10 Mc/sec) alternating voltage were fed 
to an X-cut quartz transducer attached to one end of 
the specimen. There was sufficient electrical “pickup” 
from this pulse to produce a deflection (after amplifica- 
tion, etc.) on the cathode-ray oscilloscope and also to 
provide a convenient triggering and synchronizing 
impulse for the sweep (of approximately 50 ysec dura- 
tion). The transducer converted the electrical impulse 
into longitudinal sound waves which traveled down the 
rod and were reconverted by a second similar trans- 
ducer into an electrical impulse at the other end. The 

* Supported by the Office of Naval Research. 

t On leave of absence from Charterhouse, Godalming, Surrey, 
England. 

1H. E. Bommel and J. L. Olsen, Phys. Rev. 91, 1017 (1953). 

*H. E. Bommel, Phys. Rev. 96, 220 (1954). 

+L. Mackinnon, Phys. Rev. 98, 1181(A) (1955). 

‘H. E. Bommel, as reported by W. P. Mason, Phys. Rev. 97, 
557 (1955). 

* Benjamin Welber, Phys. Rev. 98, 1196(A) (1955). 

* J. K. Landauer, Phys. Rev. 96, 296 (1954). 


envelope of this transmitted pulse was visible (after 
amplification and rectification) on the sweep of the 
oscilloscope as shown in the diagram (and also in Figs. 3 
and 4). 

The tin specimen was made from rods of 99.999%, 
pure tin (Johnson, Matthey and Company, Laboratory 
No. 5606, Catalogue No. JM 530), and was cast in 
vacuo after degassing as a rod of about 2.2 cm diameter. 
The ends were turned flat in a lathe and then ground 
with No. 600 grind. The quartz plates were of 4-in. 
diameter and unpolished. The bonding material be- 
tween transducer and specimen was Dow Corning 200 
fluid, viscosity 2.5X10* centistokes, as recommended 
by McSkimin’ and the bond was made substantially as 
described by Squire* except that the electrodes prob- 
ably pressed down rather harder on the specimen. The 


‘method of mounting the specimen is illustrated in 


Fig. 2; the tin rod was upright in the liquid helium bath, 
suspended by the electrical leads, and the cryostat was 
of conventional design. Temperatures were measured 
on the 1949 helium vapor pressure scale. 

The electronic circuits were part of an apparatus 
described recently by Cedrone and Curran’; the oscillo- 
scope was a Tektronix type 514D and the trace was 
photographically recorded with a Fairchild Polaroid 
Oscilloscope Camera. The amplifier was tested for 
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Fic. 1. Block diagram of the experimental arrangement 


7H. J. McSkimin, J. Appl. Phys. 29, 988 (1953). 


*C. F. Squire, Phys. Rev. 95, 1126 (1954). 
*N. P. Cedrone and D. R. Curran, J. Acoust. Soc. Am. 26, 
963 (1954). 
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LEADS range 3.73-4.2°K was very heavy and the transmitted 
b iresreo PRS) pulse was not very much greater than the noise level 
of the amplifier. This is shown in Fig. 3. However, 
ol ~ below the superconducting transition (3.73°K) in the 


absence of a magnetic field (other than the earth’s 
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pulse amplitude had increased to some 150 times the 
amplitude observed at 3.73°K. 
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where /tgo is again the transmitted pulse height at the 
absolute zero and 

¥(T)=[¢(T)]%™. (2) 
(This result will hold whether or not there is absorption 
at the absolute zero of temperature.) 

The length of the specimen was therefore reduced to 
8.67 cm and, assuming the straight-line result for the 
longer length, the expected pulse height-temperature 
curve for the shorter specimen was calculated using 
Eq. (2) and has been incorporated in Fig. 5 as curve 2. 
Experimental points have been added to this figure and 
it can be seen that they lie reasonably close to this 
curve, thus confirming the negative exponential nature 
of the absorption and the earlier coincidence of the 
straight line. 

It should be emphasized that al] measurements were 
relative and that each set of experimental points re- 
quired independent normalization before incorporation 
in the graph (Fig. 5). 

The absolute value of the absorption at the absolute 
zero of temperature—or at any temperature—cannot 
be estimated from these results but, assuming that the 
extrapolation to the absolute zero is valid, then we can 
write that, for pure superconducting polycrystalline 


tin, the equation 
1 
»(— — -), (3) 
1— f(7/3.73) 


aT mia = 


> teh) (5 Gn] 


As)" (553) 


and a@r min is a minimum value for the absorption co- 
efficient ar [as defined by Eq. (1) ], will be reasonably 
valid for all temperatures below but not very close to 
3.73°K. Furthermore, a7 min may differ from ar by a 
constant undetermined quantity (equal to the value of 
ar at 0°K) throughout this temperature range. 

Equation (3) would predict an infinite absorption 
at the transition temperature. However, the observed 
value of ar min at this temperature was about 1.0+0.4 
nepers/cm and, using this, we can construct an @7 min- 
temperature graph as shown in Fig. 6. 

The relatively high uncertainty in the value of a7 min 
at the transition temperature arises from a discrepancy 
which appears when ar min is estimated from the differ- 
ent lengths of tin rod; the longer length gives a higher 
value than the shorter length. This may be due to 
slight nonlinearity of the amplifier which becomes im- 
portant only when very small pulses are involved and is 
not important with larger pulses. The error involved 
here does not affect the general conclusions or the 
values for ar min below the transition—merely the point 
at which the absorption coefficient-temperature curve 
for tin above the transition temperature will break 
away from the very steep part of the curve of Fig. 6. 
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6. Graph of the electronic absorption coefficient (a7 min 
plotted against absolute temperature 


IV. DISCUSSION AND CONCLUSIONS 


It is clear that if superconductivity is a consequence 
of electron-lattice interaction, this change in absorption 
of sound must be in some way related, and reasonable 
qualitative explanations of the effect have already been 
published."-" Theory so far''-" has only succeeded in 
accounting in a quantitative manner for the heavy 
absorption in the normal metal and has made no ex- 
plicit predictions as to the variation with temperature 
of the absorption coefficient in the superconducting 
state—although there has been a prediction by Landau 
and Khalatnikov"; this however does not seem im- 
mediately applicable to these results as it discusses only 
the absorption to be expected in the superconducting 
state as a result of the disturbance by the sound wave 
of the equilibrium between superconducting and norma! 
electrons; the experiments would seem to indicate that 
absorption by the normal electrons alone is perhaps the 
more important process. While the theories of absorp- 

"W. P. Mason, Phys. Rev. 97, 557 (1955) 

# C. Kittel, Phys. Rev. 98, 1181(A) (1955 

™R. W. Morse, Phys. Rev. 97, 1716 (1955 

“L. D. Landau and I. M. Khalatnikov, Doklady Akad. Nauk 
S.S.S.R. 96, 469 (1954). I am indebted to Dr. R. T. Beyer for 
drawing my attention to this paper and for preparing a transla- 
tion; a few copies of this translation have been mimeographed 
and are available to those interested. 


tion in the normal metal differ slightly in their approach, 
they all agree that for the frequency used in these 
experiments, the absorption coefficient is proportional 
to the electrical conductivity. (They show also that 
this result would not hold for an infinite conductivity 
but will hold for the usual experimentally observed 
conductivities.) Morse” and Kittel’ both treat the 
normal absorpticn as a consequence of a relaxation of 
the Fermi surface in momentum space and Morse” has 
pointed out that the experimental results indicate that 
this relaxation must be very much speeded up by the 
presence of even a small number of superconducting 
electrons. This would certainly seem to be the case; 
if one assumes Morse’s value for a in the normal metal, 
namely, 


4 w'*mEow 
RE ins eit 
15 poce*e* 


where w is the angular frequency of the sound, ¢o its 
velocity, po is the density of the metal, and a is its con- 
ductivity, e and m are the charge and mass of the elec- 
tron, respectively, and EF» is the Fermi level, and 
further if one assumes this result to hold for the super- 
conducting metal, the variation in the product Eoo (the 
o involving the relaxation time) needed to account for 
the observed variation of a is too great to be correlated 
with existing two-fluid models of superconductivity on a 
‘proportion of normal electrons” basis, (even allowing 
that one does not really know how Ep and o will vary). 
It is: perhaps easy to see that collisions between normal 
and superconducting electrons might very well shorten 
the relaxation time (as they might involve momentum 
distributional changes for the normal electrons without 
energy changes), but no simple model has been found 
to which will fit the observations. The picture does 
however seem to suggest that the value of the elec- 
tronic sound absorption coefficient (previously called 
@r min) in the superconducting state, being dependent 
on some different mechanism (possibly of an electron- 
electron interaction type, but not necessarily so and 
not necessarily involving a ‘“‘two-fluid” concept), may be 
almost independent of its value in the normal state 
where the relaxation mechanism is very likely to be 
affected by those impurities (including lattice im- 
perfections) which affect electrical conductivity values. 
However, further experimental work is needed to 
establish this plausible but uncertain point; it could 
not be expected to hold true when the value of normal 
electrical conductivity is low. 

The discussion of these experiments has ignored 
absorption due to the lattice only, which has presumably 
to be added to the electronic absorption to obtain the 
total absorption. However, the variation with tempera- 
ture of lattice absorption can reasonably be taken as 
small in the temperature range covered. 

Experiments have been carried out on the effect of a 
magnetic field on the absorption; the results obtained 
will be the subject of a separate report, but it can be 
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stated at this stage that existence of a hysteresis effect, 
as discovered by Bémmel,? has been confirmed and 
that in the normal metal, the absorption does depend 
strongly on magnetic field (so far applied only along 
the specimen). This effect was also originally found by 
Bémmel'*; in the specimen described here, at the 
shorter length and at 3.9°K, about 200 oersted will 
double the amplitude of the transmitted pulse. 

The author is very grateful for advice given by 
Dr. H. J. McSkimin of the Bell Telephone Laboratories 
in the making of the transducer-specimen bond and 


6H. E. Bommel (verbal communication). 
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also to Dr. H. E. Bommel for early information about 
his work. (This investigation was started independently 
without the knowledge that other work was being done, 
but the discovery of the effect is due to Dr. Bémmel.) 
He also acknowledges with thanks assistance given dur- 
ing the measurements by graduate students and others 
at Brown University. 

He would also like especially to thank Dean R. B. 
Lindsay for his encouragement throughout this work 
and for making possible his visit to Brown University. 
He is also grateful to the Headmaster and Governing 
Body of Charterhouse School for an extended leave of 
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The temperature dependence of the electrical resistivity and Hall coefficient in p- and n-type manganese- 
doped germanium crystals indicates that manganese introduces two acceptor levels in germanium 
at 0.16+0.01 ev from the valence band and 0.37+0.02 ev from the conduction band. The distribution 
coefficient for manganese in germanium is (1.0+-0.2)X10~*. Comparison is made with other fourth-row 
metals (V, Fe, Co, and Ni) as impurities in germanium. 


I. INTRODUCTION 


INGLE crystal germanium has been doped with 

manganese in a manner similar to the doping of 
germanium with Fe,' Co,? and Ni.? This paper will 
present the pertinent data related to the properties of 
manganese doped germanium followed by a short com- 
parison of the known properties of the fourth-row 
transition elements as impurities in germanium. 


II. CRYSTAL PREPARATION 


The details of the preparation of doped single-crystal 
germanium and the cryostat and assorted equipment 
used to take the measurements reported below are 
described in reference 1. In what follows the words 
crystal and sample will always refer to manganese- 
doped single crystal germanium unless noted. 

Zone-melted manganese prepared by F. H. Horn of 
this laboratory, manganese obtained from Johnson 
Matthey Company and manganese from Electro- 
Manganese Corporation, Knoxville, Tennessee, were 
all used with essentially the same results from each 
source. 

In order to control the position of the Fermi level, 
the germanium melts were counterdoped by adding 
specific amounts of a single crystal Ge-As alloy. When 


1 W. W. Tyler and H. H. Woodbury, Phys. Rev. 96, 874 (1954); 
R. Newman and W. W. Tyler, Phys. Rev. 96, 882 (1954). 

? Tyler, Newman, and Woodbury, Phys. Rev. 97, 669 (1955) 

* Tyler, Newman, and Woodbury, Phys. Rev. 98, 461 (1955). 


used below, counterdoping will refer specifically to the 
addition of the Ge-As alloy either to compensate low- 
ionization energy acceptor impurities or to fill the levels 
introduced by the manganese. 


Ill. EXPERIMENTAL RESULTS 
A. Crystal Growing 


It was found that when the pulling rate of the growing 
crystal was reduced from approximately 6 cm/hr to 
approximately 1.5 cm/hr, roughly 10 times as much Mn 
could be incorporated into the single crystal before the 
abrupt onset of lineage markings occurred.' These 
markings are apparently the result of small pockets of 
Mr or of a different Mn-Ge phase being incorporated in 
the growing crystal. With the growing rate equal to 
1.5 cm/hr and a manganese concentration of 10'* to 10” 
atoms/cc in the melt, the distribution coefficient (ko) 
was (1.0+0.2)X10~*. The maximum solubility under 
the above conditions was approximately 10'* manganese 
atoms per cc. All crystals were grown in the (100) 
direction. 


B. Electrical Properties 


When manganese alone was used to dope the ger- 
manium melt, the crystals were always p-type. By 
counterdoping with a small amount of donor material, 
a low-lying level at 0.05 ev from the valence band and a 
second level at 0.16 ev from the valence band could be 
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cient Al impurity in the Mn to account for the lowest 
energy acceptor states (0.01 ev) found. These lowest 
states cannot be due to boron, a possibility that could 
not be eliminated by the spectrographic analysis. Boron 
has a distribution coefficient appreciably greater than 
one and hence it would quickly be taken up by the 
growing crystal, causing the first part of the crystal to 
be “more p-type” than the latter part. No such evidence 
of this type of variation along the length of the crystals 
was observed, indicating that there was less than 0.01 
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ee menanes ppm of boron impurity in the manganese. 
ree After these low-lying p-type “impurities” have been 
compensated, the crystals go to high resistance as they 


are cooled as shown in Fig. 2. These crystals are still 


p-type and the results definitely indicate that Mn 
introduces an acceptor level in the forbidden band 
af r _ eo a 0.16 ev from the valence band 
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Further counterdoping gives n-type material which 
goes to high resistance as shown in Fig. 3. The break in 
in the curve at 1000/7 equal to approximately 3.5 
marks the point between the extrinsic and the intrinsic 

1s. Still further counterdoping gives n-type mate- 
rial which does not go to high resistance when cooled 


as shown in Fig. 4. Because the characteristic energy 


of this n-type material is so near the middle of the for- 
bidden band, it is impossible to unambiguously dis- 
inguish between the intrinsic and extrinsic regions in 

this case. 
Se ee The leveis at 0.16 ev and 0.37 ev have been directly 
_— related to manganese by varying the concentration of 
th 


e manganese doping. Also, for a given concentration 
of manganese the amount of counterdoping necessary 


‘ For example, see W. C. Dunlap, Jr., Rev. 96, 40 (1954 to fill the 0.16-ev level is the same, within the experi- 
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mental error of 20°], as that required to fill the 0.37-ev 
level. No such correlation with counterdoping is found 
for the 0.05-ev low-lying p-type level, and at the higher 
concentrations of manganese the number of 0.05-ev 
states is less than a third of the number of 0.16-ev states, 
as shown in Fig. 1. In investigating these levels, over 
30 manganese-doped crystals have been grown, using 
varying amounts of counterdoping material. 

The slope of log resistivity versus reciprocal tempera- 
ture has been used as a measure of the ionization energy 
of the impurity states. In addition, for p-type samples 
that do not go to high resistance (such as shown in Fig. 
1), direct computation of the ionization energy is possi- 
ble since one knows from such curves the temperature 
at which the Fermi level is coincident with the impurity 
level. The average values obtained for these two levels 
are 0.16 ev+0.01 ev from the valence band for the one 
and 0.37 ev+0.02 ev from the conduction band for the 
other. The errors quoted are only a measure of the in- 
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Fic. 4. N-type Mn-doped germanium crystal showing (Rge)~! 
vs reciprocal temperature. In the extrinsic region, the ordinate is 
equal to the number of carriers (electrons 


ternal consistency of the data. Because of the manner 
of obtaining the energy from the temperature depend- 
ence of the resistivity, any linear dependence of the 
energy of the level with temperature would not be seen 
and the values quoted are taken to be the energy values 
of the levels at absolute zero 

The temperature dependence of the mobilities of 
these samples and others has been measured. In general, 
agreement is found between Mn-doped crystals and 
Fe-,' Co-,? and Ni-doped’ crystals previously reported. 
However, because of the higher impurity concentration 
attained with Mn-doping, evidence of appreciable im- 
purity scattering due to the manganese has been ob- 
tained and further work on this problem is being 
carried out. 


C. Photoexperiments 


Infrared photoconductivity studies show a spectral 
dependence qualitatively similar to those reported pre- 
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Fic. 5. Effective mobility xs conductivity of a p-type Mn-doped 
germanium crystal. The conductivity is changed by varying the 
amount of light falling on the sample. 


viously for gold-,® iron-,! cobalt-,? and nickel-doped* 
germanium crystals. Threshold energies for impurity 
photoconduction in both m- and p-type samples are 
consistent with the energy values obtained from re- 
sistivity studies. The n-type manganese-doped crystals 
show very large quenching effects and high photo- 
sensitivity.® 

Mobility measurements of optically excited carriers 
give results similar to the previously reported experi- 
ments on samples doped with Fe, Co, or Ni.’ An ex- 
ample of such a measurement for a p-type Mn-doped 
sample is shown in Fig. 5. At a fixed temperature, the 
effective Hall mobility is plotted as a function of the 
conductivity which is changed by controlling the 
amount of light falling on the sample. The light is from 
a tungsten lamp at 3000°K and passes through a 
germanium filter held at the same temperature as the 
sample. The predominant effect of the light is to create 
electron-hole pairs but as shown in the figure, the holes 
are trapped since the sign of the Hall coefficient reverses 
when the conductivity is changed by less than a factor 
of three. In n-type samples no decrease in effective 
mobility is observed after an increase of conductivity 
by as much as a factor of 10°, This again indicates that 
the holes created by the light are trapped, leaving only 
electrons to contribute to the conductivity. 

The room temperature lifetime of p-type crystals has 
been measured using a spark light source and an oscil- 
loscope to measure the decay of the photoconductivity. 
Within the experimental variations (a factor of 2) the 
room temperature lifetime is inversely proportional to 
the concentration of manganese impurity. For example, 
changing the number of manganese impurities from 
0.3 10"* atoms/cc to 7X10" atoms/cc causes a corre- 
sponding change in room temperature lifetime from 
110 ysec to approximately 4 usec. The product of the 
impurity concentration and the room temperature life 
time averages to 3 10* sec atoms/cc. No limiting life- 
time values, i.e., lifetimes of heavily doped n- or p-type 
samples have been determined. 

For n-type crystals, the behavior near room tempera- 


*R. Newman, Phys. Rev. 94, 278 (1954) 
*R. Newman and H. H. Woodbury (to be published) 
™W. W. Tyler and R. Newman, Phys. Rev. 98, 961 (1955) 
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ture is quite different. At 60°C, the recovery times are 
roughly twice those for equivalent p-type material. As 
the samples are cooled to room temperature and below, 
the response time becomes longer and often nonexponen- 
tial, showing evidence of hole trapping. Further work on 
the temperature dependence of photoconductivity de- 


cay 15 In progress 
IV. SUMMARY AND DISCUSSION 


Figure 6 summarizes the observed energy values of 
the impurity levels introduced into germanium by 
transition elements of the fourth row of the periodic 
chart The results of 
doping with iron, cobalt, and nickel are found in refer- 
ences 1, 2, and 3 respectively. Work on energy levels in 
germanium introduced by other impurity elements has 


which have been investigated 


been summarized by Burton.* 

The evidence that the impurity elements noted in 
Fig. 6 introduce double acceptor levels in germanium is 
fairly conclusive. The evidence is direct from counter- 
doping experiments for all the elements except for iron. 
It is possible that for any one of the elements investi- 
gated, some acceptor impurity could have been present 
in just the right amount to make a possible donor level 
However, the striking 
similarity of the optical properties of germanium doped 
with that 
basically the same. And it would be extremely fortui- 


appear as an acceptor level 


these elements indicates these levels are 
tous if these elements all had impurities that would 
just compensate a donor-type level 

In addition to these elements, germanium has also 
been doped with vandium in a manner similar to that 
described above for manganese. Five vandium-doped 
crystals were grown with no observable effect on the 
Physica 20, 845 
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resistivity or on the room-temperature lifetime. Lineage 
markings appeared on the crystal when the concentra- 
tion of the vanadium in the germanium melt became 
approximately one-half of one percent with a pulling 
rate of approximately 2 cm/hr. Hall measurements from 
room temperature to 25°K were made on n-type and 
p-type vanadium-doped samples whose type was con- 
trolled by counterdoping. From analysis of these data, 
we can put a. upper bound on the number of states 
introduced by the vanadium and thus on an effective 
distribution coefficient. This upper bound will depend 
on the energy of the assumed state. Assuming that each 
vanadium atom introduced either an acceptor or a 
donor hydrogen-like level, than the distribution coeffi- 
cient for vanadium in germanium must be less than 
3-10~7 unless such levels were accidentally compensated 
by impurities in the vanadium. On the other hand, on 
the assumption that each vandium atom introduces a 
deep level, i.e., a level in the forbidden band greater 
than approximately 0.1 ev from either band, then the 
Hall measurements show that it is necessary that the 
distribution coefficient for vanadium in germanium be 
less than 2-10-*. Hall mobilities were calculated and 
showed typical temperature dependent characteristics 
for undoped germanium. To account for the above facts, 
it is concluded that either vanadium is soluble in ger- 
manium but is electrically inactive, or that the solu- 
bility of vanadium in germanium is appreciably less 
than that of the other transition metals that have been 
studied.® 

The optical properties of Mn-doped germanium 
crystals® are similar to those reported for Fe-,' Co-,? and 
Ni-* doped crystals. These impurities all introduce 
double-acceptor sites which may be made doubly 
charged by proper counterdoping during the crystal 
preparation. The presence of doubly-charged negative 
sites is the basis for hole trapping and the consequent 
high photosensitivity and quenching effects observed 
in n-type samples. The double acceptor model has also 
proven adequate for a qualitative understanding of the 
Hall coefficient studies of optically excited carriers,’ 
studies of charged impurity scattering, and transient 
measurements. 


* In addition to these observations, negative results are obtained 
when germanium is doped with the fourth column elements, tin 
and lead. On the basis of the reported value of 0.02 for the distribu- 
tion coefficient of tin (see reference 8), crystals have been prepared 
containing more than 10'* tin atoms/cc. The presence of tin at 
this concentration has no observable affect on lifetime, resistivity, 
or mobility and it is concluded that tin is electrically inactive in 
germanium. These results were obtained using “C. P. Baker’s 
Analyzed” tin. When “commercial high-purity” tin was used, 
n-type impurities were introduced into the germanium from 
impurities jn the tin 
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Measurements of electrical and optical properties of this semiconductor have been made over a wide 
temperature range. Results from conductivity and Hall effect measurements as well as optical absorption 
data indicate an energy gap of 0.33 ev at T=0°K. Mobility values were found to be «= 320 cin*/volt-sec 
(for electrons) and u»= 260 cm*/volt-sec (for holes) at room temperature. Both parameters are proportional 
to T-*2, Appreciable photoconductivity is observed at 85°K and at 5°K 





INTRODUCTION 


OTT and Jones' point out in their discussion of 
Brillouin zones in crystals that for several com- 
pounds with the fluorite structure “the number of 
available valency electrons is just equal to the number 
of states within the zone” and therefore “we are led to 
expect a small conductivity.” They list the following 
examples: Mg2Sn, Mg2Pb, Mg:Si, Mg2Ge, Li.S, NaS, 
Cu.S, and Be,C. The experimental work that has been 
carried out on these compounds is, however, very 
limited. Two of the magnesium compounds (Mg,Sn 
and Mg:Pb) were investigated in 1948 by Robertson 
and Uhlig? who came to the conclusion that Mg,Sn is 
a semiconductor with a forbidden energy gap of 0.26 
ev, while Mg2Pb showed metallic conduction.’ Recently 
Busch and Winklert measured the electrical conduc- 
tivity and Hall coefficient of the compounds Mg,Si, 
Mg.Ge, and Mg.Sn, and of mixed crystals of the latter 
two materials.’ These investigators obtain for Mg2Sn 
an energy gap of 0.36 ev at absolute zero. The difference 
between their result and that of Robertson and Uhlig 
is due to a different temperature dependence of the 
mobilities found by Busch and collatorators. The 
corresponding values of Mg»Si and Mg,Ge are listed 
as 0.77 ev and 0.74 ev, respectively. 
This paper deals in detail with the properties of 
Mg2Sn. 


EXPERIMENTAL PROCEDURES 


Magnesium stannide (melting point 780°C) was 
prepared by melting the two components together 
under a hydrogen atmosphere. The magnesium metal 
was obtained from two sources: Dominion Magnesium 
Limited (purity about 99.7%) and the Dow Chemical 
Company (purity better than 99.97%). Tin was sup- 

* Work supported by the Office of Naval Research. 

t I, IT, and ITI of this series have been published in Phys. Rev. 
96, 571-580 (1954). 

1N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, 1936). 

?W. D. Robertson and H. H. Uhlig, Trans. Am. Inst. Mining 
Met. Engrs. 180, 345 (1949) 

4 Their results do not exclude the possibility that Mg:Pb might 
be a semiconductor with a very small energy gap. 

4G. Busch and U. Winkler, Physica 20, 1067 (1954); Helv. 
Phys. Acta (to be published). 

* G. Busch and U. Winkler, Helv. Phys. Acta 26, 579 (1954). 


plied by the Vulcan Detinning Company (purity 
99.997%). Thorough mixing in the molten state is an 
essential part of the preparation of this compound. The 
ingots which were pulled from the melt were very hard 
and brittle and showed a bluish color. These boules 
contained in most cases large single crystal areas and 
cleaved very easily along the (111)-plane exhibiting 
mirror-like surfaces. Contact with water covers the 
compound immediately with a dark layer quite analo- 
gous to the behavior of AlSb.* 

The purity of the samples prepared in this way is 
remarkably high in spite of the heavy evaporation of 
magnesium during preparation. The compound has a 
tendency to grow crystals of nearly perfect stoichi- 
ometry and rejects excess magnesium as well as excess 
tin. Most crystals showed n-type conductivity; p- 
type ingots were obtained by doping with silver 
(C-22) or gold (C-23). 

Samples for electrical measurements were ground to 
an approximate size of 1X27 mm. 

Several attempts to obtain good optical surfaces for 
transmission measurements by polishing with emery 
powder or alundum in alcohol were not very successful. 
The surfaces produced in this way showed large scatter- 
ing. Excellent results were achieved by cleaving; all 
optical measurements reported in this paper were made 
on cleaved samples approximately 4 mm thick. 

X-ray analysis confirmed the fluorite structure of the 
crystals, the lattice constant being 6.7630 A’ at 26°C. 

Detailed descriptions of the equipment used for 
measuring Hall coefficient and _ resistivity,* optical 
absorption,’ and photoconductivity” have been pre- 
sented previously. 


RESISTIVITY AND HALL EFFECT 


The temperature dependence of the resistivity, p, 
and the Hall coefficient, R, of several n- and p-type 


* Blunt, Frederikse, Becker, and Hosler, Phys. Rev. 96, 578 
(1954), 

7 Measurements made by the Microstructure Section of the 
National Bureau of Standards. 

*R. G. Breckenridge and W. R. Hosler, Phys 
(1953) 

* Breckenridge, Blunt, Hosler, Frederikse, Becker and Oshinsky, 
Phys. Rev. 96, 571 (1954), 

“H. P. R. Frederikse and R. F. Blunt, Photoconductivity (John 
Wiley and Sons, Inc., New York, to be published), 
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cm cm™ impurities 
as calculated from Hall 

Following the method 
(5) |, one finds a ratio of electron to hole mobility of 
1.23 (from results on samples C-9 and C-22). The varia- 
tions of the mobilities with temperature are plotted in 
Fig. 3; both 


In order to determine the value of the energy gap, 


mobilities obey a T ; law 


two different procedures have been followed. For the 


p-type samples, it was possible to calculate the number 


of electrons (n) and holes (p) at every temperature 


from the resistivity and using the 


coefficient, 


above-quoted value of the mobility ratio and the 
T~** temperature dependence. One can evaluate then 
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the product mp which satisfies the following expression" : 
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where m,.*, m,*= effective masses of electrons and holes 
respectively. Assuming that E= E»+7, it is clear that 
a plot of In(mp/7*) vs 1/T should yield a straight line 
with a slope of Eo/k, where Ey is the energy gap at 
absolute zero. 

This procedure cannot be used for the n-type samples. 
In this case a graph showing In(R7!) vs 1/T should 
2k. 

Plotting the experimental data in the manner in- 
dicated, one finds indeed a linear behavior in both cases; 
resulting values for the energy gap are given in the 
second column of Table I. Three of the four Eo values 
agree fairly well; the average of these three is 0.33 ev. 

The above-mentioned plot of In(mp/7*) vs 1/T also 
enables us to determine the product of the effective 
masses, (m,*m,*)/m., from the intercept if the other 
remaining parameter 8(=dE/dT) is known. This 
quantity 8 may be evaluated from optical absorption 


produce a straight line, the slope being E 


7 4 | 
I \ ,4 

} | 

. 

\ 4 

a \ ‘ aA ] 
. ¢ : 

— 

| 

ia 4 

Aw 
Fic. 4. Absorption spectra of n-type Mg.Sn 


C-10, C-20 


See reference 9 [Eq. (9a) ] 














ELECTRICAL AND OPTICAL: PROPERTIES OF Mg;Sn 


data (see below) ; calculation then yields a value of 1.5 
for the product (m,*m,*)/m 2. Combining this result 
with the relation® 


Ma/Up= (m,*/m,*)*” (2) 


leads to the following values of the effective masses: 
m,*=1.17m, and m,*=1.28m,. 


OPTICAL ABSORPTION 


Infrared absorption spectra of four Mg2Sn samples 
have been measured at three different temperatures. 
The results are given in Figs. 4 and 5." Several features 
are immediately apparent. The absorption at 300°K is 
much larger than at low temperatures. This is due to 
the high number of intrinsic carriers (about 4X10" 
cm~ electrons and holes). Both n- and p-type samples 
show at room temperature a relatively strong absorp- 
tion band with a maximum at about 7.5u. No indication 
of this band was found in any of the spectral curves of 
the p-type samples at lower temperatures; a faint band 
is still observable in the spectra of the n-type samples 
at 85°K and at 5°K. The origin of this band (imper- 


TABLE I. Values of the energy gap (ev) calculated from 
electrical and optical data 


From From 

electr From optical absorption photoconductivity 

meas measurements measurements 

T =0°K TT =300 7 =85°K T=S5°K T =85°K T =5°K 
C-3(n) 0.33* 
Cc 9(p 0.288 
C-10(n) 0.32 0.23 0.29 0.28 0.30 
C-20(n) 0.22 0.31 0.33 0.29 0.30 
C-22(p) 0.34 0.21 0.30 (0.30 0.30 
C-23(p) 0.2t 0.30 0.33 


fections or lattice vibrations) is still an open question 
and can only be solved by means of additional 
experiments. 

A point of major interest is the value of the intrinsic 
energy gap as derived from transmission measurements. 
In the absence of any well-founded criterion, we have 
determined our values of the energy gap by extrapolat- 
ing the absorption edge to a (absorption coefficient) =0. 
The extrapolation consists of extending the linear part 
of the absorption edge towards the axis of abscissas; 
in this process considerable weight has been given to 
points with high a. Values for the energy gap obtained 
in this way are tabulated in Table I." (Results on 


” The absorption coefficients are calculated on the basis of n 
(index of refraction)=4.4; this value was obtained from pre- 
liminary reflectivity measurements 

3 The very gradual change of slope of the absorption edge for 
low a makes an exact determination of the energy gap of Mg,Sn 
very difficult. It has been suggested [G. G. Macfarlane (private 
communication) ] that the rather long tail of the edge is due to 
indirect transitions between the valence and the conduction 
band [Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954) ]. On 
the basis of this suggestion the energy gap would be considerably 
smaller. A critical evaluation of our electrical and optical data 
does not support such a small value of the energy gap. 
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sample C-10 have to be regarded with much reservation 
due to the nonuniform thickness of the specimen.) 

The shift of the absorption edge is —3.5X10™ 
ev/deg between 85°K and 300°K. 


PHOTOCONDUCTIVITY 


The photoconductive response of two Mg,Sn samples 
is shown in Fig. 6. The ordinate, R/U’, represents the 
relative change of resistance (Ar/r) per incident photon 
(total flux or total number of photons=U). These 
measurements were made with a 0.5-mm slit opening 
of the monochromator at a modulation frequency of 510 
cps. The signal at low temperature is several orders of 
magnitude above the noise; no photoconductivity could 
be detected at room temperature. 

The photoresponse at 85°K is independent of the 
chopping frequency up to 510 cps, indicating a time 
constant smaller than 1 millisecond. The lifetime r 

















A (u) 


Fic. 6, Spectral response of two Mg,Sn samples. 
x C—10, o C—22. 
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may be estimated from the magnitude of the photo- 
conductive signal on the basis of unity quantum effi- 
ciency.“ The resu!t of such a calculation applied to the 
largest response observed at 85°K (sample C-20) yields 
a value for r of 250 usec (for 4 uw radiation). As yet no 
theoretical expression for the photoconductive threshold 
has been derived ; the situation here is as unsatisfactory 
as for the absorption edge. It has been customary in 
recent years to use a criterion formulated by Moss'* for 
the correlation of the energy gap with the cutoff of the 
photoresponse. According to this rule the energy gap 
is determined by that wavelength for which the re- 
sponse has fallen to one-half of its maximum value. 
Indeed, this rule has been applied with reasonable 
success to several elements and compounds. Loferski,'® 
however, has shown that this criterion leads to sig- 
nificant disagreement in the case of tellurium; ex- 
trapolating to absolute zero, one finds the photocon- 
ductive threshold of tellurium at 0.30 ev, while electrical 

“A. Rose, Photoconductivity (John Wiley and Sons, Inc., New 
York, to be published) 

“T.s Moss, Photoconductivily in the Elements (Butterworth 


Scientific Publications, London, 1952) 


J. J. Loferski, Phys. Rev. 93, 707 (1954). 


BLUNT, FREDERIKSE, 


AND HOSLER 
measurements indicate a value for Eo of 0.34 ev. 
According to Loferski the energy gap is more closely con- 
nected with the maximum of the spectral distribution. 

Identifying the width of the energy gap with either 
the maximum or the “break” of the photoconductive 
response, we find values of E as indicated in the last 
two columns of Table I. These figures are somewhat 
lower than the results from electrical and transmission 
data. 

CONCLUSIONS 

The compound Mg,Sn appears to be a semiconductor, 
which obeys the “simple” theory rather well. Hall 
effect and conductivity data, as well as optical absorp- 
tion data, indicate an energy gap of about 0.33 ev at 
absolute zero. The value deduced from the photo- 
conductive threshold (4.2 yw) is, however, about 0.03 
ev lower. An explanation of this discrepancy will 
probably have to await a better understanding of the 
correlation between optical transitions and band struc- 
ture. The magnitude of the photoresponse is quite 
sizable at low temperatures. 

The authors are greatly indebted to Mr. D. E. 
Roberts for preparing most of the crystals used. 





PHYSICAL REVIEW VOLUME 


100, 


NUMBER 2 OCTOBER 15, 1955 


Effect of Point Imperfections on the Electrical Properties of Copper. 
II. Thermoelectric Power* 


F. J. Biatr 
Physics Department, University of Illinois, Urbana, Illinois 
(Received June 24, 1955) 


The changes in the thermoelectric power of copper due to the 
presence of interstitials and vacancies have been calculated in 
the free electron approximation. It is found that the changes for 
concentrations of defects encountered in experiments on radiation 
damage due to massive charged particles are, at liquid nitrogen 
temperature, of the same magnitude as the absolute thermoelectric 
power of pure copper. Both interstitials and vacancies tend to 


reduce the absolute thermoelectric power of copper, and this 


effect should be readily observable in a suitably designed experi 


It is suggested that the effect may also be used to throw 


ment 
additional light on the processes which occur in the annealing of 
an irradiated sample 
The calculated changes in the thermoelectric property of coppe 
Tt Iculated ch the th lectric pr ty of r 


due to Frenkel defects are also of such magnitude as to make 


lL. INTRODUCTION 


T has been known for many years that impurities 
exert a considerable influence on the thermoelectric 
properties of metals. For example, Norbury' found that 
almost all dilute binary alloys of the noble metals are 
thermoelectrically negative compared to the pure metal. 
There have been attempts to formulate empirical rules 


* Supported by the Office of Naval Research 
‘A. L. Norbury, Phil. Mag. 2, 1188 (1926) 





adequate precautionary measures necessary whenever the thermo- 
couple, which is used to measure the temperature of the specimen, 
is also in the beam of the massive charged particles. Unless the 
thermocouple is suitably screened from the beam, unreliable tem- 
perature measurement is likely to result. Curves showing the 
predicted temperature and concentration dependence of the 
thermoelectric power change due to Frenkel defects are presented. 

The effect of small concentrations of arsenic in solid solution 
in copper on the thermoelectric power of copper has also been 
calculated by the same procedure. The calculated results are in 
satisfactory agreement with experiment, indicating that the 
results for interstitials and vacancies are probably of the correct 
magnitude 


relating the thermoelectric power of a dilute alloy to 
that of the pure metal; but these, apart from their 
failure to be satisfying from a fundamental point of 
view, are not universally applicable. For example, 
Kohler’ is able to account for most of Norbury’s results, 
but copper-manganese alloys form a notable exception 
to his additivity rules. 

In the case of copper, at any rate, the change of 


? M. Kohler, Z. Physik 126, 481 (1949). 
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thermopower with addition of impurities is most pro- 
nounced at very low temperatures, where changes in 
sign and in orders of magnitude have been observed.® 
For example, at 10°K the addition of 0.0026 atomic 
percent of Sn changes the absolute thermoelectric 
power from its value of about 0.3 yvolt/degree to 
— 60 uvolt/ degree. Other impurities give rise to similar 
astonishingly large effects. At these temperatures the 
anomalously large changes in thermoelectricity appear 
to be intimately related to the appearance of a re- 
sistance minimum, a phenomenon which has yet to be 
explained satisfactorily. In what follows, we shall not 
concern ourselves with this very low temperature region 
but restrict our discussion to that range of temperature 
in which the free electron approximation may, perhaps, 
be employed with more confidence, although even there 
a certain skepticism is justified in view of the many 
discrepancies between theoretically predicted and ex- 
perimentally observed thermoelectric forces. 

The thermoelectric power of alloys was analyzed 
recently by Domenicali and Otter,‘ in whose paper a 
good review of the experimental situation is also pre- 
sented. Their analysis involves consideration of the 
change in the Fermi energy due to alloying as well as 
the details of scattering of conduction electrons by the 
impurity atoms. The energy dependence of the cross 
section for momentum transfer is expressed in terms of 
two parameters, a, and a, which are determined by 
fitting their expressions for the change in thermoelectric 
power to experimental observation. As they and Friedel® 
have pointed out, these parameters may also be derived 
theoretically from Mott’s expression for the resistivity 
due to small impurity concentrations.® In this connec- 
tion, however, it is well to bear in mind that Mott’s 
formula is based on the use of the Born approximation ; 
but, as shown by Fujiwara’ and others, a more exact 
partial wave analysis leads to very different numerical 
results. 

In the present discussion, we shall be concerned 
primarily with the effect of Frenkel defects on the 
thermoelectric power of copper. We shall also briefly 
consider the influence of arsenic in copper so as to be 
able to compare calculated with measured thermo- 
electric power changes and thereby obtain at least a 
rough estimate of the validity of our results for vacancies 
and interstitials. 

The influence of Frenkel defects on the thermoelectric 
properties of metals is of interest for several reasons. 
In experiments on the effects of cyclotron or pile 
irradiation on solids the temperature of the sample is 
generally measured by means of a thermocouple at- 
tached to the specimen. The thermocouple, however, 


*D. K. C. MacDonald, Physica 19, 841 (1953). 

*C. A. Domenicali and F. A. Otter, Phys. Rev. 95, 1134 
(1954). 

‘J. Friedel, J. phys. radium 14, 561 (1953) 

*N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 

7H. Fujiwara, J. Phys. Soc. Japan 10, 339 (1955). J. Friedel, 
Advances in Phys. 3, 446 (1954) 
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is calibrated prior to irradiation; since a portion of the 
couple is generally also in the flux of the high-energy 
particles, the reliability of the temperature measure- 
ment is suspect if the thermoelectric properties of the 
couple are substantially altered by the presence of 
vacancies and interstitials. Of course, it is only that 
arm of the couple, such as the copper arm of a copper- 
constantan thermocouple, which is a pure metal that 
is likely to have its properties significantly altered; 
since the residual resistance of the alloy is already 
quite high, it is rather unlikely that a concentration of 
about 0.2 atomic percent of Frenkel defects, encountered 
in the strongest cyclotron irradiation used at this time, 
would influence its thermoelectric behavior very much. 

Changes in thermoelectricity due to the presence of 
vacancies and interstitials might also present them- 
selves as yet another tool for investigating the annealing 
spectrum of an irradiated specimen. On the basis of 
previous results,* it is probable that both types of im- 
perfections contribute almost equally to the resistivity 
of copper, and it is, therefore, practically impossible to 
distinguish annealing of interstitials from that of 
vacancies on the grounds of observed resistivity changes 
alone. On the other hand, as the following results 
indicate, interstitials probably exert a significantly 
larger influence on the thermoelectric power than do 
vacancies, so that simultaneous resistance and thermo- 
electric power measurements on an irradiated copper 
sample could lead to results which may throw additional 
light on the annealing of radiation damage in copper. 

Finally, thermoelectricity is more sensitive than re- 
sistivity to the details of the scattering process of 
conduction electrons in metals. For the latter, all that 
matters is the total cross section for momentum transfer, 
while the former is related to the dependence of this 
cross section on the electron energy. Calculated thermo- 
electric power changes are, then, also more sensitive, 
generally, to the model which one chooses to represent 
the impurity, and comparison with experiment may 
permit the elimination of inferior models. 

In calculating AS/S, the relative change of the 
absolute thermoelectric power of copper due to the 
presence of imperfections, we shall assume that the 
Fermi level of the conduction electrons of copper re- 
mains unaffected by concentrations of imperfections of 
the order of magnitude encountered in radiation 
damage, that is 0.2 atomic percent or less. This assump- 
tion is justified for two reasons. First, at these small 
concentrations each imperfection finds itself in an 
environment of the pure metal, and the overlap of 
screening charge around the imperfections is negligible. 
Under these conditions, as shown by Friedel,’ the Fermi 
level remains unchanged. Furthermore, even for slightly 
larger concentrations, for which a small change in the 


Fermi level might be expected, the correction which 


*F. J. Blatt, Phys. Rev. 99, 1708 (1955). Hereafter referred 
to as I. 
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In the free electron approximation the expression for 
the absolute thermoelectric power is 
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stant, 7 the absolute temperature, p(eé) the resistivity 
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The quantity x is simply related to the absolute 
thermoelectric power of the pure metal and 
mined from experimental observation. The change in 
resistivity due to the addition of imperfections is also 
known from observation in many instances, or, in the 


where 


is deter 
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case of vacancies and interstitials, has been calculated 
recently by the present author and others.** The only 
unknown quantity in Eq. (3) is Az, and it has the virtue 
of being, for a given metal, a function only of the type 
of imperfection present and does not depend on the 
concentration or temperature. Thus, once this last 
quantity has been evaluated, the concentration and 
temperature dependence of AS/S can be ascertained 
without further calculation. 


Il. RESULTS 


We make the same assumptions as in I, namely, 
(1) The free electron approximation is valid. (2) The 
scattering potential associated with the imperfection 
has spherical symmetry. (3) Matthiessen’s rule is valid. 
(4) The effect of relaxation of the lattice about the 
imperfection is negligible. 

We make use of the additional assumption, discussed 
earlier, that the Fermi level of the free electron gas 
remains unchanged. 

The resistivities Ap; and Ap, due to interstitials and 
vacancies, respectively, have been calculated in I 
and are 

Ap;= 1.4 wohm-cm/atomic percent, 


Ap, = 1.3 pohm-cm/atomic percent. 


There remains the problem of determining Ax in each 
case. This was done by evaluating the resistivities Ap; 
and Ap, at energies eo+-d€ and e9)—de, where de was 
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Fic. 2. AS;, the changes of the absolute thermoelectric power 


of copper resulting from concentrations of 1.0, 0.5, 0.1, and 0.05 


er 
atomic percent of interstitials, as functions of temperature. 
* P. Jongenburger, Appl. Sci. Research B3, 237 (1953); Nature 
175, 
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selected arbitrarily to be 20, and approximating the 
derivative in Eq. (4) by the ratio of the differences, i.e, 


Ar~10{log[ Ap(eo+4e) ]—logl Ap(eo—Se) ]}. (5) 


The scattering potentials from which the resistivities 
were calculated were derived from the Hartree self- 
consistent potentials in the manner discussed in I. 

The quantity x was obtained from the measured 
absolute thermoelectric power of copper,"® and for the 
resistivity the values given by Meissner"! were used. 
The results are shown in Figs. 1-4. 

In order to gain some confidence in the numerical 
results, the effect of arsenic on the thermoelectric power 
of copper was also determined in a similar manner. 
Arsenic was chosen because of the impurities considered 
in I it is the only one for which the effect on thermo- 
electricity is known from experiment."* 

Taking the same scattering potential as in I, Ax was 
found to be 2.1, which compares favorably with the 
value 2.0 deduced from observation. Abelés™ has sug- 
gested the use of a square-well potential adjusted so as 
to satisfy the Friedel sum condition [see Eq. (5) of 1], 
and this procedure was also carried out with the result 
Ar=1.2. Both procedures are thus seen to be satis- 
factory, leading to results of the correct magnitude, 
although, perhaps fortuitously, the former appears to 


be slightly better. 
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Fic. 3. AS,, the change of the absolute thermoelectric power 
of copper resulting from vacancies, as a function of vacancy 
concentration, at 81°K and 273°K 

” J. Nystrém, Arkiv Mat. Astron. Fysik A34, No. 27 (1948) 

“ W. Meissner, Handbuch der Experimental physik (Akademische 
Verlagsgesellschaft, Leipzig, 1935), Vol. 11, Part 2, p. 51. 

 Borelius, Keesom, Johansson, and Linde, Leiden Comm. 206b 
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4 F, Abelés, Compt. rend. 237, 796 (1953). 
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Fic. 4. AS;, the change of the absolute thermoelectric power 
of copper resulting from interstitials, as a function of interstitial 
concentration, at 81°K and 273°K 


Ill. DISCUSSION 


Figures 1 and 2 show a rather strong temperature 
dependence of the change in thermoelectric power due 
to Frenkel defects. This temperature variation arises 
first of all from the temperature variation of the 
denominator of Eq. (3) through the approximately 
linear dependence of p on 7. In addition, there is the 
dependence of S on T which, ideally, should be linear 
so that the numerator of Eq. (3) should be independent 
of temperature. However, below about 150° K the 
thermoelectric power of copper deviates significantly 
from the linear temperature variation predicted by 
Eq. (1), and this departure from the predictions of the 
free electron theory leads to the pronounced minimum 
of AS. 

Vacancies and interstitials both tend to decrease the 
thermoelectric power of copper, a circumstance which 
would make it more difficult to distinguish between 
these two imperfections on the basis of thermoelectric 
measurements. Nevertheless, such separation may still 
be possible by careful experimental techniques since 
interstitials should be considerably more effective than 
vacancies in reducing the thermoelectric power of the 
specimen. The largest change in thermoelectricity 
should occur in the vicinity of liquid nitrogen tempera- 
ture, although even at higher temperatures one should 
be able to detect small changes in S with sensitive 
equipment. Of course, the major limitation on experi- 
mental observation at high temperatures is the small 
number of defects which are likely to be encountered. 
Annealing studies on irradiated copper have shown that 
most of the damage has already annealed out before 
room temperature is reached.“ 

Figures 3 and 4, which show the concentration de- 
pendence of AS, clearly exhibit, at the lower tempera- 
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ture, the saturation effect which sets in when Ap 2p. 
Although the largest possible concentrations of defects 
are, of course, desirable for experimental investigation 
of the effect, the effort required to attain concentrations 
in excess of 0.1 atomic percent is probably not justified. 

As regards the use of the thermoelectric effect de- 


scribed here in studying the annealing spectrum of 


irradiated copper, the procedure and interpretation of 


the results would be somewhat more difficult than in 


similar studies of resistivity. In order to observe the 
effect, it is necessary to maintain a temperature gradient 
in the sample of a few degrees; this temperature 
difference between the two ends of the sample forming 
be known 


accurately. As the specimen is warmed up the tempera- 


the thermocouple would have to quite 


ture gradient must be maintained; and thus, in the 


temperature range where annealing olf one or more 


defects takes plas e, the concentration of these defects 
in the sample will not be uniform, annealing occurring 
more rapidly at the higher temperature end. Further- 


more, even if no annealing were to take place over a 
certain temperature range, 4S will nevertheless exhibit 
more or less drastic variations, as predicted by the 


1 and 2 


spectrum from an anlysis of AS versu 


Thus, deducing the 
T for an irradi 


ated sample would be considerably more involved thz 


curves of Figs annealing 
in 


interpreting the changes in resistivity over the annealing 
range 

We have so far refrained from speculating about the 
accuracy of the results. A certain skepticism is justified 
the fact that the 


wrong the 


by free electron model predic ts the 


sign for absolute thermoelectric power of 


pure copper. Apart from this, 
of S in the range 
} , 


throws further doubt on deductions 


the nonlinear temperature 
about 150° K 


whick 


dependence below 


are based o1 


the use of Eq (1 Nevertheless, the foun 


agreement 


for the calculated and observed effect of arseni 
+} 


thermoelectric power of copper would indicate that 


results are probably of correct magnitude 
1 " 


Finally, we have not consice red an effect which |} 


. as 
recently been brought to focus, 
to the 
been investigated by Herring for semiconductors 
. I he con 

e temperature 
charge carriers due 


and 


namely the phonon 


contribution” thermoelectric power 


by Ter Haar and Neaves for metals 


in the case of metals, is that in tl 


around @/2 the drag on the to the 


phonon current may be substantial could, perhaps, 


power of 


1s observ eu 


account for the increase of the tl ermoelectric 


copper with decreasing temperature whicl 
150 and SU) kK It is 


presence of imperfections in the lattice wou 


between reasonable that the 


} 


d reduce 


the phonon contribution to S because the scattering 


of conduction electrons associated with these imper 


fections reduces the importan 


BC Herring, Phys. Rev. 96, 1163 (1954 


* D. Ter Haar ar 
S68 (1955 


1A. Neaves, Proc. R 
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interaction in determining the relaxation time, and 
also because the imperfections will scatter phonons 
and thus tend to restore an equilibrium phonon distri- 
bution. It is, therefore, quite possible that the actual 
decrease of the thermoelectric power due to Frenkel 
defects is enhanced by the phonon contribution in that 
temperature range where this effect is important. 

To date there is no experimental evidence which 
either confirms or disproves the conclusions reached 
here. The onty investigations on the effects of Frenkel 
defects on the thermoelectric properties of metals 
known to the writer are those of Andrew, Jeppson, and 
Yockey"’ and of Jamison and Blewitt.'* Both groups of 
workers reported no observable changes. However, 
Andrew ef al. performed their experiment at high tem- 
peratures. It is, therefore, not surprising that the 
density of defects was inadequate to give rise to 
measurable changes. Jamison and Blewitt subjected 
their samples, which were cooled to liquid nitrogen 
temperature, to a total neutron flux of 5X10'®. Neu- 
trons are, regrettably, much less effective than charged 
massive particles in producing lattice defects; the con- 
centration of defects achieved by Jamison and Blewitt 
was probably about 2 10~* atomic percent, and again 
the negative result which they reported might have 
been anticipated. Evidently, further experimental in- 
vestigations are needed in order to compare the present 
results with observation 


IV. CONCLUSIONS 


The change in the thermoelectric power of copper 
due to Frenkel defects and due to small concentrations 
of free electron 
approximation. In the case of arsenic agreement of 
calculated and experimental results is satisfactory. The 
predicted change in thermoelectricity caused by Frenkel 
defects is sufficiently large, especially at low tempera- 
tures, that it should be readily observable for defect 
concentrations attainable with cyclotron irradiation. 
throw 
h occur during warm- 


arsenic have been calculated in the 


It is suggested that annealing studies 


further light 


may 
on the processes whi 
up of an irradiated specimen 
The effect of Frenkel defects on the thermoelectric 
power of copper also makes adequate precautionary 
measures imperative whenever thermocouples are used 
to determine the temperature of the specimen in a 
radiation damage experiment. It is probable that unless 
the thermocouple is properly shielded from the beam, 
unreliable temperature readings will result. The error 
will depend on the type of couple employed and on the 
to the radiation. Because of their 
high residual resistance, a couple formed of 
suitable alloys is less likely to cause trouble than one 
one or both arms consist of pure metals. 
drew, Jeppson, and Yockey, Phys. Rev. 86, 643 (1952 
E. Jamison and T. H. Blewitt, Rev. Sci. Instr. 24, 474 


fraction of it exposed 
intrinsic 


in which 
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X-Ray Lattice Constant of Barium Oxide* 


Rosert J. Zottwect 
Physics Department, Cornell University, Ithaca, New York 
(Received June 21, 1955 


Precision measurements of the x-ray lattice constant of pure BaO were made at temperatures between 
8°K and 435°K with a back reflection symmetrical focussing camera. Room temperature measurements 
of colored BaO indicate a contraction of the lattice associated with the presence of excess barium, 


I, EXPERIMENTAL PROCEDURES 


HE low-temperature symmetrical focusing cam- 

era used for these measurements consisted of a 
liquid helium cryostat similar to that described by 
Duerig and Mador' with the lower end modified so as 
to contain the x-ray camera. The BaO powder specimen 
was held between two beryllium foil sheets clamped in 
a copper block and bolted to the lower end of the liquid 
helium container of the cryostat. An aperture in the 
liquid nitrogen shield permitted the x-ray beam to 
strike the specimen and the diffracted x-rays to return 
to the photographic film at room temperature. 

The BaO samples were either polycrystalline speci- 
mens grown by the vapor deposition technique? or part 
of a compressed cylinder of BaO that had been held at 
about 1500°C for some hours in a vacuum as part of 
the crystal growing process (the presence of facets 
indicating some recrystallization takes place). These 
were ground in a mortar and passed through a sieve in 
a dry box desiccated with porous BaO and liquid 
nitrogen. Impurities were probably about 0.05% 
calcium, 0.02% strontium, 0.002% magnesium, and 
0.001% molybdenum. The BaO powder was sprinkled 
onto one sheet of Be foil containing a couple of drops 
of ceresin wax® dissolved in benzene (dried with porous 
BaO), the second sheet of Be foil was placed on top 
and the “sandwich” clamped in the copper holder. The 
ceresin wax furnished adequate protection for the BaO 
from the atmospheric water vapor during the short 
periods required to mount the specimen in the cryostat 
and for changing the photographic films, even in the 
absence of the top sheet of beryllium foil. The cryostat 
was evacuated by a forepump during the exposures. A 
0.003-in. copper-constantan thermocouple junction was 
imbedded with the BaO at the center of the “sandwich.” 
Most specimens were not annealed after grinding 
because of the extreme instability of BaO in the presence 
of water vapor. However, one specimen was annealed 
by heating to 800°C in a quartz tube evacuated by a 
forepump and a liquid nitrogen trap. No change in the 
lattice constant was detected as a result of annealing. 


* This work was supported in part by the Office of Naval 
Research. 

t Now at the Westinghouse 
Pittsburgh, Pennsylvania 

’ W. H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952). 

2Sproull, Dash, Tyler, and Moore, Rev. Sci. Instr. 22, 410 
(1951). 

4A. S. Eisenstein, J. Appl. Phys. 17, 434 (1946) 


Research Laboratories, East 


Cobalt Ka radiation (Ka;= 1.78892 A, Kag= 1.79278 A) 
was used and diffraction lines corresponding to h*+# 
+F equal to 36, 35, and 32 were obtained. Exposures 
were about 30 minutes at 25 kv and 15 ma. The films 
were calculated making use of Cohen’s method* and 
gave an average standard deviation of about 0.0005 A. 
With the low-temperature camera the greatest source 
of error was due to the powder specimen being off the 
camera circumference and Cohen's correction appro- 
priate for this error was employed. No correction for 
refractive index was made in view of the current 
disagreement as to whether one should be employed 
for powder diffraction patterns. 


II. RESULTS FOR STOCHIOMETRIC BaO 


Measurements on six films taken with the low-temp- 
erature camera gave a value of the lattice parameter 
of stochiometric BaO at 25°C of 5.539124-0.00013 A. 
This result was checked by six films taken with a 
commercial camera which yielded a result 5.53915 
+0.00013 A, 

Measurements at other temperatures were made using 
liquid nitrogen, liquid helium, or dry ice and acetone 
as coolants or a heated oil bath in the cryostat liquid 
helium container. The results of measurements of four 
specimens at different temperatures are shown in Fig. 1. 
The liquid nitrogen and liquid helium measurements 
with one polycrystalline sample (open triangles) are 
evidently in error for some unknown reason (the three 
other liquid nitrogen measurements are in good agree- 
ment). The curve in the figure is that obtained by 
fitting the data with the equation® 


a 40°K 
a 


where ¥ is Griineisen’s number, K is the bulk modulus, 
v is the molar volume, and Ur is the thermal lattice 
energy less the zero-point energy. do’x was estimated 
to be 5.5240 A and the constant of proportionality 
determined by using the lattice parameter value for 
25°C. The curve shown in the figure results if the 
lattice energy is expressed as the sum of a Debye 
Cohen, Rev, Sci. Instr. 6, 68 (1935); Z. Krist. 94, 288, 
R. Jette and F. Foote, J. Chem. Phys. 3, 605 


‘M.U 
306 (1936). E 
(1935), 

*C. Zwikker, Physical Properties of Solid Materials (Inter 
science Publishers, Inc., New York, 1954). 
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Fic. 1. X-ray lattice constant for several specimens of stochio 


metric BaO at vari temperatures. Triangles represent two 
polycry talline specimens grown | the vapor deposition tech 
nique, syuares represent annealed sample, black dots are spec I 
from the heated compressed cylinder of BaO and open cir le is 


the accurate room ten perature value 


function with characteristic temperature of 173°K plus 


an E 


of 332°K (the function corresponding to that which 


instein function with characteristic temperature 
Anderson® states best fits his BaO specific heat data), 
or if the lattice is expressed as a single Debye 
280°K. 


The results are not sufficiently precise to distinguish 


energy 


function with characteristic temperature of 


between these functions though they lend support to 


Anderson’s specific heat data by being consistent with it. 


The linear expansion coefficient for BaO between 
200°K and 400°K is found to be 12.84+0.9X 10~*°/ °K. 
This value is somewhat smaller than the value 17.8 


t2.1«K10~° 
temperature and 875°C 


K reported by Eisenstein’ between room 


Ill COLORED BaO RESULTS 
BaO crystals are colored by annealing in an atmos 
blue BaQO).? X ray lattice constant 
measurements were made at room temperature on two 
this 


phere of barium 
relatively colored crystals prepared at 


and on two 


lightly 


laboratory by Timmer densely colored 


crystals used by Sproull, Bever, and Libowitz*® (two 
films each were made with three of these specimens 
The samples were prepared in the 


stochiometric BaO and were not 
ing. Figure 2 shows the resultant x-ray latti 


determined 


same way as the 


annealed after grind 
e parameter 
vs the optically density of absorption 
centers, assuming an oscillator strength of 


4 and using 
Smakula’s formula (chemical measurements yielded 


barium 


somewhat greater concentrations of excess 
There is a considerable contraction of the lattice in the 
case of the densely colored crystals. If one were to 
*C. T. Anderson, J. Am. Chem. Soc. 57, 429 (1935 
™W.C. Dash, Phys. Rev. 92, 68 (1953 


* Sproull, Bever, and Libowitz, Phys. Rev. 92, 77 
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assume a linear contraction of the lattice with per- 
centage of excess barium, one would obtain the relation 
Aa/a=—0.1 (atomic percent excess Ba). 

These results are consistent with the view that the 
blue coloration is associated with oxygen defects in the 
lattice in the form of F’ centers.* A contraction of the 
lattice around the F’ center might be expected because 
of the reduction in the repulsive interaction when the 
oxygen ion is replaced by the F’ center. A contraction 
is observed, for instance, when a chloride ion repiaces 
a bromide ion in KBr. In addition, Burstein, Oberly, . 
and Davisson™” have concluded from measurements of 
the pressure dependence of color center absorption in 
alkali halides that there is a displacement of ions near 
an F center toward the vacant site. 

BaO crystals grown from solution in molten barium 
are also colored (red BaQ)." Chemical analysis by 
Libowitz indicated an excess barium by weight of 
about 0.1%. Kane” made optical absorption measure- 
ments of these crystals and found the density of 
absorption centers to be about 8X 10"'* cm~ assuming 
an oscillator strength of 4 and using Smakula’s formula. 
Measurements of three specimens of the red BaO 
yielded values of the lattice parameter of 5.5351 
+0.0007 A, 5.533740.0010 A, and 5.5328+0.0009 A at 
a3 Gs 

The lattice contraction observed with red BaO was 
smaller than that observed for an equivalent amount of 


a 


excess barium in the blue crystals. The appearance of 
some contraction, however, implies that the red color- 
ation is not caused by interstitial barium since inter- 
stitials would be expected to cause a considerable 


anand 
: $3 
| 
i 
) | 
a 
ct 
x 
ra 
56 fg 
~ J 
Fic. 2. The x-ray lattice constant of blue BaO vs the optically 


determined density of absorption centers 
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lattice expansion. The smaller lattice contraction may 
be caused by aggregation, perhaps in the form of 
colloids. The fact that there is any contraction at all 
points to one of two possibilities: 


(1) F’ centers in equilibrium with other defects; or 

(2) less lattice strain associated with the centers 
responsible for the red absorption, as might be the case 
for defects intermediate in size between single oxygen 
vacancies and colloids. 
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In this connection, it should be emphasized that red 
BaO crystals are grown at about 900°C, while blue 
crystals are colored at about 1100°C. 
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Classical Theory of Cyclotron Resonance for Holes in Ge 


J. M. Lurrincer anp R. R. Goopman 
University of Michigan, Ann Arbor, Michigan 
(Received June 24, 1955) 


Cyclotron resonance line shapes for holes have been calculated in the classical limit. The magnetic field 
was taken in the (001) direction. Because the cyclotron resonance frequency depends on the component of 
k parallel to the magnetic field (km), the line is shifted and broadened as compared to the simple theory 
with kg=0. The shift of the maximum is about 3%, and the broadening (which is asymmetric) is about 





40% for Ge, if wr is taken as 7.5. 


HE shape of cyclotron resonance absorption lines 
for Ge has been calculated treating the holes as 
classical particles. Quantum effects' become important 
at low temperatures and will be considered in a separate 
publication. It is easily shown that for a constant mag- 
netic field H, the component of the quasi-momentum 
in the direction of H (ky) is a constant of the motion. 
Thus for H in the (001) direction (the only case con- 
sidered here), &, is a constant. The equations of motion 
for k, and k, are then given by 
k,=d% Ok, 
k = —05C/dk,, 


¥ 


(1) 


where for holes 

a. " is 

R= —(APA( B+ (kek +h tk e+k2k,’) }!). (2) 

c 

The plus and minus refer to the light and heavy holes, 
respectively. The constants A, B, C are those reported 
by Dresselhaus, Kip, and Kittel? as A, B, C. One sees 
from Eq. (1) that &, and &, are canonically conjugate 
variables. The equations of motion for k, and ky will 
depend parametrically on k,, and there will of course be 
a thermal distribution of &,. 

In order to estimate the effect of the thermal dis- 
tribution of &, a transport theory with a constant re- 
laxation time 7 was used. The theory is essentially that 
of Van Vleck and Weisskopf.* The formalism of the 
~ 13. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955) 

? Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955) 

* J. H. Van Vieck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945) 


theory is similar to that used by Karplus and Schwinger.* 

The calculations were performed starting with the 
following expression for the absorbed power per unit 
volume p: 


P= Ne{(v.(1))Es(t)} aw (3) 


where EF, refers to an electric rf field in the [100] direc- 
tion. V is the number of holes per unit volume and 
v,(t) is the velocity of a hole in the x direction. The 
brackets () indicate an averaging over the time of 
collision and an averaging over the Boltzmann dis- 
tribution. The braces refer to an average over time. 
Since k, and k, are canonically conjugate a new set of 
canonical coordinates P and Q, where K=P, can be 
found. This leads to a considerable simplification. In 
terms of these new variables the averaging procedure 
gives 
|v.(m,P)|? 


@=4}NEE*r f dk, f “6 
—2 Po 


wil 
wm 1+ 7*(wt-won)? 


p is the Boltzmann factor 


Be 
exp( - - r) 
eH 


eer: , 
A 


where 


a o 2r/ee Bc 
a-f at, f apf dQ esp( - P), 
=) Pe 6 eH 


«R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 
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AND R. R. GOODMAN 

sults reported here were obtained by means of an 
analog computer, which integrated the equations of 
motion of k, and k, directly. The values of A, B, and 
C taken were those reported by Dresselhaus ef al.? 
The final integration over y was performed numerically. 
A variational method was also used to determine the 
values of C, and wo. There is good agreement between 
the results of the variational method and the results 
given by the computer. 

In order to determine the values of A, B, and C, 
Dresselhaus, Kip, and Kittel’ also used classical 
methods; however, they used the approximation that 
kw=0. The results of calculations using ky=0, and 
of our theory may be seen in Fig. 1 (where we have 
taken w=1.5X10 in. rad/sec and wr=7.5). The cor- 
rected curve may be seen to have its maximum shifted 
from that of the ky =0 curve.* In addition 
an asymmetrical broadening of about 40% occurs. It 


by about 3° 


} 


should be mentioned that Zeiger’ has reported similar 
calculations. He has, however, treated the asphericity 
of the energy surface as a perturbation on the main 
spherical term, and in addition limited himself to the 
neighborhood of resonance. His results seem to be in 
substantial agreement with those reported here. 

With the above method it is possible to redetermine 
the constants A, B, and C more ac 


in their values will be not more than a few percent, and, 


rately. The change 


at present, many other experimental and theoretical 
incertainties overwhelm this correction. 

It is also possible to calculate the effect of extra 
resonances due to higher harmonics. From Fig. 1 it can 
be seen that the third harmonic contribution is quite 
small for H in the [001] direction. The fifth harmonic 
was found to be much smaller. Further calculations are 
ig made for H in the [111] direction, and for Si.* 
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These authors mention ar tempt to correct for the ky=0 
assumption [see discussion f wing their Eqs. (79) and (80)] 
cation of their method is given, and, especially for Si, their 
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The larger the wr, the less the maximum is shifted 
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Considerations on Double Exchange 
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AND 
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Zener has suggested a type of interaction between the spins of magnetic ions which he named “double 
exchange.” This occurs indirectly by means of spin coupling to mobile electrons which travel from one ion 
to the next. We have calculated this interaction for a pair of ions with general spin S and with general 
transfer integral, b, and internal exchange integral J. 

One result is that while the states of large total spin have both the highest and lowest energies, their 
average energy is the same as for the states of low total spin. This should be applicable in the high-tem- 
perature expansion of the susceptibility, and if it is, indicates that the high-temperature Curie-Weiss constant 
@ should be zero, and 1/x vs T a curved line. This is surprising in view of the fact that the manganites, in 
which double exchange has been presumed to be the interaction mechanism, obey a fairly good Curie 
Weiss law. 

The results can be approximated rather well by a simple semiclassical model in which the spins of the ion 
cores are treated classically. This model is capable of rather easy extension to the problem of the whole 
crystal, but the resulting mathematical problem is not easily solved except in special circumstances, ¢.g., 





periodic disturbances (spin waves). 





I. INTRODUCTION 


ENER! has proposed a mechanism of electron spin 
interaction which he calls “double exchange.” He 
suggested that this mechanism is responsible for ferro- 
magnetism in the mixed-valency manganites of perov- 
skite structure, such as (La,Ca;_z)(Mn!"'Mn,_,!")O;.? 
Zener points out that the extra electron on the Mn™ 
can travel back and forth between the two Mn ions, 
and that its spin will couple with those of both ion 
cores. This obviously leads to a spin coupling of some 
kind, which he shows is probably ferromagnetic. As 
Zener points out, if the transfer does not change the 
electron’s spin, and if exchange between it and the ion 
is so large that it cannot be on an ion of the wrong spin, 
then the electron can move if the ions are parallel, and 
cannot move if they are not parallel. One expects there- 
fore a parallel coupling of the order of magnitude of 
the transfer integral which causes the electron’s motion. 
We have investigated this mechanism in greater 
detail and with considerably more general assumptions 
than reference 1. We were interested in seeing whether 
it differed in any observable aspects from ordinary 
exchange. The result is indeed qualitatively different, 
as we could have anticipated from the fact that there 
is an extra degree of freedom, namely the motion of 
the electron, to be considered. 

The results can be understood rather easily on a 
simple semiclassical model, which we shall give in the 
main body of the paper. The rigorous calculation will 
be given in an Appendix. Further, this simple model can 


* Part of this work was done while this author was a Fulbright 
Lecturer at the University of Tokyo. I should like to express my 
gratitude for the hospitality and support of the University and the 
Fulbright Commission. 
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?G. H. Jonker and J. H. Van Santen, Physica 16, 337, 599 
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be extended far enough so that we can see some of the 
characteristics of the problem which must be solved 
for an entire solid, although mathematical solution oi 
this problem is practically impossible. 

One of the major differences from ordinary exchange 
is that there are two levels for every spin arrangement 
of the ion cores, one as high in energy as the other is low. 
If exchange is small one of these corresponds to a spin- 
up traveling electron, the other to spin-down; while if 
exchange is large one is the symmetric, one the anti- 
symmetric orbital state. Thus the average energy is not 
a function of total spin, and the series calculation of 
susceptibility® fails to give a second term, so that @ 
vanishes in the high-temperature Curie-Weiss law. This 
effect is not observed.‘ 


Il. THE MODEL; CONSIDERATION OF THE 
TRANSFER PROCESS 
The model we use is shown in Fig. 1. We denote the 
magnetic atoms by Mn and some neutral intermediary 
atom by O (thinking of course of the case of the 
manganites). It is assumed that the O atom has a closed 
shell, the two magnetic atoms a number of d-electrons 
appropriate to give them each a spin S as well as one 
extra electron which may, of course, equally well be 
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Fic. 1. Model for double exchange. 


* J. H. Van Vieck, J. Chem. Phys. 5, 320 (1937). 
*G. H. Jonker and J. H. Van Santen (private communication). 


675 











676 P. W. ANDERSON 


Taste I. Labeling of wave functions in double exchange. 


A. Orbitals 


Mn is) Mn; 
Mobile d-electron d, d; 
Closed O shell p 
Fixed d-electrons d,’ et d,' etc. 

B. Configurations 

I d,' d, P d,’ 
II da,’ P dz dy 
ul d;' d, p dz dz 


on one or the other. The wave functions and con- 
figurations considered are labeled in Table I. We 
assume from the first that there is a unique orbital d, 
or d, into which the extra electron wishes to go; our 
results are valid under more general conditions® but 
this will give the qualitative picture of the process 
which we wish to convey. We then have a problem of 
configuration interaction between the two degenerate 
configurations I and II with the electron on the one 
atom or the other. Zener assumed that the intra-atomic 
exchange integral coupling the electron’s spin to S, 
i.e., Jaa, was infinitely large, so that he excluded states 
with Sy.=S—4 from his configurations; we shall not 
make this assumption at first, although we believe this 
to be the most probable case. However, for the sake of 
simplicity we assume that the Mn atom core always 
has spin S; thus its internal exchange integrals are 
assumed infinitely large. 

In order for there to be any coupling between the two 
Mn atoms, the extra electron must be able to get from 
one to the other. The 
through the intermediary of the O atom for our picture. 
(Of course, there is nothing in our calculations requiring 
this, but most cases to which it is reasonable to apply 


transfer process must occur 


these concepts do have a magnetically neutral atom 
present.) The transfer is most likely to occur in one of 
two ways. The first is that suggested by Zener: via the 


exchange ty pe integral 


ba f ave 1p p(1) Hy ,(2)Wa2(2), (1) 


which is however negligibly small (since the Mn atoms 
do not overlap) unless the p and d wave functions used 
are not orthogonal, in which case it is equal to 


J*=zS§, sf eevee 
? 
2) 


Sails 


where S is the overlap integral, V the averaged poten- 


tial." This will then be of roughly the same magnitude 


* These are either (a) the orbits are sufficiently quenched that 
S, S+4 and S—} are unique states, and any other orbital states 
are of high energy, in which case our treatment in Appendix II 
is obviously valid; or else (b) J is large compared to the transfer 
integral and states S and S+4 are adequately quenched. We then 
ignore all S—§ states. 
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as the ordinary p—d exchange integral for nonorthogo- 
nal wave functions. J* has simply the effect of moving 
the electron from atom 1 to atom 2, i.e., configuration I 
to IT, without change of spin, as can be seen by Serber’s 
method® (see Appendix I). If orthogonal wave functions 
are used we must as usual go to higher order configura- 
tion interactions to find a mechanism, but when we do 
can rely somewhat more on our results. The configura- 
tion which must be introduced is that in which a single 
p electron has been transferred from the O to the 
“other” Mn, i.e., configuration III. This is connected 
to the initial configuration I by the ordinary transfer 
integral H,-4 of (2); then this same transfer integral 
can connect it with II, since I and II are symmetrical 
relative to III. The details of this process are worked 
out also in Appendix I, where we prove that this too 
is a simple transfer, the electron ending on the second 
ion with the same spin direction from which it started 
on the first. Both processes give transfer integrals of 
the rough order of magnitude 0.1 v, while J, the intra- 
atomic exchange integral, is of order 1 v. 


Ill. SEMICLASSICAL CALCULATION OF DOUBLE 
EXCHANGE 


The preceding section showed that the primary 
transfer mechanisms which may occur in double ex- 
change are both of a type which tend simply to transfer 
a single electron without change of spin from atom 1 to 
atom 2. We now proceed to calculate the energies of the 
states which follow from configurations I and II when 
we take into account this transfer integral (which for 
simplicity we shall call simply 8) and also the fact that 
the electron’s spin is coupled to the spin of the ion on 
which it finds itself by an intra-atomic exchange 
integral J. In the case of ions with less than half-filled 
shells, J tends to make the spins parallel ; for more than 
half-filled shells, and if the odd electron falls into the d 
shell and not into an s function, we have an “effective” 
exchange integral J which is infinite and causes anti- 
parallelism. However, for the present problem the sign 
of J itself is irrelevant. 

Our procedure from here on will be to treat the 
problem semiclassically, that is, as if the two ions had 
very large spins S so that one could assign them definite 
directions in space and a definite angle relative to each 
other. Two nearly trivial modifications of this procedure 
lead to the exact answer as derived in Appendix II. 

When the electron is on the first atom, it has two 
states, of energies 

E,=+JS, 


lined up parallel and antiparallel to the spin S;. On 

atom 2 it also has these two states, but lined up in the 

direction of S:. We know, however, that the electron, 

when transferred, goes only into the parallel state. 

There are two possible ways of correcting for the 

difference in direction: either to transform the energies 
*R. Serber, Phys. Rev. 45, 461 (1934). 
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on atom (2) into a coordinate system parallel to S,, or 
to transform the transfer matrix elements so that they 
refer correctly to the different directions. The latter 
procedure is somewhat simpler. 

Let us label the two electronic spin functions referred 
to the direction of S; by a and 8, and those referred to 
S: by a’, 8’. The eigenstates on atom 1 are dja and d,. 
These have the energies (if we make the first quantum- 
mechanical modification of using correct exchange 
energies) 

E(d,a)= —JS, 
E(d,8)=J(S+1), 


for J ferromagnetic in sign. The eigenstates on (2) are 


(3) 
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So" Sttiy 





Fic. 2. Addition of spins in 
double exchange. 











What we must do is to express a and @ in terms of a’ 
and @’. This transformation is well known, 


a= cos(6/2)a’+-sin(6/2)8’, 


‘. . / , , 6) 
doa’: E= —JS, (4) = —sin(0/2)a’+cos(0/2)p’, ( 
1.8’: E=+J(S+1), , 
; oP \ where @ is the angle between S,; and S,. 
while the transfer matrix elements are We can now immediately write down the secular 
(dia H doa )= b, (s) equation . 
(dya| H | d.8)=0, etc. |H—E|=0 
H= dia 4,8 dict! df" 
daf —JS 0 bcosé/2 b sind/2 
48 | 0 J(S+1) —6-sin6/2 bcosd/2 
(7) 
di’ |b cos6/2  —b sind/2 —JS 0 
df" |b siné/2 5 cosb/2 0 J(S+1)} 


The secular equation reduces to 
{ (4J—E)*—[J(S+4)+6 cosé/2}?—b sin%#/2} 
x ( (4J—E)*—[J(S+4)—} cosb/2 }?— b* sin*#/2} =0, 
which has the solutions 
E=4J2{(J(S+4)+6 cos6/2 +6? sin*6/2}! 
=4J+[J2(S+4)2+b2+2b(S+4) cos6/2}'. (8) 
This is the complete solution except that we must 
evaluate cos@/2. In the semiclassical case this can be 
evaluated by noting that (see Fig. 2) 


S:+8,|  S; So 

= = cosh /2= (9) 

2S 2S 2S 

where this equation defines S,. Now in the semiclassical 

case we cannot meaningfully distinguish between 5S, 

and So, the total spin including the odd electron (equal 

to S,+4), so this is the complete answer in terms of 
this theory, as noted in the last equality of (9). 

In Appendix II, we shall show that the only modifica- 

tion introduced by exact calculation is to replace (9) by 

the result, equivalent to terms of order 1/S, 


(cos6/2)exsct= (So+4)/(25+1). (10) 





The result for the intermediate case J0 is not of very 
great interest. It will suffice to discuss the two limiting 
cases, (A) J>>b, and (B) J<b. 

A. J>b.—This is the case considered by Zener. 
Here we can ignore the eigenvalues having a + sign 
on the square root as having very high energies (i.e., 
ignore d,8 and d.8’). We then neglect 6? sin*@/2 in the 
square root and 


E=—JS+6 cos6/2 


= —JS+b[ (Sot+4)/(2S+1)]. (11) 

In case J has antiferromagnetic sign the result is un- 
changed except for a constant. Sy can take on every 
value from 4 to 2S+4, so that cos#/2 runs from 
1/(2S+1) to 1. For each of these values there is one 
high-energy solution corresponding to each low-energy 
solution. Physically, what happens is that the effective 
transfer integral between the only two possible states 
for the electron is reduced by the ratio (So+4)/(2S+1), 
and the eigenstates are essentially the symmetrical and 
antisymmetrical combinations of the localized orbitals 
with the electron’s spin parallel to §, or S;, respectively. 
B. J«<b.—Here we again must neglect + values of 
the square root, and, adding a negligible term inside 
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re root to complete the square, we get If we wish only the first two terms we note that 
] >. £,(So) is independent of So, since the average 
E= rb+J(S-4 cosh /2 energy for all S» is the same. Then up to terms in 1/7? 








; 2 
J J(S+4)(So+4 S?(T)) m= (S?( 2 ) ne. 
b+-+ : : 12 
Z 2S+1 and we may write 
a | a 
b+—-+—(Sot+} x=C/T+ (terms in 1/7%). (16 
9 
Avain. for every ‘ e of S». there are two states. one The corresponding expansion lor ordinary exchange 
- sii, i y Yalu Ja i Ww Sle Be | s - . ‘ 
» low. These correspond to spin up or down = 8!V€S 
g electron, relative to the total spin a - x 
— +( 8 Babe oo « Se { —f { ) 
the sign of J is immateria Xordinary = C/T+C8/T =C/ (7 , Li 
IV. DISCUSSION OF RESULTS where @ is a temperature of the order of magnitude of 
rhe results (8). (11). and (12) of the last section are the Curie temperature, i.e., such that &@ is comparable 
quite differe ro e usual form of exchange inter- to the total interaction. Thus we suspect that a double- 
iction. Thev are of interest not only because they refer exchange ferromagnet will have a 1/x—T plot as shown 
ya mechanism which may be occurring in certain sub in Fig. 3, as compared to a ferromagnet, and also to a 
tances but also because this is one of the simplest typical ferrimagnet. 
proviel I St interaction | hich orbital degenera y Of course, all these conclusions are based on the 
enters in an essential way It iS, In tact, or ly because of simplest case ol only two ions Wit! one electron 
e extra cegree of Tree illowed by the_electron’s travelling between them. In the real solid there are a 
ve i ybtain anything othergthan an yery large number both of ions and of electrons, and 
S,-S» interaction in this simple case there are (2S+1)* states for the ions and NV for an 
+7 & rent: first tr t i ir ; - . ¢ 
I . . mn , ar electron for every one of these. We can for the sake of 
t wit ) st) 5 t «) a 4 vyhnereas . . . . . 
: ite = Ii) a 12), wher simplicity assume that the number of electrons 1s 
S,-S. varie quadratically i second, the tact that ' s 1 
relatively small and ignore their interactions, but even 
tor ever So there re two states, not one, which in Dot 1 “ahs ¢ | ] 
: , the calculation of the states of a single electron plus the 
i ind Z re yI er disposed about the : 
° . ion system 1S very complex. 
iver e ener °.% ’ +f | . 
| . to be very essential With the confidence gained trom set III in the semi- 
e tirst difference does not seem to D y essenliai . . 1 
H t 1 has at Ie ist 1 ver classical treatment of the ions, however, we can at 
Dnvsica \ oweve©r rye Second nas ; 1@ast *T\ 
i . ’ - , ’ 
alu mificance. The eptibility of a para- [east draw some qualitative conclusions in our two 
robable Sig ‘ suscepUubpDuiily be™ par : 
agneti ibstance can always be written’ cases A and B. 
67 ' In case A, J>>b, the transfer integral between any 
x udm / ORI, 4 
, 
ere yu ¢ ignet ent vhich tor a system . a " 
w= 23S 14 
n H rand 8 the Bohr igneto Thus y¥ 1S | 
») kT. We may the take the average 
. 
B i stributio - 
Ss S v 1 F 
, 15 
v 
é era res iv bt expal le | ) 
/ Ss / S 
s <_ss | Ss 1 4 
k7 2k*7 
5 Ay 
} S / S - ncaa 
s 1 n 
bus ; we ° 
: k] 2k*7 
|. H. Van Vieck, 7 Aeor f Electric and Magnetic Susce ptibilitie Fic. 3. Qualitative susceptibility curves for ferrimagnet, 
Oxford University Press, London, 1932), p. 40 ferromagnet, and double exchange ferromagnet 
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two ions depends on cos@/2 for the angle @ between 
their two spins. For a random, paramagnetic type of 
spin arrangement we have then a problem of electron 
motion in a random alloy, which has been the subject 
of much attention but has not been solved in the way 
needed here. This case of variable transfer integral is 
also not the usual one. However, it is still to be expected 
that for each arrangement there is created a band of 
electronic states, as many above as below the average 
arrangements. As the number of parallel pairs increases 
the width of this band increases. 

A set of states of the lattice of spins in case A which 
are susceptible to exact treatment on this model con- 
sists of the states derived from the all-parallel state by 
a uniform twisting of the ion spins through an angle ¢ 
per atom layer (i.e., a “spin wave” of wave vector 
2N¢/a). Each of these states will produce a band of 
electronic states the width of which is decreased relative 
to the aligned state by a factor cosg/2 due to the re- 
duced transfer integral. Thus our model obeys Herring’s 
theorem® that the energy of a spin wave is proportional 
to k*? for smal] k. The directions of the electron spins 
will follow accurately those of the ions. 

Case B, J, is essentially that envisaged by Zener® 
in his model of ferromagnetism in metals. In this case 
the free electrons will travel some distance while main- 
taining their spins without regard to the directions of 
the ion core spins. Here the spin up and spin down 
electrons will have opposite energies. Ferromagnetism, 
if it occurs, will do so by the mutual polarization by the 
ions of the free electrons, which in turn polarize the 
ions. The fact that this is a two-stage process again 
makes very reasonable the idea that x vs T at high 
temperatures will not contain the @ term.” 

Thus in both cases A and B what little we can say 
of the probable state of affairs tends to indicate that 
the double exchange mechanism of spin interaction is 
quite different qualitatively from ordinary exchange, 
and in particular leads to a very different form (16) 
for the high-temperature susceptibility, which cannot 
be expected to extrapolate linearly to an intercept near 
the Curie point. As mentioned in the abstract, this result 
does not fit the experimental data on the manganites.’ 
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APPENDIX I. TRANSFER PROCESSES 


Throughout these appendices we shall use Serber’s 
method*:!! of treating configuration interactions. This 

* C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 

*C. Zener, Phys. Rev. 81, 440 (1951) 

® Unless the electron gas is degenerate. For a degenerate elec- 
tron gas (kT<b) we can draw no conclusions for many reasons 
electron interactions, second-order effects); thus the present 
considerations do not affect Zener’s theory of ferromagnetism in 
metals.’ 


“uP. W. Anderson, Phys. Rev. 79, 350 (1950). 
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method, based on Dirac’s method for treating spin 
interactions within configurations, gives us the following 
rules for writing down the Hamiltonian matrix: 

(1) Assign orbitals to the electrons in each con- 
figuration in some fixed, convenient order. Two orbitals, 
treated as if distinct, are to be assigned to electron 
pairs which are in the same orbital. 

(2) Matrix elements of the Hamiltonian within con- 
figurations are to be computed as in Dirac’s method, 
multiplying ordinary integrals by unity and exchange 
integrals by the spin perrautation operator — Py, of the 
spins in the appropriate orbitals. 

(3) Matrix elements connecting different configura- 
tions are written down by exactly the same rules in the 
sense that the choice between “direct” and “exchange- 
type” integrals is made on the basis of the order 
number. That is, if the two configurations are, say, 
g(1)x(2) and g(1)¥/(2) the integral fx (1)Hy(1)dr is a 
“direct” type, J ¢(1)x(2)H¢(2W(1)dr is “exchange” 
and is to be multiplied by the permutation operator 
— Py» in the off-diagonal block. 

(4) Where one configuration has a pair of electrons 
in the same orbital, the other not, the transition matrix 
elements leading to forbidden spin arrangements are 
to be eliminated by appropriate projection operators, 
while certain factors of V2 are to be multiplied into the 
remaining off-diagonal blocks. 

The numbering of wave functions which we shall use 
is shown in the following table for the three configura- 
tions of Table I. We leave out any electrons in the core 
states d,’ and d,’ because these are irrelevant to the 
transfer mechanism, and will appear only in the final 
problem of Appendix IT. 


Configuration d, p p d, 
I 1 2 3 

II 1 3 2 

Ill 1 3 2 


The two transfer mechanisms we consider are, first, 
the exchange-type integral: 


y= f du(t)p(2ynaa(2)p 1)dr; 


and second, the second-order effect of configuration III 
on configurations I and II, which will be proportional to 


H,~a\*/(Einm— Ei). 


These seem to be the only effects of sufficiently low 
order to be appreciable. We wish to show that each of 
these effects connects only the following wave functions 
in configurations I and II: 


a(1)[a(2)6(3)—a(3)B(2) + 


[a(1)8(3)—a(3)B(1) Ja(2), (Al) 


and similarly for the f’s. 
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In the transfer “block” of the Hamiltonian con- 


necting I and II, according to rule 3 J* will be multiplied 
by Pi, the permutation operator connecting 1 and 2. 
It must also be multiplied by appropriate projection 
operators in order to “communicate” with configura- 
tions I and II, according to rule 4 


Transfer operator= 


* 
J*0 uP Dr, A2 
where O,, and Oz, are the projection operators elimi- 
nating triplet states for the pairs 13 or 23. First, since 
Oy, and Py are all scalars, we know that indeed 


(93, 
(A2) can only connect S,= +4 with +4 and —} with 


4, so that our requirement is satisfied since (A1) are 
the only pair of wave functions of I and II with the 
right S,’s to be connected together. To get the correct 


numerical factor, we apply (A2) to 
ai83— ag) Jaz 


v2 


ay83— ax) az 


T*OnP A; 


()o3(ayax3— aya P>) 


Thus we have the expec ted result, that the effect of J* 


is just to replace an up spin in d, 
and vice versa 

The problem for A pa 2 (Eun Ey 
more complicated. In the perturbation procedure we 
an operator U 


IS ONLY Sil 


once from I to III, requiring 
factor v2, do 
v2 Or. Thus 
Transfer operator= — 2) H 54) *O2013/(Eim— Ei: A3 
Again we note that the 


ave a simple transfer operator, i 


that we hs and cCaicula 


its magnitude: 


Ow 


a8s3— ay) ay 


v2 


by an up spin in d, 


ghtly 


> gO 


nothing in III and go down to II with 


scalarity of Oz; and O,; proves 


te 


AND H 


HASEGAWA 


1—Po 


ayp3—ax) 
2 v2 


(a9 3— Baty — P2043 + 8 0003) 


28 3—ayP2 
v2 


so that again the factor multiplying the simple transfer 
integral is just unity. 


APPENDIX II. QUANTUM CALCULATION OF 
DOUBLE EXCHANGE 


With the assumptions stated in the text we can write 
down the following Hamiltonian matrix for our problem. 
We take the odd electron’s spin as s, the spins of the 
ion cores as S; and S». 6 is the transfer integral, either 
J* for or |Aya 
(Ein — Ey) if we consider the transfer to go through 


nonorthogonal wave functions 


configuration III. 


(A4) 


bl —2J8,:s 


I is the unit operator. As in the text, we can diagonalize 
the blocks I—I and II—II by choice 
representation, but only of a different one in each block: 


f +} 
o! 


e appropriate 


namely, in I we combine 


S.4 Ss Sy, S, (A5) 


and use the representation in which So, Ms,, and 
S,'=S+4 are diagonal. Then 2 i(s-S -JS or 
J(S+1) for S;)=S+4 or S—4. Similarly, we can 


t 


diagonalize II but only by setting S.’=S+4 diagonal, 


in which case 5S)’ is not. 

One of two possible ways to proceed is to use the 
correct coordinates to diagonalize each diagonal block 
and transform 61 to connect the blocks properly. This 


ary matrix 





is easily done by replacing 1 by the unit 
which effects the transformation between the two repre- 
sentations. This matrix can be obtained by the use of 
In the notation of reference 13, 


Racah’s methods.” 


the 
in 


_ 


matrix element connecting the wave function for a 


particular value of S,’ with that for a value 


$1, 5SelSe 


rec! 
which can be easily evaluated by the tables in reference 


Racah, Phys. Rev. 62, 438 (1943 
and Rose, Revs 


3 G 
" Biedenharn, Blatt, 
1952). 


Modern Phys. 24, 249 
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13, using S;=S,=S; s=}. The resulting Hamiltonian matrix is 





$/—S+4 Si'=S—} S=S+} S=S-} 
if Sott Sot} \?} 
S)'=S+}| —JS 0 (—1)'-*4e —— [1-(—) 
"3541 2S+1 
I: 
Sot} \*7! Sot} 
S—} 0 J(S+1) -|1-( ) (—1)!-250 — 
+17 | 28+1)} 
H= |, (A6) 
Sot} Sot} 
Sx =S+4 | (—1)!-*80 -|1 -(" ~) ] —JS 0 
2S+1 2S+1 
Il: 
So r } a Sot} 
s—4|[1-( ) (—1)!-250 — 0 J(S+1) 
L 2S+1 2S+1 


This is identical with 
Eq. (10). 


the Hamiltonian for the simple model, Eq. (7), if we set cos@/2= 


(Sot+4)/(2S+1) as in 
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The effect of pressures up to 5000 kg/cm? on the electrical resistance of polycrystalline copper, silver, 


] 


id, and platinum and on si 





m temperatures. The pressures were generated by 
yen as the pressure transmitting medium 
INTRODUCTION 


if l is generally accepted that the electron-lattice inter- 
action in a metal at low temperatures is an impor- 
tant factor in determining whether the metal will have 
a superconducting phase. An obvious method of seeking 
information about this interaction is to investigate how 
the electrical conductivity of metals at low tempera- 
tures is influenced when the lattice spacings are changed 
by application of pressure. In the case of nonsuper- 
conductors, such measurements should be of intrinsic 
interest in the theory of metallic conduction, since at 
liquid helium temperatures the contribution to resist- 
ance from thermal scattering is small and the change 
with pressure from this cause may be expected to be 
negligible. 


EXPERIMENTAL 


A major technical problem to be faced is the method 
of applying hydrostatic pressure to the metallic speci- 
men. Since even helium solidifies at quite low pressure 
in this temperature region, one is compelled to use a 
solid for transmission of the pressure, and if the stress 
transmitted to the specimen is to approximate a hydro- 
static pressure, then a transmitting medium which will 


ngle crystals of arsenic, 


antimony, and bismuth has been measured at liquid 


a piston and cylinder arrangement using solid 


not support any appreciable shear stress is required. 
Presumably, helium would be the most satisfactory 
substance from this standpoint, and it might be practi- 
cable to use helium in a bomb type of apparatus similar 
to that which has been used in studying the thermo- 
dynamic properties of helium under pressure.' However, 
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pressure at 


if one wishes to use a piston and cylinder arrangement 
for applying the pressure, there is a difficult problem of 
sealing the piston against liquid helium which does not 
solidify until pressure is applied. 

For an exploratory investigation, it was decided to 


use a piston and cylinder arrangement with solid hydro- 
gen as the pressure-transmitting medium. The work of 
* showed that solid hydrogen at 
liquid helium temperatures flows readily and extrudes 


Stewart and Swenson’ 


through small holes at quite low pressures, suggesting 
that. it might be suitable for transmitting an approxi- 
mately hydrostatic pressure 

An apparatus similar to that used by the above 
workers was constructed, with the necessary additions 
for making electrical measurements. Four electrical 
leads entered the pressure cylinder via its closed end 


through pipestone seals of the type described by 


Bridgman,‘ and the resistance of the specimens was 
determined from current and potential measurements 
by means of a potentiometer circuit. 


Each sample to be measured had four short copper 


305 
se “ 
sro , 7 
pe 
| 
® 
375 ; 
srs) 
1000 2000 4000 << mo 
pressume xom cw 
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HATTON 


leads soldered to it, using ordinary soft solder in the 
case of copper, silver, and platinum, but using a low 
melting point solder for gold, arsenic, antimony, and 
bismuth. Connections were then made to the insulated 
leads inside the pressure chamber by ordinary soft 
solder. 

The current through the specimen was adjusted to 
give a potential drop of the order of 100u volt and had 
values within the range 0.25-1.25 amp. During measure- 
ments, the pressure cylinder was completely immersed 
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1 


in liquid helium whose temperature could be reduced to 


about 1.6°K. 


RESULTS 


The results to be presented refer to the actually 
measured resistances (in arbitrary units) of the speci- 


mens and not to their specific resistances. The graphs 
show resistance at 4.2°K as a function of pressure for 
two complete pressure cycles after the behavior had 
become reasonably reproducible as a consequence of the 
full pressure having been applied and released a few 
times. In all the figures, the full lines refer to measure- 





ELECTRICAL RESISTANCE 


ments made with pressure increasing and the broken 
lines to measurements with pressure decreasing. 

To give some idea of the reproducibility from sample 
to sample, we show in Figs. 4(a) and 4(b) the results 
for two different specimens of platinum; these results 
are unusual in that the curves corresponding to pressure 
‘ decreasing lie below the curves corresponding to pres- 
sure increasing. 

An indication of the precision of the measurements is 
provided by the experimental points for bismuth shown 
in Fig. 10. 

(i) Copper.—A piece of stout copper wire of high 
purity (99.99 ,) ) was kindly made available to me by 
Dr. C. A. Swenson of Massachusetts Institute of Tech- 
This was rolled to a foil from which a thin rib- 
vacuum annealed before 
The results are 


nology 
bon was cut and roughly 
assembly in the pressure chamber. 
shown in Fig. 1. 
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Fic. 5. Electrical resistance in the plane of easy cleavage of 
( alline arseni essure at 4.2°K 
ii) Silver —The specimen was a 0.003-in. diam wire 


of “fine silver” of unspecified purity. Before mounting 

the pressure chamber it was roughly annealed in 
vacuum. The results are shown in Fig. 2 

(iti) Gold.—The specimen was in the form of a thin 
ribbon which had been = by rolling down heavy 
gold wire of unspecified purity. It was crudely annealed 
in vacuum before assemb ly in the pressure chamber. 
The results are shown in Fig. 3. 

(iv) Platinum.—The platinum was in the form of 
wire of unspecified purity. shows the results 
for a specimen of 0.002-in. diameter which had been 


Figure 4 


roughly vacuum annealed. For comparison, the results 


for a 0.003-in. diameter wire which had not been an- 
nealed are shown in Fig. 4(b). 

(v) Arsenic.—Some single-crystal arsenic of high 
purity was kindly made available to me by Professor 
Bridgman. For measurements of the resistance parallel 
to the planes of easy cleavage it was relatively simple to 


cleave off a flake of thickness ~0.1 mm, from which a 
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Fic. 6. Electrical resistance perpendicular to plane of easy cleavage 
of crystalline arsenic vs pressure at 4.2°K, 


specimen of length ~4 mm and width ~0.5 mm was 
prepared. 

However, for resistance measurements perpendicular 
to the planes of easy cleavage it was necessary to cut 
from a crystal a needle-shaped specimen with the 
cleavage planes perpendicular to its length. This proved 
to be exceedingly difficult on account of the extreme 
fragility of the arsenic, and the best specimens produced 
were about 1 mm long and 0.5 mm in transverse 
dimensions. 

The results at 4.2°K for the two crystal directions are 
shown in Figs. 5 and 6. There was no significant differ- 
ence when the temperature was reduced to 1.7°K. 

It is interesting to observe that the arsenic specimens, 
in spite of their fragility, were undamaged by applica- 
tion of the high pressure. 

(vi) Antimony.—The high purity, single crystal anti- 
mony was obtained from Professor Bridgman. From a 
thin cleaved flake specimens of length ~5 mm and 
breadth ~0.3 mm were prepared, while for measure- 
ments perpendicular to the planes of easy cleavage 
specimens about 4 mm long and 0.8 mm in transverse 
dimensions were cut. 
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Bismuth scimens of similar dime 
ntimony were secured fron 


ch also came from 


rs. Vand 10. The 


The behavior in both crystal directions was essentially 
maa 
the same when the temperature was reduced to ~1.7°K. 


DISCUSSION 


The results presented in the preceding section were 
checked in each case by at least two separate sets of 
measurements on different specimens. Although the 
qualitative agreement was good, the quantitative re- 
sults for the fractional change of resistance with pressure 


were not found to be reproduc ible to better than a factor 
- h 


of about 2. As yet, insufficient investigations have been 
made to know the extent to which these discrepancies 
are influenced by such things as the physical and chemi- 
cal purity of the metal or by the degree of nonuniformity 
of the stress transmitted by solid hydrogen. Here we 


hat the arsenic specimens 


might point out that the fact t 
could be subjected to many full excursions of the pres- 
sure without damage, in spite of their extreme fragility, 
suggests that they could not have been exposed 
very large sl 


to any 


earing forces 


It is evident from the figures t} 
pressure change the resistance not return 
night be inte preted is evidence that 
of nonuniform 
will be solved Oo! ly 


progress 
In conclusion, we repeat 
ported here are only ofa prelimi lary 
» doubt that they give af 
e low-temperature resistance wi 
The relatively sin | le hni 

ployed lead to the possibility of a wid 
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temperatures rl 
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» temperatures used by Opechowski and Weiss are extended to higher 
ire » found for the face-centered, body-centered, and 
» 3. Weiss’ method is applied to the 

r lattice for spin § and 1. Numerical 

hods for three-dimensional ferromagnetic lattices How 
tiferromagnetic transition and predicts a transition for 

does not. A classical-spin approximation is investigated 


w percent olf the quantum-mec hanical results for spin 1 


I, INTRODUCTION The Curie temperature, which will manifest itself as a 


T# Heisenberg model of a ferromagnetic provides singularity in the partition -function or one of its 
a means of calculating Curie temperatures which derivatives, is inferred from the behavior of the power 
has the advantage of involving only one parameter, the S€Tl€s expansions, which, for practical reasons, are 
limited to four or five terms 


j 


exchange integral, while retaining some of the physical - ’ , 
Ihe second calculation was performed by Weiss‘ 


properties of the system. The present work is concerned . 
using a technique due to Bethe’ and modified by 
Peierls. The Bethe-Peierls-Weiss (B-P-W) method 


replaces the Heisenberg Hamiltonian for the entire 


es , reat 
with e extension of two previous calculations, both 


based on the Heisenberg model, to the values of spin 


greater than }. These two methods begin with the same 
Hamiltonian and arrive at ‘ctions of the Curie Crystal by the corresponding Hamiltonian for a cluster 


formed by an atom and its n.ns. Using the simplifying 


temperatures by) ternate routes; the one proceeding, , ' 
yh-tempera- @S8Sumption that the interactions of the cluster with the 


> nig 
ion. whereas est of the crystal can be replaced by an internal field, 


he icter ilt " i he 
approximation, treats H,, the cluster Hamiltonian is then 


1 form. The agreement Ke, 2ISo->> $,— 8H, -S> $,— g8Ho-So, 
hods would seem to 
tsonably close to the Where So is the spin of the central atom which has n 
; n.ns. wit! spins § i=l, ---mn). Using 3X, instead of X, 
Kramers? and the cluster partition function can be obtained as a 
hereafter re- power series in the fields Hy and H,, but in closed form 
gin with the With respect to the exchange energy. The Curie temper 
atoms with ature is located by the existence of a spontaneous 
magnetization, the internal field being eliminated by a 
consistency condition. 
Both of the above methods have been somewhat 
atom. J the _ limited in their application. The K-O method has been 
id. The first carried to the fourth stage in the approximation (i.e., 
cond over the traces of 3¢* were found up to n=4) for the close 
packed hexagonal and face-centered cubic (f.c.c.) lat 
tices by Opechowski,’ and for the simple cubic (s.c.) by 
Zehler,’ who also includes some numerical corrections to 
<ponential and evalu- Opechowski’s work. The B-P-W method has been 
sher powers of (3¢/k7 applied to the ferromagnetic b.c.c. (body-centered 
teed by H2.A. Beowe tn partial cubic), s.c., h.l. (hexagonal layer), and q.l. (quadratic 
legree of Doctor of Phi- layer) lattices by Weiss and the antiferromagnetic case 
has been treated by Li.* All this work is for spin 4 
except for a calculation by Weiss using the b.c.c. lattice 


with spin 1, and a calculation by Van Vleck,’ who 


‘P. R. Weiss, Phys. Rev. 74, 1493 (1948). 
* H. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935 
* R. Peierls, Proc. Roy. Soc. (London) A154, 207 (1936 
3. 1936 (unr V. Zehler, Z. Naturforsch. 5a, 344 (1950) 
*Y. Y. Li, Phys. Rev. 84, 721 (1951). 
Opechowski, Physica 4, 181 (1937); 6, 1112 (1938 * J. H. Van Vieck, J. Chem. Phys. 6, 105 (1938). 
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sign of J. It follows that and w(S;) is the number of ways of forming a spin of 
magnitude 5, from the » components S, and is com 
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CURIE TEMPERATURES 


such things as the specific heat and the spontaneous 
magnetization require the explicit elimination of the 
internal field. This means obtaining the partition 
function to A,‘ instead of A,* which, by the present 
method, is out of the question. 


IV. CLASSICAL-SPIN APPROXIMATION 


The classical-spin approximation consists of replacing 
the quantum-mechanical spin operators by classical 
vectors fixed in length, but free to orient in any direc- 
tion. [In the equations following, the magnitude of the 
spin is written as S, but in numerical use, we replace 
S? by S(S+1).] The classical partition function is an 
integral over phase space defined by the solid angle 
available to each spin vector. Thus, 


z= f exp(—X, kT)aT, 


where, in the K-O method, (20) 


N 
dV =J]J dQ,, 


and dQ, is the element of solid angle in the direction S,. 
Although the classical approximation gives nothing 
that cannot be found by the quantum-mechanical K-O 
calculation, it does serve as a useful check on some of 
the quantum-mechanical results and the validity of the 
approximation itself can be tested. The result for the sus- 
ceptibility can be found from that quoted for the quan- 
tum-mechanical method by dropping all but the highest 
power of S in each a,. The values of kT./J are listed 
in Table I under the “K-O Method, Class., Roots” 
and “. . . Ratios.” 

The classical approximation is more useful when 
applied to the B-P-W Using the cluster 
Hamiltonian we have 


=z i= f exp(—se. kT)dT .: fe 


where 


nethod. 


exp(Ao-So) P*, (21) 


i) 
i] 
~— 


p= f ddexp 2pSo-S;+A1S,). ( 


To evaluate P, consider Sp to be the polar axis and 
integrate over the directions of S;. If 8 and yw are the 
angles made by S, with S, and H,, respectively, we 
obtain 

P= fa exp(2pS* cos?+-A1S cosy). (23) 


Assuming H, and H, to be parallel and letting 9 be the 
angle between S» and Ho, we have 


cosy = cosn cosd+sinn sind cos(¢;— do), 
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where ¢; and ¢» are the azimuthal angles of S, and Hy 
in the plane perpendicular to Sp. 

For the purposes of locating the Curie temperature, 
it is sufficient to evaluate Z,; to terms in A,* so that we 
need only 


p= f an, exp(2pS? cosd){1+-A,S cosy 


+4(A,S)* cosy}. (24) 
The integrations are elementary and give 
P= 4ar{atA,Sa’ cosn+ £(A,S)* La” cos*y 
+4(a—a”) sin*y |} (25) 


from which we have to first order in A» and second order 
in Ay, 


Z a= consta™{ 1+ 4rAaA mS L+ hrAPnS* 14+ (n—1) £7)} 
where a= sinh2pS*/2pS? and 
L=a'/a=coth2pS—1/2p* 
= Langevin function. 


The zero-field magnetizations of a central and a n.n. 
atom are 


mo=4e8S*r nL, (26) 
m= 4¢8S*,[ 1+ (n—1) £?). (27) 
The consistency conditions require 
Co” (n—1)£?—nL+1=0, (28) 
Co4* (n—1)£?°+-n£L+1=0, (29) 


which are the same if we note that £(X) is an odd 
function. The roots of the quadratics are 


(30) 


£(2| p.| S*)=1, 
and 


£(2| p.|.S*)=1/(n—1), (31) 


the first of which implies p.= © or T,.=0 and corre- 
sponds to the “anti-Curie point” found by Anderson" 
in the quantum-mechanical case. The other root gives 
the following values: 
n 4 (q.l.) 
2| J | S?*/kT, 1.08 


6 (s.c.) 
0.615 


8 (b.c.c.) 
0.434. 


The values of k7./J, which are listed in Table I, under 
““B-P-W method, Class, Exact,” are seen to be, except 
for the q.l. lattice, reasonably close to the quantum- 
mechanical results for spin > 1. The existence of a 
root for n=4 is interesting since the quantum-mechan- 
ical calculation does not predict a transition (for S=4 
and 1) and the Ising model* (B-P-W method) does. 
Before leaving the classical model we will mention 
one more approximation which enables us to find the 
cluster partition function more easily and more com- 
pletely than above. As before, let $;= >> S,. The element 





“ P, W. Anderson, Phys. Rev. 80, 922 (1950). 
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me se é en be written as For antiferromagnetics, the sequences of approxi- 

1] IO.’ (8.)8.2d8.dO mations obtained by the K-O method do not have a 

: _— <—— nique convergence limit and the limits found do not 
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Using the SoS,SM representation (in more usual 
the LSJM scheme) with S=S,+S8,, we have 


1)=S0s, w(Si)>ds Dw F(1), 


— - —~ a 


notation, 
traceF 

which, for convenience, we write as 
traceF(1)=)>s; w(S 


We have then 


+ 
4 


traceF 
where 
‘ 


sEu(SM\e4|SM 


s(2S-+ 1 )e*, 


fi tracee dS 
= 


where a= eigenvalues of 


A= pL S(S+1)—So(So+1)—S1(S1+1)] 
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trace f . Be*'4dX' 
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l'ransforming variables by means of 


and performing the integrat we arrive at 


these two expressions 
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In this representation, A and B is the 


by writing T=S,-—S,, 


is diagonal 
z-component of a vector which, 
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Then, since traceP,0,=} traceP-Q, we can write f, in 
the form: 


—X1)*¢2 l, 


where 


£0 fia trace(Se!~™ 4-Se*4), 


gi fa trace (Se?-” 4. T+- Tet 4 Se*4), 
] 


¢ 


g [ du trace( Te uA. Te), 
“4 


{ commute, we 
g J du traceSien 


For g;, the identity, S- T=S.°—S 


and 


Since S and have 


— 
re 
F 7) 


> S+1)So(So+-1 $, (8,41) Je* 
To obtain ge, we make use of several sum rules for 
angular momentum matrices.'® Since A is diagonal, 
trac eTe WA, Te “A 
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where 
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*E. U. Condon and G. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1935), Chap. ILI. 
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This result can also be derived by standard pertur- 


Finally, adding go, g:, and gives, after some 
- ° . , bd ° t 
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Nuclear Magnetic Resonance in Semiconductors. I. Exchange Broadening 


in InSb 
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electronic structures, intermediate in many re- 
spects between those of metals and insulators, should 
illow a variety of interactions between the nuclei and 
their lattice. 
The uclear magnetic resonances of dielectric sub- 
stances have been extensively investigated and the lines 
observed are usually broadened by internuclear dipole- 


dipole interactions. Van Vleck? has shown that dipole- 


dipole broadening is a fundamental property of a 
rystal lattice and the effects are observed in metals as 
well as insulators. From Van Vieck’s theory one can 
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to be a determining factor in the shape and width of 
nuclear magnetic resonances in some insulators. Mul- 
tiplet structure in liquids has provided information on 
molecular configuration and chemical bonding.*~? This 
type of nuclear exchange interaction, first discussed by 
Ramsey and Purcell in covalent bonds, should also be 
effective in solids when the nuclei have large atomic 
numbers. 

In metals the nuclei have been shown to interact with 
the conduction electrons, the neighboring nuclei, and to 
couple to the crystalline field gradients via nuclear 
quadrupole moments. Interactions with conduction 
electrons have been shown by Knight® to shift the 
nuclear resonance frequency from that observed in non- 
metals. Korringa® has discussed spin-lattice relaxation 
in terms of this interaction and has related the fre- 
quency shift to relaxation times. Experiments by 
Gutowsky and McGarvey"’-" have confirmed the con- 
duction electron relaxation mechanism for several 
metals. Bloembergen and Rowland," in a summary of 
nuclear resonance in metals, have shown the importance 
of electric quadrupole interactions as well as illustrating 
in detail some of the effects of conduction electrons. 

Ruderman and Kittel'* have recently proposed that 
internuclear exchange coupling® is important in metallic 
silver and they have derived the general theory for 
metals. This theory is applicable to other metals and 
the effect will be important when the atomic number is 
high. Bloembergen and Rowland'® have employed this 
theory in their analysis of nuclear resonance experi- 
ments on metallic thallium. They have further derived 
the corresponding theory for insulators and applied 
this analysis to thallic oxide. 

In the present paper we present the results of a 
nuclear magnetic resonance investigation of the semi- 
conductors InSb and GaSb. Among other things it will 
be shown that the internuclear exchange interaction is 
dominant in determining the resonance widths and 
shapes in these compounds. Anderson'* has extended 
the work of Ruderman and Kittel'* and Bloembergen 
and Rowland" to the case of semiconductors. Funda- 
mental information regarding the band structure of 


5 N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952) 

* Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279 
(1953). 

7N. F. Ramsey, Phys. Rev. 91, 303 (1953). 

*W. O. Knight, Phys. Rev. 76, 1259 (1949). 

* J. Korringa, Physica 16, 601 (1950). 

” H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 
1472 (1952). 

"B. R. McGarvey and H. S. Gutowsky, J. Chem. Phys. 21, 
2114 (1953). 

2H. S. Gutowsky, Phys. Rev. 83, 1073 (1951). 

4N. Bloembergen and T. J. Rowland, Acta Metallurgica 1, 
731 (1953). 

“ M. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 

4 N. Bloembergen and T. J. Rowland, Office of Naval Research 
Technical Report 205, October 5, 1954 (unpublished). We are 
indebted to Dr. Bloembergen for kindly providing us with a copy 
of this report. 

* P, W. Anderson (private communication). 
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semiconductors is obtainable from the nuclear resonance 
measurements. 
Il. APPARATUS 


The resonances were observed with a Pound-Knight- 
Watains spectrometer.'’'$ The rf unit, 280 cycle modu- 
lation generator, and lock-in amplifier were built from 
Watkins’ diagrams. The rf unit is powered by a Lambda 
Model 25 regulated power supply and a dec filament 
supply. Frequency measurements are made with a 
BC-221 frequency meter and the oscillator is monitored 
with a National HRO-60 communications receiver. 
Resonances are displayed on a Leeds and Northrup 
Speedomax recorder with a —5 to 0 to +5 millivolt 
range and a one-second pen. The lock-in amplifier is 
designed to allow observation with 2, 8, or 18 sec time 
constants. The 280 cycle sine-wave modulation is 
introduced by two coils taped to the magnet pole faces 
and is variable from 0-5 gauss peak-to-peak. The 
sample coil is mounted in a cryostat, designed by 
Dr. W. P. Slichter, similar to that described by 
Gutowsky ef al.!* Measurements at liquid nitrogen 
temperature were made by actually submerging the 
sample coil assembly in the nitrogen. The compensation 
coil, used to balance out 280-cycle pickup, consists of 
a double layer, three inches long, of No. 30 wire wound 
around the outside of the cryostat dewar. 

A permanent magnet with a field of approximately 
6520 gauss in a 2-inch gap 6 inches in diameter was 
used. The magnet was designed and constructed by the 
Indiana Steel Products Company, Valparaiso, Indiana, 
under the direction of Mr. H. L. Johnson. The design 
is similar to that of the magnet described by Gutowsky 
et al.'* Proton resonances observed in water show that 
homogeneity at the center of the magnet gap is at 
least as good as 0.5 gauss over the 1-cc samples used. 
The field can be swept over a range of about 120 gauss 
by means of coils of 2000 turns of No. 20 wire around 
each Alnico pole. Current varying linearly in time is 
provided by an electronic regulator'® and measured with 
a Sensitive Research Instrument Corporation Model C de 
milliammeter. This meter, with ten overlapping ranges 
from 1.5 to 1500 ma full scale, is very useful for both 
high resolution and broad line measurements. 


Ill. EXPERIMENTAL RESULTS 
A. Gallium Antimonide 


In gallium antimonide resonances of Ga®, Ga”, Sb'*', 
and Sb™ were observed. Table I lists pertinent data 
for the nuclei under consideration. These data are 
taken from the table published by Varian Associates. 
Two different samples of the highest purity obtainable 
7 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 
(1950) 

8 George D. Watkins, thesis, Harvard University, 1952 (unpub- 
lished). 

( eee Meyer, and McClure, Rev. Sci. Instr. 24, 644 
1953). 
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The precision of the second-moment determinations is 
not as good as that obtained for the line widths owing to 
‘ the relative importance of the tails of the trace. Also 
sf errors in the second moments are introduced by base line 
we drift and the difficulty in placing the line center. Close 
r a agreement between the average values for the two halves 
of the lines confirmed the visual evaluation that the 
nes are symmetrical. Even though the Ga**—Sb"! 
\ pair almost overlaps, the individual lines look fairly 
s trical and the second moments for the upper 
| I t and lower frequency halves agree. However additional 
i the G difficulty in selecting a base line was encountered and 
the data are not | ighly reliable. 
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1 Van Vieck’s equation for dipole-dipole broadening 


‘Id rj (Lj+1) 6 (1) 
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I E I. Pertine lear data 
: S 10 Ab lance 
Ga” 6.67 6520 3/2 0.2318 60.2 
Ga™ 8 47 6520 3/2 0.1461 39.8 
I 6.06 6520 9/2 1.144 4.16 
I 6.08 6520 9/2 1.161 95.84 
: 6.64 6520 5/2 1.3 57.25 
i ,O 6520 7/2 1.7 42.75 
The fif Jlumn presents the experimental integrated 
ensities he same arbitrary units used for the InSb 
, sities These are compared with the theoretical 
values in the last column. The permanent magnetic 
é vas weneous to within +4 gauss and the 
xjulation was kept small compared with the line 
2 wrder to eliminate modulation broadening. 
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( g ( Cleveland, 1948), tl eth edition 
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NUCLEAR MAGNETIC RESONANCE 


Saturation effects were noticed in Ga™ and Ga, but 
not in Sb". Observations reported were all taken at 
the lowest possible oscillator power level. As the power 
level was increased saturation appeared in the Ga” 
resonance before it was seen in the Ga® while within 
the power limits available the Sb’ did not change. 


B. Indium Antimonide 


In indium antimonide resonances of Sb and In" 
were observed. The In'"* is only 4.16% abundant and 
was too weak to be detected. The Sb™ resonance was 
not seen, presumably because it was too weak and too 
broad. The In"® resonance on the other hand, had the 
largest signal-to-noise ratio of any of the lines observed 
in either of the two compounds. 

The InSb samples used were purer than the GaSb 
samples. In GaSb, the density of impurities acting as 
acceptors was ~10'7/cm* and the total impurity con- 
centration was at least this high. InSb had net acceptor 
impurity concentrations of ~10'*/cm* in the two 
samples studied most extensively. These samples were 
intrinsic conductors at room temperature containing 


TABLE II. Resonance, widths, second moments, and intensities. 





xper SH? 
ta gaus The Experi 
\H Cal retical mental 
N 8H (ga I 1 nsity* intensity 
Ga® 5.1 0.14 6.5 1.20 0.020 0.024 
CaSt Je . 5 58+0.1 62403 1.20 0.028 0.061 
. } 4 +01 6 1.05 0.045 0.024 
S} §1 +0.2 8440.9 0.93 0.020 
' sp f | 9.0 0.2 4+1 1.65 0,167 0.167 
~ Sb 17.5 Of ¢ 4 2.52 0.045 0.034 


stant field. The experimental 


rom the Varian N.M.R. Table 
rbitrar ts the being adjusted to the 


ven in art 





~3X 10'*/cm? electrons and holes. At 77°K, the other 
operating temperature, they are extrinsic, p-type semi- 
conductors with a mobile hole concentration of ~3 
X< 10'*/cm*. Despite the change in carrier concentration 
by an order of magnitude between these two tempera- 
tures, no line shape changes were observed. 

No differences were observed between the line shapes 
in a single crystal sample and a polycrystalline powder. 
The widths between extrema for the In" resonance, 
6H(In''*), in the single crystal, were measured as a 
function of angle of orientation. The crystal was 
rotated in increments of 30° about an axis along the 
100) direction which was also the coil axis. It was seen 
that 6H(In''*) was equal to the powder value and 
independent of orientation. Both the In"*® and Sb™ 
lines were Gaussian in shape. The In'® line for the 
powder sample at 77°K is shown in Fig. 2. The Gaussian 
shape function C expl|—A(H—H))*] is plotted as 
crosses and fits the recorder trace quite well. The 
circles are a plot of the Lorentzian shape function 
C/(1+(H— H,)*] for comparison. Both shape functions 
were made to pass through the center point and the 
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maximum. Comparison is made for only one-half the 
line because of slight distortion of the other half by 
the In"* resonance. 

Other experimental results are recorded in Table II. 
Owing to the great strength of the In" its results are 
the most reproducible. The Sb" resonance, on the 
other hand, was the weakest observed and its properties 
are not very accurately determined, particularly the 
second moment. No saturation effects were seen. 

In addition, a single crystal of InSb was measured 
and then plastically deformed 20% by E. S. Greiner, 
of these Laboratories. The In" resonance, observed 
before and after compression, showed a reduction in 
intensity by a factor of ~4.7. Although the In"® 
resonance was weak, there was no clear indication 
that it had been broadened or distorted. The 4.7 fold 
reduction represents the reduction of the peak deriva- 
tive signal. 


IV. DIPOLE-DIPOLE, QUADRUPOLE, AND 7, EFFECTS 


The most striking experimental results are the widths 
of the absorption lines. These line widths will be 
explained below by a nuclear spin exchange mechanism. 
Before this, however, it is necessary to examine several 
more traditional mechanisms which might determine 
the line widths and shapes. These are dipolar broadening 
and first and second order quadrupole interactions. 

We see from Table II that the measured second 
moments are from five to 35 times larger than those 
calculated from Eq. (1). Since this relation is an exact 
expression for the contributions of dipolar broadening 
to the second moment we must look for additional 
mechanisms to explain the observations. Further evi- 
dence that dipolar broadening is not important in 
indium and gallium antimonides is furnished by the 
experiments on the orientation dependence of the line 
widths in single crystals. No change in width within 
experimental error was observed in the In"'® resonance 
in InSb on rotation of the sample in 30° increments 
while the theoretical second moment calculated from 
Van Vleck’s* Eq. (11) changes by a factor of 3.5. 

All the nuclei observed have large electric quadrupole 
moments. Both InSb and GaSb have wurtzite struc- 


Fic. 2. Typical recorder trace of the derivative of the In™* 
resonance. Crosses are plotted from the Gaussian shape function 
and circles from the Lorentzian shape function. 





*=G. D. Wath 
*R. Bersohr 
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observed indicating a shorter relaxation time. These 


values are roughly proportional to the quadrupole 


moments. 


Finally it is probable that the deviation of relative 


intensities from the predicted values (see Table IT) is 


due to quadrupole splitting, but 


not enough experi- 


mental evidence is available to corroborate this con- 


V. PHYSICAL MODEL AND THEORY 
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involves a mixing of states which is a virtual excitation 
of electrons. 

A quantitative expression for nuclear exchange inter- 
action in semiconductors has been derived by Anderson"*® 
along the lines followed by Ruderman and Kittel" for 
metals. The highlights of Anderson’s derivations are as 
follows. Assuming Bloch wave functions of the form 
gx (r)=t%(r)e™* and using Ramsey’s perturbing Hamil- 
tonian 3; the exchange interaction is 


x 2 


H,,=—(S-1)(S-1)4.4; 5 ¥ 


— 


k=) k’=) 
exp[—i(k—k’)-R,;] 


E,+ (h?k’?/2m,)+ (h?k?/2m,) 


Sr 
A; =f pid r) | dr, 
3 i 


where i and j refer to nuclei i and j, S is electron spin, 
I is nuclear spin, A, is the matrix element of hyperfine 
interaction for the s with atomic wave 
functions «,(r), and £, is the energy gap of the semi- 
conductor. This expression can be integrated if spherical 
energy surfaces are assumed and the result is A&;; 
= A;jjl; . I,, where 


(2) 


electrons 


3.36 X 10-7 2?m* EE 2 (OW 7 (O) iy 


sec 


1 


TI;Ris 


is the first and most important term in the solution. Here 


* *\4 


Q=atomic volume, m 4(m,*)3 (my, (m,*+-m,*)?, 
¥2(0)=the probability of finding the outer s electrons 
of atom i at its nucleus, and 

ra. 2 0) 


L¥ 


It is important to remember that this perturbation 
applies only to s electrons. It is assumed that the 
hyperfine interactions of p, d, etc. electrons are negligible 


compared to that of s electrons. Furthermore, it is 
important to note that the nuclear exchange calculated 
here only results in line broadening when the interaction 
is between unlike nuclei. 

One interesting point about the integration over the 
energy surfaces is that the solution does not include the 
energy gap £, in the dominant term. It does enter into 
the higher order terms but these are negligible for near- 
neighbor interactions. The reason for this is that the 
high momentum states have the greatest statistical 
weight and compared to their energy separations E, can 
be ignored. For. R,; large compared to near-neighbor 
separations the high momentum states lose their phase 
coherence and no longer add constructively, but for 
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small values of R,; they do and are the important terms. 

The limiting accuracy of the calculation is the 
integration over momentum space in both the valence 
and conduction bands. This integration will be dis- 
cussed below in conjunction with an attempt to deter- 
mine the absolute value of A 4;. 


VI. LINE SHAPES 


The shapes of the resonance lines will be calculated 
assuming the interaction discussed in the last section. 
Van Vieck has presented expressions for the second 
moments and fourth moments to be expected from 
exchange broadening. However, his expression for the 
fourth moments is difficult to evaluate and we have 
determined the theoretical line shapes not by comparing 
second and fourth moments but by numerically con- 
sidering only nearest-neighbor interactions. We consider 
three interacting nuclear species, i, 7, and k (e.g., In", 
Sb™, and Sb™ respectively in InSb) and assume the 
resonance of nucleus i is to be observed. By a slight 
extension of the arguments presented by Gutowsky, 
McCall, and Slichter® the resonance of 7 is seen to 
occur at 


w= Hit (Coy s/h) + (CamMi/h)), (4) 


where M; and M, are quantum numbers* for the spin 
groups of nuclei 7 and & and Cyjyyryj@Aiuj. The com- 
ponents thus occur at an equivalent magnetic field 
given by the bracketed term in Eq. (4). The constants 
Cy; and C,; depend on the electronic properties of the 
same elements so they are equal, Cij=Cii=C. If K is 
written for ye/7; Eq. (4) becomes 


wi= yd Het (Cys/h)(Mj+KM,)). (S) 


With this equation the line shape may be calculated 
by computing the positions and intensities of the com- 
ponents and taking a suitable envelope of the resulting 
spectrum. The intensities are obtained in arbitrary 
units, depending only upon the relative weights of the 
spin states corresponding to M, and M,. The broadening 
is obtained in terms of the constant C which may then 
be found by comparison of the calculated and experi- 
mental curves. Line shapes for all of the resonances 
observed in InSb and GaSb have been calculated in the 
foregoing manner and are all Gaussian, in agreement 
with the experimental results. This Gaussian shape is 
to be expected considering the large numbers of nuclear 
spin orientations allowed. In the In"® Sb resonance, for 
example, there are 475 random components from nearest 
neighbor interactions alone. 


VIL. RELATIVE LINE WIDTHS 


Following the procedure of Sec. VI one may obtain 
the resonance widths as a function of the field parameter 
(Ciyi/h) by directly plotting the line shape. Therefore 


~ % Let there be n,; nuclei in spin group j. Then if Fy=n,l; we 
have M;~i?;, F 


Sod Teed toe ’ 
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third column presents the effects of first nearest 
neighbors only. It can be seen that the antimony 
second nearest neighbors in GaSb have an appreciable 
effect. The Sb*—Sb'™ exchange in these substances, 
while decreased compared to the GaSb exchange be- 
cause of the larger separation, is increased, first by the 
larger number of second nearest neighbors (twelve), 
ind second by a larger value of ¥°(0) for Sb compared 
to Ga. The values of ¥7(0) used will be discussed in the 


nex 
VIII. ABSOLUTE VALUE OF A, 


, ‘ . - * 
energy surlaces in tnese compounds nave pre- 


viously been investigated in limited regions. Optical 


and Hal! measurements of InSb” and GaSb” have been 


interpreted i ield values of the effective mass for 
j 


holes and electrons. These measurements were made on 


electrons and holes occupying the bottom of the con- 
hail ees tin wealieane Thana 


rhey indicate sphe | energy surfaces 1 


Values of 


TaBe IV 


1 


ear exchange come from the high momentum states 
nds, regions about which the experiments 


1 
tell us nothing 
icture of these npoun an be con- 


ising from perturbations of the atomic 


Isolated gallium, indium or antimony atoms 


‘ I nen com- 
ds » formed the ndu rbita > sp®. There 


pound 
i 


are four degenerate ; li I ls, and four 
j 


a 


egenerate sp’ non ling orb ‘he former are 
the basis for the valence bands in ; id and the 
iatter go into the } ion | id. In the solid 
the bonding and ling ; are each split 
into four bands by interatomic interactions. The extent 
to which these bands are separated, and the sh ipes of 
the bands, are not known although calculations similar 
to those made for silicon and germanium” presumably 
could supply a great deal of information about the 
band structure. The magnitude of the interaction 
constant represents an experimental result which must 
be consistent with any calculation of the energy band 
surfaces. To show that the experimental! results can be 
* H. J. Hrostowski (private 


7H. Leifer and W. ( 1 hy " 5 51 (1954 


*™ F. Herman, Phys. Rev. 
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obtained with reasonable assumptions, consider two 
unlikely extremes. First we consider the minimum 
splitting case where the small measured values of 
effective mass are assumed to prevail throughout the 
entire band and where only one nondegenerate band 
lies low enough in energy to contribute appreciably. 
This corresponds to the electrons having only one 
quarter s character and the high momentum states in 
both valence and conduction bands possessing very 
large energies which the denominator of 
Eq. (2). The results of this approximation are listed in 
the first column of Table V and are seen to be smaller 
than the experimental values of 9.0 gauss for InSb and 
5.6 gauss for GaSb. In order to calculate an extreme 
upper limit for the magnitude of A;; we assume that 
the bands are degenerate everywhere, i.e., all four 
bands contribute equally, the effective masses equal the 
free electron mass, and that each atom is surrounded 
by four electrons with contributions from an s state 
and three p states, the latter being neglected. These 


increase 


values are listed in the last column. It is seen that the 
exchange interaction is quite sensitive to the energy 
surfaces while the measured values are reasonably 
located between the two extremes. 

C. Herring has mentioned to the authors that in 
these lattices the “empty lattice” approximation should 
represent a reasonable description of the carriers over a 
major portion of the energy bands. By assuming that 
each electron and hole has the free electron mass, one 
quarter s character, and values of £;= £;=0.74 for InSb 
=().88 for GaSb, agreement of Eq. (3) with 
the experimental line widths is obtained, showing the 


Gee 
rT) ‘< = & 
and £;=§; 


reasonable nature of this assumption. 

It is an interesting coincidence that Eq. (11) of 
reference 14 gives exactly the same value of Aj; for 
InSb as our Eq. (3). 

It is necessary to know the values of ¥*(0) for s-elec- 
trons in atomic gallium, indium and antimony. For 
gallium and indium measurements of hyperfine splitting 
by the 4s and 5s electrons in the doubly ionized state 
are available.” By comparing these values with those 
observed for the 4s and 5s electrons in copper and 
silver,” compromise values of ~q,?(0)=8 10% cm-* 
and y,,7(0) = 16X10" cm~* were used. Since no direct 
measurements had been made on Sb** the Fermi-Segré 


J 


formula was used in conjunction with a comparison 
with ¥,7(0) and the value 24 10*° cm~* appeared and 
was used for Ws,7(0). 

The exchange interaction between two nonidentical 
nuclei has been calculated from second-order perturba- 
tion theory. In the 
that 


has been assumed 


~~ : 
caicuiation it 


the exchange interaction is much smaller than 


emische Tabellen 
19, 29 


tRGail A~¢ 
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Tasie V. Comparisor of experimental and theoretical 
interaction constants. 


Maximum splitting 
case assuming 


Experi 
mental 


Minimum splitting 
case assuming 





m* InSb 0.03 (1) =* InSb =m* GaSb «1 
m®* GaSb =0.254m 

2) Only one band con- 2) Four bands contribute 

tributes to each in- equally to each integra 

tegration over & tion over & space or 

space of § =§; =} & =f =1 


6H, InSb 0.5 260 
gauss 


8H, Ga"'Sb 1.8 118 
gauss 


the differences in 


resonance frequencies or that 
AKL 7: y;| JHo. For the Ga®—Sb"™ pair in GaSb 
at 6520 gauss this condition is just satisfied since the 
experimental value of A,;=0.8 gauss while the measured 
value of the separation is 18.0 gauss. By varying the 
magnetic field strength it should be possible to change 
the separation and see how the lines collapse into a 
single line at small values of Ho, as predicted by 
Anderson.” It is planned to do this in the future. 


CONCLUSIONS 


The nuclear magnetic resonances in InSb and GaSb 
have been observed and the following conclusions 
reached. 

(1) Line widths and shapes are almost completely 
determined by a nuclear exchange mechanism involving 
electron spins 

(2) The magnitude of the exchange interaction de- 
pends upon the electron energy surfaces in valence and 
conduction bands with the largest contributions coming 
from states far from the Fermi level. Therefore the 
experimental interaction constants provide information 
about these relatively inaccessible regions of the energy 
bands. 
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ind W. E. Burch extended several mm along the junction. If no attempt 
low-voltage breakdown was made to limit the temperature rise in the unit, the 
» biased in the re- _ brightness was a sensitive function of current. However 
k yellowish at a constant current the brightness decreased if the 
This paper sample was cooled by an air blast, indicating a tem- 
perature effect. Hence, relative constancy of tempera- 
ture was an important factor in any attempt at a quan- 
titative experiment. 

Attempts at controlling the temperature of the units 
were not successful. An air blast provided insufficient 
heat exchange. Immersing the sample in various stirred 

baths of organic liquids (e.g., silicone oil, mineral oil) 
ient to hold a temperature, but irreversible 
hanges in the units, presumably surface effects, were 
produced. This was manifested by the nonreproduci- 
bility of quantitative measurements of the light output 
as a function of current. 

It was found that when the surface of an etched unit 
was lightly worked, spots of light would develop at the 
points where working had taken place. With sufficient 
working, almost the whole junction region could be made 
to emit. However, when examined under a microscope it 
was seen that the light was being emitted from a large 

At relatively 1 was of such a worked unit. Working the surface con- 

ut 200 ma or sisted, variously, of grinding the surface with various 

grades of grinding, or polishing powder, or scratching 

across the surface with a point of stainless steel, tung- 

sten carbide, or quartz. It was found that passing a 

point. under a few grams load across the junction was 

sufficient to produce the effect, although in many cases 

the surface showed no indication of scratching. Working, 

of course, also softened the breakdown characteristic. 

\ single pass of a point was sufficient to increase the 

reverse current by a factor of 10 or more (e.g., to ~0.1 
ua at 3 volts 

In Fig. 2 are shown two plots of reverse current vs 


il light output as measured by an S-4 photomultiplier 


EMI 6094). One curve is for a freshly etched unit wit! 


inction cross section 1 cmX0.05 cm. The other curve 
init after working it with a quartz 

| by an air blast 

large area Ga-Al 


50 ma, neglibible 
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Fic. 2. Two typical reverse current vs total light output curves for a silicon p-» junction unit. 


The foregoing qualitative observations provide 


some clue to the interpretation of the curves of Fig. 2. 
Consider, first, the data for a freshly etched unit. One 
can suppose that the rapid increase in light output from 


about 5 to 10 ma corresponds to the development of 
several bright spots of similar characteristics. Their 
brightness saturates with increased current correspond- 
ing to the break in the curve at about 10 ma. As the 
current is further increased, a new set of spots start 
developing in intensity and another rapid increase in 
light intensity is noted. This process is presumably con- 
tinued in less discrete steps until by about 100 ma 
saturation of all the bright spots occurs. Above about 
200 ma, a large increase in light output occurs as the 
relatively large regions of uniform brightness begin to 
contribute. Ideally one would like to study the charac- 
teristics of this uniform brightness region. It is assumed 
that this effect is associated with the true properties of 
the junction and not with accidental imperfections in 
the surface. However, several units were examined using 
various etching techniques and in no case was a unit 
obtained which was free from light spots. Consequently 
it did not appear feasible to obtain a light output vs 
current curve that would relate to one phenomenon 
alone (i.e., uniform emission) and thus be susceptible to 
theoretical treatment. 

The data of Fig. 2 for the worked unit may be in- 
terpreted in terms of a large number of spots, each 
beginning to contribute its intensity at some different 
current level. The effects would overlap to give a mono- 
tonic appearance to the over-all curve. Curves for units, 
where the light was emitted over most of the current 
range from one worked point, resembled the data shown 
for the worked unit. 


It seems pertinent at this point to make some remarks 
about breakdown in silicon diode units. We have ob- 
served that the softness of breakdown and the magni- 
tude of the reverse current can be correlated to inten- 
tional imperfections in the surface (e.g., scratches). 
These, in turn, are manifested as spots of light on the 
junction when a reverse current in the breakdown range 
is passed through the unit. It is, therefore, not unreason- 
able that the spots of light that are observed in etched 
units may likewise manifest surface imperfections un- 
intentionally produced. Further, the fact that the spots 
of light appear at different levels of current (or voltage) 
strongly suggests that a soft breakdown results from 
breakdown of small patches of material at a spectrum of 
voltage levels below that required for the breakdown of 
the bulk material. That is, a spot may be regarded as 
manifesting a channel for conduction of lower imped- 
ance than the main body of material. This suggests the 
possibility that the reverse currents that are usually 
measured in silicon units at voltages well below break- 
down may be dominated by surface imperfections. 
These ideas are, of course, not new or particularly 
surprising. However, it would seem that the present 
results constitute direct evidence for this view of soft 
breakdown effects. 

It had been hoped that by irradiating the junction 
with infrared radiation and thus altering the reverse 
current at constant voltage that an effect could be ob- 
served which would definitely associate the light emis- 
sion with the avalanche breakdown in the silicon.’ Our 
experiment was inconclusive in that over the current 
range where observable changes in reverse current could 
be obtained no light was detectable. 

Figure 3 shows the spectral distribution of the light 
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granting that such a temperature were attainable, 
would be impossible to obtain the temperature gradient 
necessitated by the observations. That is, the boundary 
between glowing and nonglowing regions is defined to 
a few microns, which would imply a gradient of order 
10°-107°K/cm. 

II. External gas discharge.—This was readily elimi- 
nated by showing that the effect could be obtained 
inchanged in a vacuum of a few microns. 

III. A breakdown in the oxide film.—This possibility 
cannot be completely discounted. However, it would 
appear unlikely that a breakdown would occur in the 
oxide at as low a field as that for which the silicon itself 
breaks down. 

IV. Breakdown in the silicon itself —This possibility 
seems most likely from the apparently close correlation 


he light emission with the breakdown characteristics 

he silicon units. 
There is some evidence that would indicate that the 
ight is being generated within the silicon and not simply 
at the surface. For example, occasionally a spot of light 


will appear colored asymmetrically; that is one side of 


the spot will appear yellow and the other side of the spot 
will appear orange or red. This is understandable if the 
wn process at the spot penetrated the silicon 

nly. The absorption coefficients are such that 

‘tration depth for yellow light is ~1.5« and 

ight.* Oc asionally even blue tinted spots 

formed but these would either degrade to 
lisappear, consistent with a very small pene- 

for blue light (i.e., ~0.3u) and an unstable 

Kay, using broad area diffused junctions, 

found color variations in the light consistent 


»mission from the bulk.‘ 


COEFFICIENT (ARBITRARY UNITS 


ooled PbS cel 

ilts. Some data were ob- 
ers and a cooled vacu 

7” 


9° 


‘ 


ng interterence 


trometer circuit capable of « 


OF PHOTONS; UNIT ENERGY RANGE KX ABSORPTION 


NO 


_ ae? 
PHOTON ENERGY (ev) 


3 corrected for self-absorption of the silicon 


and Taft, Phys. Rev. 98, 1192(A) (1955). 
4. G. Chynoweth, Bull. Am. Phys. Soc. 30, 
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If the light emission is coming from the bulk silicon, 
then the spectral distribution curve should be corrected 
for the self-absorption of the sample. The spectral 
distribution curve so corrected is indicated in Fig. 4. 

If the light is identified with the avalanche break- 
down process in the silicon, then two possible processes 
suggest themselves. The first process involves the radia- 
tive recombination of the high-energy electrons and 
holes produced in the junction region during breakdown. 
The radiation produced by this process would presum- 
ably have a low-energy threshold at about the band gap 
(~1 ev) of silicon. Since the probability of carriers 
having a given energy will decrease with increasing 
energy the spectral distribution would, of course, show 
a tailing off at the high-energy end as well.® The spectral 
distribution for this case might resemble the curve of 
Fig. 4. The results of Wolff’s calculation’ of the carrier 
distribution function would appear consistent with the 
observed spectral distribution curve. It would be ex- 
pected that the light output would increase as the square 
of the current for this mechanism. 

The second process involves an intraband relaxation 
That is, a high-energy carrier could lose its energy by 
radiation and drop into a lower level in its own band. 


~ §P. Wolff, Phys. Rev. 95, 1415 (1954 


LIGHT FROM Si 
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Such a process would also produce a tailing off of the 
emission at high energies (see the foregoing). However, 
the radiation would presumably, not have a definite low- 
energy limit. It would be expected that the total light 
emission would be linear in current. 

For both these radiation mechanisms the decay time 
for light emission would presumably be of order 
0.1—0.01 ysec.2 Our measurement indicated a decay 
time that was 4 usec or less. This result was limited by 
the instrumentation. 

In summary, the evidence suggests that the light emis- 
sion results from radiative relaxation processes involving 
high-energy carriers in or near the barrier during 
avalanche breakdown. However, further study will be 
required before this conclusion can be made rigorous and 
a detailed mechanism elucidated. 
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Stark Effect in Rapidly Varying Fields* 
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A method is developed for calcuiating the effects of a strong oscillating field on two states of a quantum 
which are connected by a matrix element of the field. Explicit approximate solutions are 
obtained for a variety of special cases, and the results of numerical computations are given for others. The 
effect of an rf field on the J = 2-+1 l-type doublet microwave absorption lines of OCS has been studied in 
particular both experimentally and theoretically. Each line was observed to split into two components when 
the frequency of the rf field was near 12.78 Mc or 38.28 Mc, which are the frequencies separating the J = 1 
and J =2 pairs of levels, respectively. By measuring the rf frequency, vo, at which the microwave lines are 
split into two equally intense components, one may determine the separation between the energy levels 
The measured value of vo depends upon the intensity of the rf field and the form of this dependence has been 


mechanical systen 


calculated and found to be in good agreement with the experimental results 


Il. INTRODUCTION 
1.1 Outline of the Problem 


RELATIVELY weak perturbation varying sinu- 
soidally in time may affect a physical system by 
causing an occasional between quantum 
states. These transitions are accompanied by the ab- 
sorption or emission*of photons and may be observed 


transition 


* Work supported jointly by the Department of the Arm) 
(Signal Corps), the Department of the Navy (Office of Naval 
Research), and the Department of the Air Force (Air Research 
and Development Command 

t Present address: Lincoln Laboratory, Massachusetts Institute 
of Technology, Lexington, Massachusetts. 


spectroscopically. However, if the perturbation is 
strong enough, transitions are rapidly induced and a 
variety of other observable phenomena can occur. We 
shall discuss some of these in the case of a system where 
relaxation processes are negligible, i.e., where the effects 
of the sinusoidal perturbation are much more important 
than those due to processes which dissipate energy. In 
particular, an experiment will be described which 
involves the simultaneous effects of two electromagnetic 
fields on the molecules of gaseous OCS. One field is 
much stronger than the other and is in the radio-fre 
quency range; the weaker field is in the microwave 
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region and is transmitted through a wave guide con- 
taining the gas while absorption lines are observed by 
the usual techniques of microwave spectroscopy. At 
certain frequencies the rf field induces rapid transitions 
between the molecular states, which affects the absorp- 
tion of the microwaves. The absorption of the rf field, 
which is not directly observable can thus be indirectly 
studied by microwave spectroscopy 

After a statement of definitions and a short intro- 
ductory theory, some of the previously published work 
related to our subject is discussed. Then a general 
treatment is developed for the effects of a sinusoidally 
varying field of any strength and frequency on a simple 


} 


quantum-mechanical system for which only two sta- 


tionary states need be considered. The general solution 


is expressed in terms of infinite continued fractions, but 
approximations are given which are valid over 


simpie 


certain ranges of field strength and frequency; for 
uther ranges numerical results are given. 

The case of “resonant modulation” where the fre- 
quency of the field coincides with an internal frequency 


Although our 


theoretical treatment was developed primarily for this 


of the system is ol particular interest 


| with experimental 


wider range of conditions 


nd is compared in some detai 


‘ 


able tO a 


results, it 1s appli 
r some found in mole 


ilar beam experiments 


1.2 Preliminary Theory and Definitions 


[he discussion of the effects of an oscillating field 





will be simplified by assuming that the wave fun tion 

of the system may be expressed as a linear combination 

of just two of its unperturbed eigenfunctions. Thus, 
¥=T.()U.4T (OU, 1 


id WU’, are the space dependent parts of these 
two eigenfunctions. The states are assumed to be non- 


W, with 


where U, ar 


degenerate and to have energies W, and 


iW iW Relaxation processes will be completely 
gnored, so the energy levels are treated as perfectly 
snarp 


We may expect Eq 1 
a number of cases. If the frequency of the perturbing 
| is close to VW b W . h. 


heid 
tes than on others, 


to be ; lid cone tt 
to be a valid approximation 


it has a much greater effect 
which may then be 


on these two sta 


ignored. This is also permissible for any frequency if 
W., and W, are much closer to each other than to any 
other states; this requirement is satisfied by the states 
of the OCS molecule which were studied in our experi- 
Later a microwave field will be allowed to induce 


’ 
occasional transitions to a tl 


ment 
ird state well removed in 
energy, but if this field is weak it has a relatively small 
effect on the states under study. 

Che time-dependent wave equation is 


it =[H° 


) 


u E coswt W, 2 
where H° 


internal interactions, p 
moment of 


unperturbed Hamiltonian containing all 
electric dipole 


field. 


permanent 


molecule, E coswt=applied electric 


ARD €¢. i. 
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Substituting (1) into (2) gives 
ihT = WoT a+ 2hBa» coswtT, 


th T,= W274 2hBra coswlT a, (3) 
where 
. a w-E 5) 
Ba= ’ Ba = Bba 
2h 


HU,=W,U., HU,=WiU >. 

Baa and By» equal zero if states a and b are nonde- 
generate. 8. may be assumed real without loss of 
generality as any phase factor may be absorbed into 
T, and T;. 

In spite of their rather simple appearance, these 
equations have not been solved in terms of tabulated 
functions. The complicated form of the equation 


oT, 1 OT, 
0 +] —(W,+W.)+w tanwt 
or h at 
WW, iW, 
+148.” cos*w!—-— + w tanwl |7, 


h? h 


obtained by eliminating 7; from (3) indicates why this 
is so. One must therefore obtain approximate solutions 
for various values of the parameters fw and w. 

The ranges of 8,4 and w will be denoted as follows: 


Field strength Frequency 


Weak BapK wep Low w< wad 
Intermediate: 85 ~wos Resonant: wwe 
Strong Bap >was High o>we 


we = (Wy—W.)/h 
Il. REVIEW OF RELATED WORK 


2.1 Resonant Modulation 


The authors have previously reported results of an 
experiment! in which a radio-frequency field was used to 
produce transitions between two energy levels of the 
molecules of OCS gas and thus modulate the probability 
of finding a molecule in either state. The gas was kept 
in a wave guide and a microwave absorption line in- 
volving one of the levels was observed while the rf field 
was applied across the wave guide. When the frequency 
of the rf field was made resonant with the separation 
between the two levels, the microwave absorption line 
appeared to split into two components of nearly equal 
intensity. Although the possibility of measuring energy 
differences by this method was established, there were 
certain discrepancies between observations and theory. 
In this paper, more precise experimental data and more 
detailed theory are reported and better agreement is 
obtained. 

Time-dependent perturbation calculations are carried 
into a somewhat broader range of frequencies and field 

'S. H. Autler and C. H. Townes, Columbia Radiation Labora- 


tory Reports, June 30, 1949 and September 30, 1949 (unpub- 
lished). S. H. Autler and C. H. Townes, Phys. Rev. 78, 340 (1950). 
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strengths in this paper than has previously been 
reported. Some previous results are reviewed below in 
order to show their relationship to the present work. 


2.2 Extremely Weak Fields 


In discussing the effect of a resonant field in inducing 
transitions between two stationary states, it may be 
assumed that the system is originally known to be in 
one of these states and that the probability of finding 
it in the other state remains small.” This gives a transi- 
tion probability which increases as #. It is then usually 
assumed that the final state can be any one of a very 
closely spaced group of states, or that the radiation 
consists of a band of frequencies. This leads to the 
familiar result in which the transition probability grows 
linearly in time at a rate proportional to the square of 
the field strength until a collision or some other relaxa- 
tion mechanism terminates the process. 


2.3 Rotating Fields 


For fields which are somewhat stronger, though still 
weak according to the definition adopted above, it is 
no longer possible to neglect the probability of finding 
the system in the second state. This problem has been 
discussed by Majorana and by Rabi for the case of a 
magnetic dipole in a rotating magnetic field. For a spin 
of 4, Rabi obtained the equations 


mar guoll, guoll, 
ihC,4= Cast ge iw a 
2 2 
(4) 
ae guoll, y guolls 
NO _y0 ———C_ 5 — gt 
) ? 


where H,=component of rotating field which lies 1 
to H,, H,=average value of magnetic field H, g= Landé 
g-factor of particle, wo= Bohr magneton. Cy, and Cy 
are the probability amplitudes of the two spin orien- 
tations. 

The form of these equations differs from that of Eqs. 
(3) only in the replacement of coswt by exponentials. 
This difference, however, allows Eqs. (4) to be solved 
exactly. 

The result obtained is that the probability of finding 
the dipole in the —} state, assuming it starts in the +4 
state, is: 

(guoll,)* 
P(s, -)=— 
h? (w—wo)*+ (gulls)? 


l guolls\? y 
xin’ [ o—0+( . )| ; (S) 
2 h 


where wo= guoH],/h is the Larmor angular frequency of 
the dipole in the field. 

The particle oscillates sinusoidally between the two 
states with an amplitude which is equal to one when 
w= Wo. 

2 L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), Chap. X 

#1. I. Rabi, Phys. Rev. 51, 652 (1932). 
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Torrey* calculated this in a somewhat different 
manner in connection with an investigation of the line 
shape of molecular beam radio-frequency resonances. 
We shall use an approach similar to Torrey’s, whose 
result is obtained as the first approximate solution of 
our general equations in Sec. 3.3. 


2.4 Weak Oscillating Field 

Equation (5), which describes precisely the effect of 
any rotating field, is also a good approximation for an 
oscillating field if that field is weak and its frequency 
near resonance. This is to be expected since a field 
varying as cosw! can be separated into two rotating 
fields, }e***‘ and $e~*. One of these can be thought of 
as rotating with the precessing particle and the other 
oppositely. A small oppositely rotating field will have 
little effect compared to the resonant one. Bloch and 
Siegert’ made an approximate calculation of this effect 
for the case of a particle of spin } in a polarizing mag- 
netic field by expressing the equivalent of Eq. (3) as an 
integral equation which was then expanded in a series. 
They showed that the first effect of the counter-rotating 
field is to increase the resonant frequency by the frac- 
tional amount ;y(H,/H,)*. In our notation this can 
then be written 

wo/ was = 1+ (Bos? ‘wWas*), 
where wo is the observed resonant frequency. This result 
is discussed in Sec. 4.2, 
2.5 Double Modulation 


The simultaneous use of radio-frequency and ultra- 
violet radiation to investigate the structure of atomic 
energy levels has been described by Brossel, Kastler, 
and Bitter.* After exciting mercury vapor atoms by 
resonance radiation, they ingeniously employ the rf 
field to alter the population of the atoms in the excited 
state and then observe the change in polarization of the 
spontaneously emitted ultraviolet radiation. They 
obtained a radio-frequency resonance and splitting 
similar to that described in Sec. 2.1. The theory given 
for “resonant modulation”! is in fact applicable to 
Brossel and Bitter’s case. However,- Pryce’ has inde- 
pendently calculated the splitting which occurs in this 
experiment. Brossel and Bitter also obtain a shift in the 
resonance approximately equal to that calculated by 
Bloch and Siegert.® 


2.6 Low-Frequency Perturbation 


If the frequency of the applied field is sufficiently 
low, its effect can be treated quasi-statically, ie., the 
solution can be regarded at any instant as being the 
steady-state solution appropriate for the instantaneous 
field. The instantaneous value of the field appears as a 
parameter in the solution, and as the field varies, the 
solution is presumed to follow along. 

*H. C. Torrey, Phys. Rev. 59, 293 (1941). 

* F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940) 

*J. Brossel and A. Kastler, Compt. rend. 229, 1213 (1949); 
J. Brossel and F. Bitter, Phys. Rev. 36, 308 (1952) 

™M. H. L. Pryce, Phys. Rev. 77, 136 (1950). 
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Townes and Merritt® calculated and observed the 
second-order Stark effect due to fields of several hundred 
kilocycles, and also calculated the first order case. They 
found that when w is larger than the width of the ab- 
sorption line each Stark component breaks up into lines 
spaced by the angular frequency w, with amplitudes 
field second-order 


depending upon the strength. In 


Stark effect each energy level breaks up into a number 
of components with angular frequencies displaced from 
its unperturbed value by 4¢E*+2nw, where n is any 
integer, a isa constant, and E the field strength. Relative 
intensities of the components are given by J,?(aE*/2). 
The agreement between theory and experiment was 


found to be excellent. A derivation of the above result 


as 


is given in Sec. 3. 


; ~ —" 
Since the present work ignores the effects of collisions 


the case where w is comparable to the line width requires 


another treatment. This has been given by Karplus,’ 


ised the methods of quantum statistics and treated 


letail several cases where the molecular resonances 
ire shifted by fields with particular wave forms 
Ill. THEORY 
3.1 General Formulas 


\ solution is desired for T, and T, in Eq. (3 


will be made of Floquet’s theorem” which shows that 7 
ind 7; have the forn 
1 é > hel 7 ” Zz Be ***' 8) 
ome aaa 


where m is any positive or negative integer or zero. If 
6 s sul { 0 >) aller expressing CoSwi in 
t x po r iis 1 terms wit the Same exponents are 
iated, one obtains 
Aw nw)A, DabD n—1 Bab 
/ 
Aw " B, Sab he 1 p { 


1, Yat was f w | 
Let =] 
3a Bas \w Warf w 1 
°C. H. Townes and F. R. Merritt, Ph Rev. 72, 1266 (1947 





1948 
M athemalx 


*R. Karplus, Phys. Rev. 73, 1027 
“ H. Margenau and G. M. Murphy, 


AND C. H 


memest 


TOWNES 


where w.= W,/h, «w= W,/h. This set of equations can 
be separated into two completely independent sets as 
follows: 
| Le- kw Bas JA ;=- B, = Bess, 
8) 


[ | T Wab Ber — ln Bas |Bi= — A l 1—A 1+1, 
with all odd A’s and even B’s being zero. Also 


l Le—was Ba—lw Bas JA; —B, i— Bui, 


[ Ly— kw Bar |\By = — A; 1— Aga, 
with all odd B’s and even A’s equal to zero. Here 


A+, A+ 


Bab Bas 


and & runs through all positive and negative even 
integers and zero; / runs through all positive and nega- 
tive odd integers. 

Since Eqs. (8) and (9) are independent, a complete 
solution may be obtained by adding any solution of (8) 
to any solution of (9). 

We will first concentrate on (8), an infinite set of 
linear homogeneous equations with an infinite number 
of unknown quantities (the A’s, B’s, and X) to be deter- 
mined. One could set up the infinite secular determinant 
of the coefficients and attempt to solve it. Instead, the 
method to be used here is to express the ratios of the 
fractions and then 
obtain an equation for \ involving them. This method 
of attack arises naturally and the continued fraction 
expressions are fairly amenable to algebraic and nu- 


A’s and B’s as infinite continued 


1 cal 
merical cal 


ulations to any accuracy. 
n Appendix 3.1a, it is shown that if one assumes 
that the amplitude coefficients (A’s and B’s) become 


negligible for |&! and /| sufficiently large, then 


ry (D. Van Nostrand Company, Inc., New York, 1947), p. 80 








STARK EFFECT 


In reading the above expressions, either the upper or 
lower sign should be used throughout. 

In Eq. (10), the ratios of successive amplitude coef- 
ficients are expressed as functions of we/8s and w/we, 
two dimensionless quantities which are natural measures 
of the intensity and frequency of the applied field and 
completely determine the problem. L, is defined as 
(A+wa)/8a» and in Eq. (11) below is given as a function 
Of was/B8a and w/w». Equations (10) then may be 
regarded as expressing successive amplitude coefficients 
(A’s and B’s) as functions of the physical variables. For 
example, by letting / equal one, an expression for 


Equations (10) and (11) are general expressions which, 
at least in principle, can be used to determine L, and 
then the amplitudes for all values of wa/8 and w/was. 
To actually solve (11) for L., one must in general retain 
only a finite number of the quotients in each continued 
fraction, but by retaining a sufficient number L, can be 
evaluated to any desired accuracy. Eventually, the 
denominators are dominated by the terms of the form 
nw/B a and the quotients approach zero; which is a 
necessary condition of the fractions are to converge. 
The larger w/8, the more rapid the convergence, so it 
will be necessary to retain fewer quotients for high 
frequencies and weak fields 

No proof has been obtained that the continued 
fractions always converge. However, it is shown in the 
Appendix 3.1b that when w=0, assuming convergence 
leads to the correct steady-state solution. That this is so 
in the case when one expects least rapid convergence 
indicates that the fractions probably converge in all 
other cases. 

If only a few quotients need to be retained, Eq. (11) 
can be expressed as an algebraic equation of low degree 
and solved either exactly or approximately by familiar 
methods. This will be done for weak fields. For stronger 
fields where more quotients must be kept, it is easier 
to work numerically with the continued fractions them- 
selves, and solutions for L, have been obtained numeri- 
cally for a wide range of frequencies and for fairly 
strong fields. 
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B,,/Ao is obtained. Similarly, A42/B41, Bas/A4s, ete., 
can all be expressed as continued fractions, and the 
ratio of any of the A’s and B’s to A» written as a product 
of these quantities. Ao is one of the arbitrary constants 
which appear in a general solution of a second order 
differential equation, and may be evaluated by applying 
normalization and initial conditions to y. 

Besides being necessary for calculating the amplitude 
coefficients, L, has a physical interpretation which will 
be discussed at the end of Sec. 3.3. 

By setting k=0 in Eq. (8) and then making use of 
Eq. (10), we obtain 


(11) 


Wad w 1 
Lat “(14 )- 
Bar Wab Wab WwW 
o(2)(2) 
Bar Wab 


The equation obtained by retaining all terms and 
expressing Eq. (11) in powers of L,, would be of infinite 
degree and have an infinite number of solutions. Fortu- 
nately, because of the periodic properties of the original 
differential equation, all these solutions are related in a 
simple manner, so that if one is known all the others 
may be readily obtained. In Appendix 3.1c, the fol- 
lowing relations are proved : 

Assume L,, Ao, A2, «*:, Bi, Bs, «++ satisfy Eqs. (8). 
Then L,’, Ao’, Ay’, ++ By’, By’, «++ give another solution 


if 
Wap — (2m+-1)w 
L,’=—-lL.- - ’ (12) 
Bap 
and 
B/ = A omit, A,’ — Bams1 ky (13) 
where m is any positive or negative integer. 
Another set of solutions of (8) is 
i" = [+ 2m (w/Bas), 
(14) 


Bi" = Byam. 


A,” ™ A, 2m, 


There are other solutions which satisfy (9) rather 
than (8). In Appendix 3.1c, the following simple 
relationship between the solutions of (8) and (9) is 
proved: If L,., Ax/Ao---, Bi/Ao-++ define any solution 
of (8), then Ly, A;/Bo---, By/Bo--+ define a solution 
of (9), if 


Ly= — La; Ai/ Bo= — B_i/Ao, By/Bo=+A-s/Ao. (15) 
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contain only even A’s and odd 


The solutions of (8 
3’s while the reverse is true for (9). 

A complete solution is obtained by adding any solu- 
tion of (8) to any solution of (9). It is quite arbitrary 


which of the infinite number of solutions is used in each 


case, for they all contain the same physical information ; 


the various solutions corresponding essentially to a 


‘labeling of the However, it is 


amplitude coefficients 
nec to understand the nature of the solutions 
when actually making calculations to avoid errors which 
might arise by skipping from one solution to another 
without knowing it. 
lete solution is obtained by combining 


nay form any solution of (8). A, is 
any solution of (11). Also 


indeper 
reduced by first 
~ y 15 to derive 


Define 


AND Gi. 


TOWNES 
Equation (16) can then be written 


= UgeVilwater)t} | 4) gilt (eats 





Se am A eS ee eS ee ee 


2 s e z _— 
«/woe 
(b) Weaker apple d held, ws/8a= 5 

Fic. 1. The numerically computed solutions of Eq. (11) for 
L, as a function of the frequency of the applied field. The darkened 
curves show the preferred solution in each range of w/w. The 
dashed curves are plots of the approximation for 1, given by 
Eq. (33 

| 
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depends upon the relative phase of A» and Bo. Ao and 
Bo must be chosen so as to normalize y and satisfy the 
initial conditions. \4, Ax/Ao-:-, Bi/Bo--+ may still 
form any one of the possible solutions of (8) and 
the particular one chosen is chiefly a matter of con- 
venience. 

In Fig. 1 the solutions of L, are plotted as a function 
of the frequency for a number of field strengths. It is 
based on numerical computations which are discussed 
at the end of Sec. 3.3. 

Although any of the possible solutions for L, could 
be used in Eqs. (10) and (17) to give a consistent result, 
one choice is most natural. This is the solution which 
remains finite when the field intensity and, therefore, 
8.» approaches zero. At any value of w, except for certain 
discrete points, there is only one such solution; if L, 
is this solution, it can be seen by Eqs. (12) and (14) 
that the other solutions L,’ and L,”’ become infinite as 
Bav—0. When w/was=1, 4, 3, --- there are two solutions 
which remain finite. At these points we will choose the 
one which is used at slightly larger values of w. The 
darkened curves in Fig. 1 are the values of L, which 
will be used. 

Since Ag+a=Barla, Xo approaches —w, for very 
small field strength. Equation (10) shows that all com- 
ponents except A» and By then become zero, so that 
Eq. (17) reduces to the unperturbed solution 


v= Ace 


Our choice of L, thus insures that for weak enough 
fields Ao will be the dominant U, component, except 
near the special points w/wa»=1, 4, $, :-- where another 
component may be greater. 

Up to now, we have concentrated upon obtaining a 
general solution of the basic differential equations 
which requires evaluating \ and the A’s and B’s in Eq. 
(6). In the next section, we will show how these quan- 
tities may be used directly to calculate the effects of 
the rf field on an observed microwave absorption line. 

In molecular beam experiments the values of interest 
are the probabilities of finding the molecule in either 
state at any given time. These are equal to | 7,|* and 
|T,|? in Eq. (1). From (17) 


+2 A, . +o B_; 3 
rat=ladit £ (4) +1000 £ (~) 
kee \ Ag imo \ Ay 


watt Boe iwpt 


immo Ag Ag 


(18) 


X cosl (wet+wyt 2Agt+ho)i+6 }, 





1 ' : to B, . As : 
[To|?=| Aol]? (—) +1B*E(—) 
[=2—ao Ag Ae 


re : : re B, Br» 
pat {Lael 3 hice uheieieailbig 
k' =x 


io Ag Ao 


, +e Axe Ate’ 

> 

+/Bit + - 
k——20 Ao Ag 


cosk’ wt 


+o +2 A » Byes 
Bl & ae 


l=—o hea Ao A» 


+2 Ag 


Xcosl (watar+2r+ho)t+0]. (19) 
In Sec. 3.3 approximations are given to Eqs. (18) and 
(19) in which only a few terms are kept. 


3.2 Discussion of General Formulas 


Before discussing approximations to the somewhat 
cumbersome expressions given above, let us consider the 
physical implications of these expressions. 

In the absence of the external rf field, our system 
consists of two energy levels having orthogonal wave 
functions U, and U», multiplied respectively by the 
exponential time-functions e~*“*' and e~“*', When the 
field is turned on, the functions multiplying U, and U, 
are no longer simply exponentials, but are in general 
complicated periodic functions of the time which may 
be analyzed into a sum of exponential terms multiplied 
by coefficients, as in Eq. (17) 

These terms will be referred to as making up a 
“spectrum,” but not in the usual quantum-mechanical 
sense of a series of stationary energy states or of transi- 
tions between these states. In fact, since the interaction 
of the molecule with the varying external field intro- 
duces a term into the Hamiltonian which explicitly 
involves the time, there is really no such thing as a 
stationary state. Rather, there is a mixed (a,b) state 
whose exact form is a function of the time. 

In the following sense, however, it is useful to speak 
of the spectrum which exists in the presence of the rf 
field: Assume that a second field of higher frequency is 
simultaneously applied to the molecule, and that this 
field is so weak that its effect on the states a and b is 
negligible compared to that of the rf field. Now assume 
that a third state, c, exists in the molecule, with the 
wave function U’,. When the frequency of the second 
field is resonant with the interval between c and one of : 
the components of the mixed (a,b) state, an occasional 
transition will be induced which may be observed as 
the absorption of a photon from the second field. For 
example, looking at Eq. (16), absorption will occur 
when its frequency equals we+)a, we+Aa— 2w, «+ “Weta 
—kw. The intensities of these absorptions will be pro- 
portional to |Ao|*, | Az|?---, |As|?, respectively. It is 
assumed that the matrix element of the electric dipole 
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is not zero. If these absorp 


a spec trometer, it actS aS a 
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quencies and amplitudes of the 


ng quantity 
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relative intensity ol a com 
n by the thickness of the curve represent 


Ihe solid lines represent a-type components 


wave function, U’,, as the 


The dashed 


which have the same unper 


turbed state lines represent b-type 
components. At any particular frequency, pairs of a-type 
and 6-type components alternate. Successive pairs are 
separated by twice the frequency of the applied field 
At certain freq 


components of a pair is a minimum, and somewhere 


1encies the separation between the two 


near this frequency the components have equal inten 


sities. However, if the rf field is not too strong one 


aa 4. .78. 
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component of each type is usually more intense than 
all the others and the position of this component 
changes slowly as the frequency is varied. One may 
roughly think of this dominant component as being the 
unperturbed state displaced by an average Stark effect ; 
the other, weaker components being some sort of 
modulation side bands. 

As discussed in the previous section, we have selected 
the solution of L, which insures that A» will be the 
largest component as the field strength approaches 
zero, x10 the dominant term in the spectrum is UA ce™*". 
If the rf field is turned off, this becomes U,Ace™*“*‘. 
Thus the A» component undergoes a Stark shift equal 
to Agtw, OF Basle. In the presence of an actual field, 
Ao is not dominant within small frequency 
ranges near w/was= 1,4,}4---. For example, if w.»/8..=5, 
and w/wa»= 4, A_3/Ao=11.05, and A_; remains greater 
than A» over the range 4 <w<0.38. For weaker fields 
the frequency at which A_; and Ao are equal approaches 
wa/3. Similarly, As is greater than Ao for a range of 
+. At still lower frequencies 


however, 


frequencies above w/wa» 
several components may be greater than A» and the 
picture mentioned above breaks down altogether as the 
rf field becomes stronger and its frequency lower. 

Our method of choosing L, at different frequencies 
does not succeed in making the situation look particu- 
larly simple except for very weak fields. However, it is 


no more complicated other method which 


he am- 


than any 
suggests itself, and it at least avoids some of t 


big uly whk h would arise from other choices. In sec. 
3.3, we shall obtain approximate solutions by assuming 
that higher components are negligible. 
tions L, is not many valued and the sit 


simpler. However, for strong rf fields these complica 


In these solu- 


uation is much 


ns cannot be ignored if accuracy is desired. 
2 is incomplete at the low-frequency end 
this region the continued fractions converge 
wly and calculations are very time-consuming. The 
general behavior in this range is apparent however. As 
w decreases, more and more components crowd into a 


given frequency range on the vertical scale, and the 


is distributed more uniformly among these 


there are 


components. Although more components 
having appreciable intensity, these components are still 
restricted to a band of width approximately 28,, about 


the unperturbed frequency of the levels. For several 


special cases at very low frequencies, it is possible to 
obtain simple expressions as in Sec. 3.5. 
In the near w/wes=1, Ao and A_, 


are approximately equal and all other components are 


resonant region 


much smaller. An absorption line involving state “a” 
therefore appears to split into two nearly intense lines 
when the resonant rf field is turned on. This is the 
basis of the “resonant modulation” experiments which 
are fully discussed in Sec. 4.1. 

The appearance of the spectrum in the high-frequency 
range is quite anomalous. At all the lower frequencies 


including dc, the most intense a-type and }-type com- 
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ponents lie farther apart than the unperturbed levels. 
But Fig. 2 shows that for w>w,, the most intense com- 
ponents are closer together than the unperturbed levels. 
Thus, the familiar “repulsion of states” which occurs 
in dc Stark effect becomes an “attraction of states” if 
a high-frequency field is used. As w is further increased, 
the states return to their unperturbed positions and all 
effects of the field become negligible. 


3.3 Approximate Solutions 


If the strength of the applied field is not too great, 
nor its frequency too small, one can obtain useful 
approximate solutions which are simple functions of the 
physical parameters by applying Eqs. (10) and (11) 
and retaining only a small number of quotients in the 
continued fractions. 


First Approximation 


he simplest assumption is to approximate Eq. (11) 
by 


(20) 


This should give a solution which is nearly correct when 
\t of the first term of Eq. (11 
then dominates all of the others. As can be seen in Eq. 
(10), this amounts to assuming that all the amplitude 
coefficients except Ao, Bo, A_1, B, are negligible. 

(20) is quadratic in L, and its solution is 


W ~ Wap, lor the first quotie! 


Equation 


(21) 


L,= ————+}] ———-+4 


+-for w<wy, —for w > we. 


In accordance with the discussion in Sec. 3.1, the sign 


is chosen so that L, remains finite as 8,,—0 
from (21 


It follows 


that: 
2Tw 


The relative intensities of the may be 


obtained from Eqs. (10 


components 


and (21) 


where 


1 
Ka=}{ (ws—w)+[ (wa—w) 


+484 


The sign is chosen according to the same convention as 
for Eq. (21). 

It can be seen from Eqs. (23 
approximation 


and (14) that in this 


when w=wes, and this is true for all field strengths. 
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The expressions for | 7,|* and | 74|* are quite simple 
in this approximation. Equations (18) and (19) become 


ke ; 16 -- By *( Bay Ao)* 
—2)| Ao} | Bo! (Bys/ Ao) 
X cos{ [ (was—w)?+48an" }¢+0}, 
‘ (24) 
Ty|*= | Ao|?(By1/A0)?+| Bol? 
+2 Ay Bo (Bay Ag) 


Xcos{ [ (G%a — w)? +48." lit + 6} 


where Ao, Bo, and @ are to be determined by the initial 
and normalization conditions. 

Two particular sets of initial conditions are of most 
interest. The first is the case where a molecule was 
definitely known to be in a particular state, say ‘b,” 
at ‘=0. If we set |7.|*=0, |7,|?=1 and t=0, (24) 
gives: 

By1/ Ao 1 


1 ; 0 


1 + (By; Ay)* 


(25) 


1+ (B,1/Ao)? 


Substituting those values into (24) and making use of 


(23), we get: 


(26) 


w)?+48"}! 


that 


2848, showing that this ap- 


Comparison of (26) with (5) shows they are 
identical when gyoff, 
proximation is equivalent to assuming a rotating field 
as Rabi’ did. This solution is also equal to that of 
Torrey.‘ 

It can be seen from (26 
+/2m times each second between the two states. When 
w=,» this oscillation frequency is B../2¢ which is 
directly proportional to the strength of the applied 
field. If ww,» the oscillation frequency is greater, but 


“a ” 
a never 


that the molecule oscillates 


the probability of finding the system in state 
reaches one before it starts to decrease again 
Equation (17) can now be written 


gitte-7 ) 
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Equations (26) and (27) have been derived by assuming 
a system of molecules known to be in state “b” at /=0, 
a situation which might occur in the case of a molecular 
beam which has been prepared so that this initial con- 
dition holds for all the molecules in the beam. 
However, the conditions which must be applied in 
the “resonant modulation” experiment are somewhat 
different. Here we have a gas in a .wave guide; the 
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molecules of the gas are colliding with each other and 
the walls of the wave guide at random and have different 
histories although they are all influenced by the same 
rf field. All that we can say about a particular molecule 
is that at a given time it is equally likely to be either of 
the"two independent states possible in the presence of 
Thus, |A Bo| while the phase angle @ 
this « 24 


the rf field 


is undetermined. If ondition is applied and 


normalized, 
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thus proportional to the in ' 
field, but their relative amplitudes is indeper 

When w<wes, Aaw>Ba and one component is more 
intense ; however, when w> was, Kas<Sas and the inten- 


sities are interchanged. Thus it appears that wax may 


be determined by varying the frequency of the rf field 
and observing w! 1e two components are equally 
intense. In higher approximations this relationship 


does not hold exactly; the extent of deviation from it 
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depends upon the intensity of the applied field as dis- 


cussed below. 


Second Approximations 


The preceding solution is valid only for relatively 
weak fields with the frequency near resonance. It is 
simple to find a solution which is valid over a much 
wider range, including intermediate and high-frequency 
fields, and which reduces to the previous one near 
resonance. 

Equation (11) converges rapidly when §.s/was and 
8q»/w are <1. To the first power in these quantities it 


can be written: 


(31) 


Ignoring L, in some of the denominators is justified 
if we require a solution for which L,.<<w/8.». Equation 
31) may be further simplified to 


h has the solutions 


Bar 


his differs from Eq. (21) only in the last term inside 
the brackets, and the same sign conventions are used. 
Plots of Eq. (33) for several field strengths are given by 
the dotted curves in Fig. 1. It can be seen that Eq. (33) 
is a better approximation at the weaker field, but does 
not show up the multiplicity of solutions or their rapid 
variations in certain regions. 


Che amplitude coefficients are: 


where L, is given by Eq. (33). 
Very close to resonance when | w.,—w| <a», Eq. (33 
approaches (21), the rotating field solution. Even for 
was, however, the counter-rotating component makes 
s presence felt on the amplitude coefficients. Thus, 
B,,/Ao=1+(8.3/2w) when w=w.s, showing that the 
components A» and A_, are not quite equal at resonance 


Ww 


it 
at 
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in this approximation. Far from resonance where 


Swap 


Eq. (33) becomes 


The condition of Eq. (35) may be satisfied for fairly 
strong fields when w>w,s but only for much weaker 
fields when w<w,». In addition, the previous condition 
for this approximation, 8,./w<1, must still be met. 

In the intermediate and low-frequency ranges, Eq. 
(36) or (33) gives a single-valued solution for L, to 
replace the complicated one in Fig. 1. This should be 
adequate except when it is possible to resolve a fre- 
quency difference as small as that between Ap and A_; 
at their closest approach (Fig. 2). 


Better Approximations 


solutions to include terms of order 
11) is approximated by 


To extend the 
Bar? w* and Bab* Was? Eq. 


All other terms make contributions of third order or 
higher. It has already been shown that L, is of zero 
order near resonance and first order elsewhere. It is 
only in the resonance region that the additional terms 
in Eq. (37) give rise to a correction term in the solution 
for L,. This solution, obtained in the Appendix 3.3a, is 


38) 


where p is the solution for L, given in Eq. (33). The 
p+ } runs 
from one to 1/v2. Equation (38) may be used in the 
region near resonance for which 2p*—1>0, but outside 
this range the correction terms is disregarded. 

A more accurate solution would retain more of the 
fractions in Eq. (11) and include terms of higher order 
in 8qs/war and 8,»/w. Third-order terms should show up 
the rapid variations seen in Fig. 1(b) near w/was~0.40; 


factor (2p’—1 varies from } to 0 as |p 


which are associated with the vanishing of (was— 3w)/Bas 
in Eq. (11). It would be necessary to retain fifth-order 
terms to represent in detail the behavior near w/was 
=().23. 

Since the amount of algebra increases very rapidly 
with the power of the solution, further calculations have 
been done numerically. Figures 1 and 2 are based on 
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VARYING FIELDS 

these results as are the magnitudes of LZ, and the am- 
plitude coefficients near resonance. The following pro- 
cedure was used in calculating each point: A trial value 
of L, was used and the two continued fractions in (11) 
were computed, using two or three denominators in 
each. If the sum of these two fractions did not give the 
original] trial value of Z,, a new value between the two 
was tried. This was continued until the trial value of 
L, and the computed value agreed to within one digit 
in the second figure after the decimal point. This pro- 
cedure was then repeated using several additional 
denominators. When the result was unaffected by using 
two additional denominators, the last value calculated 
was considered final. The subfractions computed in 
this final calculation were recorded, for they represent 
the values of By1/Ao, A42/By4:1, etc. This can be seen by 
comparing Eqs. (10) and (11). 


3.4a Solution Near Resonance 


In this section, we will give a detailed discussion of 
the solution including terms of second order in 84s/wes 
and 8,,/w. Expressions will be obtained for the relative 
amplitudes of the components and a condition given 
for equal intensity of the two main components into 
which a level splits near resonance. 

Making use of Eqs. (10) and (38), 


dws” 1 T p” 
where 


Wap W) “F Dapp 


SwonSar* i 
~w)?+ 


Wab + Ww 


Use + if w<wa, and — if w 2w,s. To second order, 
we may now write 


By Dab Bar Bar Bas* Ba — 
2: Sete tele eee 
Ag Koa 20 Kap 4wu?\ Ky? 1+7° Ko 
(41) 


and 


Bar” 


Baui\? Bas? Ba Bard 
: 1— + 
Ag KK.’ 


wo Ky 4wa?’ 
. 


3B as? 2—p p 
x ( —2 Bua (42) 
K.’ 1+’ Ke 
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The other components are shown in Appendix 3.4a 


to be 
B 1 4 Bab De 42 Web W 
+ —~, 
{ B Jue, War” Bas 
i ie B_. Bil Bess Bos / “s—e 
+ + -{ 2 +p Hl, 
By Agha, 4uwes*\ Bas 


We defir e +} e * 


separating the components A 


splitting,” y, as the angular frequency 
and A_,; or By and B,, 
have approximately equal 
that Ao and A_,, the 


relative 


near resonance when they 


Equation (17) shows 


intensities 
two predominant a-type components, have 


amplitudes B,, are separated by 


¥ = 2Baslatwar—u 44 


} - oa 1 
$5 
rm & + B® 2p’°—1 
Ww 2war p +1 
At , 
Bat 
) 1 
\ 
Equation (24) shows that the amplitude with which 
the molecule oscillates between states a and b is propor- 
? } } lecule 
tional to A»eBol By,/A In the case where a molecule 


+} 


) 
pe ; 
is initially known to be in one of the states this amphl- 


tude is, from Eq. (25), (By1/Ao0)*L14+(By:/A which 
has a maximum when B,,/Ao=1. The frequency at 
which this occurs may be obtained by setting B,:/Ao=1 
1 Eq. (50) of Sec. 4.2. Solving this equation gives the 


condition for resonance: 


1+ ; 16 


where wes 1S the energy difference between the two 
levels. As was pointed out in Sec. 2.4, this result has 
been obtained by Bloch and Siegert.* For stronger fields, 
\ift in resonance may be calculated numerically 


trom Eqs 10) and (11) by 


strength the frequency at which B,;/A 


the sh 
determining at each field 


equals one 
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3.5 Low-Frequency Perturbation 


If the frequency of the rf field is low enough, the 
problem may be treated quasistatically as outlined in 
Sec. 2.6. We will first consider the part of the solution 
which reduces to state “a” at zero rf field intensity. 

For a dc electric field, the solution is 


48. 
U.-— Uy 


a 
' / 1 ° 
T (Wad 2)+4 b (was? . ¥ 168,,")? 


Xexp) i — }(was?+ 16348) , (47) 
where N is a normalization factor. If the frequency is 
small and S4s<wa», we may replace 8. by 8.» coswl. Then 


U. 3 Ape eto 


‘48..7 cos*wt 
V U,e***' exp if dt 
i Wab 


wWa— (284s?/was), and 


Clearly \, 


where & is any even integer and m any integer. The 
integral is familiar, and A, may be written 


1, vs. = ) 


Wake / 


Thus the U’, wave function has a spectrum given by 


te Bar 2Bas" 
> 1, ) eof exp i(«. ) 


showing the frequency-shift of the main component and 
the side bands, whose intensities fall off as 


° 
J. Bas” QWWab 


This is the solution for second-order Stark effect 
described and observed by Townes and Merritt.’ 
For first-order Stark effect, by setting w..=0 in Eq. 
47) and proceeding as before one can show that the 
main component is unshifted while the side bands are 
separated by w instead of 2w and fall off as 
J .(2Be»/w) |*. When wes and 8,5 are of comparable mag- 
nitude, there are no such simple expressions for the 
positions and intensities of the components. 


the 
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IV. RESONANT MODULATION 


4.1 Discussion of Resonant Modulation 
Experiment in OCS 


Measurements were carried out near resonance to 
check the theory and also to determine the practicality 
of using resonant modulation as a precision method of 
determining the energy difference between certain 
molecular levels. For instance, one might wish to deter- 
mine the interval between two hyperfine levels corre- 
sponding to the same rotational angular momentum by 
observing a microwave transition to another rotational 
state while inducing transitions between the hyperfine 
levels by an rf field. 

As a first test, however, it was decided to use the 
l-type doublets of the linear molecule OCS (carbonyl 
sulfide). These levels satisfy our assumption of isolated 
pairs of states and also provide fairly strong microwave 
absorption lines to observe. They are also uncomplicated 
by nuclear interactions. 

Figure 3(a) shows the levels of the OCS molecule 
which are of interest. The measured microwave fre- 
quencies of the two allowed transitions a—c and 
b— d are indicated on the diagram. The energy inter- 
vals (a, 6) and (c, d) are much smaller; they arise from 
the vibration-rotation interaction in which coriolis 
forces remove the degeneracy between the two orthog- 
onal bending vibrations of the linear OCS molecule." 
These interactions increase with rotational angular 
as J(J+1) so the (c, d) separation 
times as as for (a, 6). On 


momentum, J, 
should be three great 
the basis of this assumption, and previous measure- 
ments” of the frequencies a—+c and 6—d, the (a,)) 
and (c,d) separations are determined to be 12.76 Mcps 
and 38.28 Mcps respectively. 

The resonant modulation experiment is carried out 
by observing the two absorption lines a— c and b> d 
in a conventional Stark-type” microwave spectroscope 
while the rf field is applied to the molecules. A schemati 
diagram of the apparatus is shown in Fig. 5. With the 
OCS gas at a pressure of about 10-* mm in the wave 
guide of the spectroscope, an rf field with an amplitude 
of several volts is applied to the same septum as the 
100 kc square-wave voltage used in spectrometers of this 
type. This subjects the gas to a fairly uniform rf field 
of the order of 10 volts-cm intensity. The 100 k« 
square-wave Stark voltage simultaneously applied to 
the septum plays no part in the resonant modulation 
process, but is merely part of the microwave detection 
system. 

When the frequency, », of the rf voltage is near either 
Vab OF ¥-g, each absorption line appears to split into two 
components. The relative intensity of these com- 
ponents is sensitive to the frequency of the rf field, and 


u H. H. Nielsen, Revs. Modern Phys. 23, 90 (1951). 

2 P. Kisliuk and C. H. Townes, Table of Microwave Lines, 
Nationa! Bureau of Standards Circular 518, 1952 (unpublished 

* R. H. Hughes and E. B. Wilson, Phys. Rev. 71, 562 (1947). 


RAPIDLY VARYING FIELDS 


~~ 
— 
‘ 

ws 


(a) (bd) (¢c) 
@2Wop w< Wap 
NO rf 
FIELO Co, —_— ee Cg ee 
| } 
a Dg + -<-<<-- i Og --— 
| 


Je2 | 38.28Mc 


Ow, a-- - WH sé ine 
ie Co : Cy 
| 0., ff Gs mac 





24,380.8 Mc.| 














| 
1) 
|24,355.5 Me Hi HH 
HH) | 
HH | 
lil 
Hh Wil 
Hi} HHH 
Hi 
HH | 
| | | 
() Gib Sap (2) 
a ti il a 
2 ie Be) = Ase 
By, J) — ih - " & «c= 
—T<* === We, J . o=-8y 
Jel 12.76Mc. hia 
ott 1/20 27, Aa, 
B- J _ o Ti dunn ae 
Ans at — A-s 
A-y A-e 


Fic. 3. (a) The unperturbed OCS energy levels of interest in the 
resonance modulation experiment. (b) The components are shown 
when the applied field frequency is slightly above resonance. The 
transition within groups (1) and (2) occur at the same microwave 
frequency. (c) The components are shown relabeled according to 


our convention when w >a 


if the strength of the field is held constant while its 
frequency is varied through resonance, first one and 
then the other component becomes more intense. This 
is illustrated in Fig. 2. 

In the first approximation, valid for weak rf fields, 
the relative intensity of the two components is inde- 
pendent of the amplitude of the field, the two com- 
ponents being equally intense when » is exactly equal 
tO vap OF veg. This suggests that one could measure re 
directly by determining the rf frequency at which the 
two components are equally intense. However, the 
higher approximations in Sec. 3.3 predict, and experi- 
mental results confirm, that for greater rf field strength 
the relative intensity of the components depends upon 
field strength as well as frequency. One would like to 
use as weak a field as possible in order to minimize the 
dependence on field intensity and also because, as dis- 
cussed in Sec. 4.3, the resonance is sharper for weak 
fields and one could expect to measure vy,» more accu- 
rately. However, as the field strength is decreased, the 
separation of the components also decreases. Although 
it has been assumed in the theory that the lines are 
perfectly sharp, they, of course, actually have a finite 
width, in our case about 4 megacycle, due mainly to 
pressure broadening. If the intensities of the components 
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are to be compared their separation must be comparable 
to this line width, which lower limit on the rf 
voltage which can be employed 

A Stark-type 


sitive, 


sets a 


microwave spectrometer, while sen- 


is not wary well adapted to measuring in tensitie S 


*s. It was therefore desirable 





ot at bsorptior to mini- 
¥ 
; 


) 
] “ 1] m4 , . 
mize difficulties by confining all intensity comparisons 


6 
to deciding when two components were equally intense. 
The experimental procedure was to hold constant the 


intensity of the rf voltage as measured on a vacuum- 


tube voltmeter and then vary the oscillator frequency 
until the two components appeared equally intense. This 
frennenct r rded ». the rf voltage changed and 
lrequency was recorded as vo, the ri voitage changed anc 

process repeated. In this way, a plot of vo as a 
function of field strength was made which, when extra 
polated to zero field strength, gives the actual value of 


ated procedure might be simplified if 


one knew the relationship between vo and the field 
strength. It might then be possible to determine va 
vith only one or two measurements. In this connection 
two ese ms need to be discussed, one theoretical and 


one ©€ 
The 


observe 


perimentai 


first is that in our experiment, one does not 


the perturbed spectrum of a pair of levels by 
: ’ 
completely 


means of transitions to a state which is 


unaffected by rf fic 


tne @ >c transition 


‘ld Fore xampie, when observi g 
presence of an rf 
field affect 
Although the 


great 


Fig. 3) in the 
field which is resonant with v,s, the s states 
c’’ and “d’ as well as “a” and “6d,” 
effect of the rf field on “‘c’’ will not be so as on “a” 
is not resonant with »-,¢, it may still be great 
enough to change the ult 1 must be calculated 


be: ause v 


l} is 1s done in the next section 
} 
rhe 


we were 


experimental difficulty arose from the 


to make a reliable measurement of the 


Equation (45 


unable 


amplitude of the rf voltage relates the 


separation of the two components, or “splitting ) the 
amplitude ot the ipplied voltage, assuming that one 
knows the matrix element between states a and b. The 

trix elements in this case can be calculated" and a 
experimental check of the above relation gave a dis 


orde r of 30 , It was assum 


| 


crepancy of the 


th 








discrepancy was due to the vacuu ibe voltmeter 
ving an incorrect reading of the a tual effective 
voltage across the wave gute. Smal inconsistencies 
between separate measureme! of the voltage also 
indicated that they were unreliable As the basi 


purpose of this experiment was to study the behavior 


of “resonant modulation,” rather than to measure 
frequen y intervals, it was decided that the “splitting” 


itself would be used as means of determining the voltage. 


. ” of 1 
This “splitting” then was directly measured by using 


y 
a microwave frequency standard. This is a rather incon- 


venient procedure which in effect nullifies one of the 
advantages of using resonant modulation; namely, the 
ability to make measurements in the rf 
rather than the microwave seems likely that 


Irequency 
range. It 


a way to make reliable voltage measurements could be 
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found and the need for a microwave frequency standard 
eliminated. 


4.2 Theory of Resonant Modulation in OCS 


Figure 3(b) shows the spectrum of the /-type doublets 
of OCS when subjected to an rf field resonant with vs. 
The spectrum of the (a, 5) state is characteristic of the 
resonant condition. The (c, d) spectrum is nonresonant 
since v- All the A components have the same 
wave function, U,(x,y,z), as the unperturbed “a” state. 
Similarly, the B, C, and D components have the wave 
functions of the other unperturbed states. 

The components A» and A_;, Bo, and B,, are about 
equally intense and occur in pairs which are “split” 
by a frequency difference which is very nearly propor- 
tional to the rf field intensity. The magnitude of this 
“splitting”’ is ape in Eq. (45). The weaker « omponents 
such as Ay2 and A4;, B_s, and B_, also occur in pairs 
of approximately equal intensity. " the upper state 
and D components a e shifted pom sed 
little from their unperturbed positions, while the other 


= Ved 


the intense C 


components are weaker by a factor of the order 8.4 


Wed. 


For the /-type doublets, the matrix elements of the 


dipole moment vanish, except between the states a 
and c or b and d. Therefore, as shown in Fig. 3(a), only 
two microwave absorption lines are observed when 
there is no rf field. In the presence of the field, corre- 


sponding to each of these lines, absorption occurs at 
two different microwave frequencies which are separated 
There are many 
h of these fre- 


quencies, but we will consider only the five pairs for 


by the “splitting” frequency, y/2z. 


pairs of components separated by ea 


rE 
which the 


nicrowave absorption varies as the second 
power or lower of the rf field. The problem is to calculate 


the pre ise which transitions (1) and 


frequency, vo at 
2) are equally intense. 


In absorption spectroscopy, the radiation used is 


usually so weak that it induces transitions in the ab- 


sorbing atoms or molecules of a gas at a much lower rate 
than collisions occur between the molecules. As dis- 
cussed in Sec. 2.2, the radiation then produces very 


little change in the relative populations of the molecular 


States 


Under t 
tion absorbed at 


ese conditions the fraction of the radia- 
the pes ak of an absorption line is inde- 


of the 
; 


where Wa uy 


pendent of the intensity » radiation and is fj propor- 


e 
tional to |Wa!u ¥. is the matrix 


element of the electric or magnetic dipole moment 
between the initial and final states. For example, i 


Fig. 3 


tran 


a) microwave absorption lines are shown for the 
b to d, when there 
The electric dipole matrix elements and 
hence intensities of these lines are equal 

In the presence of the rf field, the J 
wave function 


sitions from state a to c and from 
is no rf field. 


1 state has the 


V= l 


where 7,(t) and 7,(/) may be 
ents as in Eq. (16). Similarly 


Te()+U eT 


analyzed into Fourier 


compon the J=2 state 
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has the wave function 
WVea=UT()+U aT all). 


Figure 3(b) shows the “spectrum” corresponding to 
those two complex states when w is slightly greater than 
wap. Each horizontal line represents a Fourier component 
of T., Ts, T., or Ta; its frequency is indicated by the 
vertical position of the line. 

When the rf field is on, the probability of a J=1— 2 
transition is still proportional to the square of the dipole 
matrix element between the initial and final states, 
although these are no longer stationary states. Thus 
the absorption is proportional to 


(Wap u Ee mt WV eg A 


where E,,¢'“"* is the microwave field. In Fig. 3(b), we 
see that components B,,"and Dy are separated by the 
same frequency as Ao and C_;, B_; and Dy,,, etc. If the 
microwave frequency is adjusted to resonate with this 
frequency, absorption occurs which is proportional to 


(By i Dot+ BD41)Boat+[A0C_14+ BuiD it+A_-Lo 


\ 2 
Bac! ’ 


Other pairs of components which are separated by the 
same frequency are disregarded here because their con- 
tribution is small. The intensity of transition (2), which 
occurs at a frequency y/2z greater, is given by a similar 
expression. For this set of levels 8:4=8ac, which may 
be derived from the theory of the /-type doublets but 
is also demonstrated by the fact that the two microwave 
lines are observed to be equally intense when there is 
no rf field. 

The condition that the two absorption lines (1) and 
(2) be equally intense may be written 


Dot AL 
AgiCait BoDot A if 


itB iD.;+A or 


i+ Bu2Dy:tA_€o. (48) 


Divide Eq. (46) by Do and make use of the relations 


between coefficients in Eq. (15). Also set Ag= Bo and 
Co= Do. Then 
Ba: Dy: Bis Da: Az Age D1 
A ie Ago Co A fo Ce 
By, Ds, Age Dar) =Bys By DLs 
i- - ; $9) 
io ¢ 1, ¢ | to C 
Now, making use of such identities as 
By 3/Ao= (By3/A42)(A42/ Bui) (By1/Ao), 
we obtain 
=| Di, Byz Age Ase Dar: Age D ] 
i- + _ _ 
A Co Age Bir By ( Bui Co 
D., AB B_,D B_; D_, 
1i-— _ —_ - (50) 
( B { lo ¢ 19 Co 


IN RAPIDLY 


~J 
~ 
~ 


VARYING FIELDS 
The formulas for the A and B coefficients, which apply 
in the resonance region, are given in Eqs. (41)—(44). 
The C and D coefficients may be obtained from Eqs. (34) 
by replacing a by cand A by C; also } by dand B by D. 
For example, corresponding to B_,/Ao= —Ba/waetw 
one obtains D_,/Co= —Bea/weatw. 

We will substitute the appropriate expressions for 
the coefficients into (49) and solve for the frequency, 
wo, at which transitions (1) and (2) are equally intense. 
In Eq. (50), By1/Ao is approximately equal to one; but 
the other coefficients are smaller, being of the order 
Bab Wap OT 8 d/ Wed. 

In Appendix 4.2a, it is shown that near resonance 
Eq. (41) can be simplified to 


B, 1 Bat Bar” Web W 1 Bab 1 (Web w)* 
1+ T TT ( + ) + ’ 
SW, 4° Ba b 2 dwar 8 Ba : 


Ao 2wWar 
(51) 
where terms up to the second power of the field strength 
have been kept. Equation (50) is then solved, giving 
5 Bar” 48o08 4 Bav® 28a0°B. d 
rt 4 + 


Wed —~ Wad 


(52) 


> Wad Wad” Wab\Wea— Wad) 


For the l-type doublets" in OCS, B.a=8/3 and 
Wed = 3wap. Equation (52) can then be written 


5 Bap . 4 Bar . 
Vo= Vas t— + , (53) 
3 Vab 2x 3 Veo” lr 


The measured quantities in our experiment were vo and 
the “splitting,” y. By solving Eq. (45) for Ba as an 
explicit function of y, one obtains 

Bab _/2n 

2r (29)*(vas—v)* var Vv y’ ' 

2} 14 r : 
7’ 2¥an «= OA r* vg” 
Figure 4 is a plot of the measured values of vo against 
Bat/2e. The values of 8,, were obtained by measuring 
the “splitting” with the aid of a microwave frequency 
standard and then using Eq. (54). The theoretically 
predicted curve for vp as a function of fq, is also shown 
in Fig. 4. 
If va» is set equal to 12.78 Mc, Eq. (53) becomes 


Bar . Bab $ 
vp = 12.78+0.131 +-(0,0082 . (55) 
2r 2x 


4.3 Stark Effect Above Resonance 


In Sec. 3.2, it was mentioned that when w>w,» the 


separation of the states appears to be less than in the 
absence of the field; this can now be proved. Equation 
(36) shows that L, is negative above resonance and it 
follows from the definition of L, that the A» and By 
components are separated by less than ws. In addition, 
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EXPERIMENTAL POINTS 


WUMERICALLY CALCULATED POINTS 


ESTIMATED MAX EXPERIMENTAL ERROR 








to become small when 


by Eq and By, 


w>wa», showing that A 


are seer 
and B 


behavior has 


are the dominant com- 


anomalous been 


observed thoug! Lhe 


ponents. This experi- 


mental » microwave absorption 
| 


closer t 


together if a constant 


if an rf field 


ines in ig Sia 


move 


electric field is turned on, they move apart 


of about 16 mega yi les is applied. 
4.4 Discussion of Experimental Results 
In Fig. 4, the 


are compared 


theoretical and experimental results 
he solid curve is a plot of Eq 


’ 


o 12.78 M« 


from e 


Yap Was Set equa n Eq. (55) because 


» circled points were obtained experimer 
l¢ 
: ‘ 
| 


is the value calculated frequencies of 


microwave lines” when it is assumed accordance 


with the theory of /-type doubling” that w.4=3wa 
The theory and experiment are seen to agree within the 
experimental uncertainty. The 


that ves 2.76 Mc might be a better fit than vs 


data seems to indicate 
12.78 
Mc, but this difference is not experimentally significant 
here 

The estimated maximum experimental error which is 
indicated by the vertical lines on the figure increases 
with the field strength for several reasons. One is that 
the components are separated by a greater frequency 
when the ‘field is stronger; the greater the separation 
between the components the more likely it is that 
spurious intensity differences will be introduced by 
reflections in the waveguide or by variations of the 
power output of the klystron with frequency. In addi- 
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tion the intensities of the components vary more rapidly 
with rf frequency when the field strength is small. A 
given uncertainty in determining the intensities of the 
components thus results in a smaller frequency uncer- 
tainty for a weak rf field than for a strong one. Let R 
be the minimum detectable fractional difference in 
intensity of the two components. It follows from Eq. 
(30) that 
Wab— wWo| = (R 2)7. 

For a given R, the error in |w.»s—wo| is thus proportional 
to the “splitting,” y. For example, if the components 
can be made equal to within 4% R=0.04 and if the 
“splitting” is one Mc, the uncertainty in wo is about 
0.02 Mc. This is approximately the uncertainty is 
measuring microwave frequencies when the line width 
is of the order of 4 Mc. If the line width could be 
reduced, a weaker rf field could be used, thus reducing 
the “splitting” and increasing the resolution. 

To summarize: resonant modulation provides a 
method of measuring the energy difference between two 
energy levels. The precision is approximately equal to 
that with which the microwave absorption line can be 
located. However, if it is possible to measure accurately 
the voltage applied to the wave guide, the energy 
separation between closely spaced levels can be obtained 
by making frequency measurements in the rf rather 
than the microwave region. In addition, under some 
conditions data could be obtained by resonant modu- 
lation which could not be obtained by other techniques. 
For example, in Fig. 3(a), if there were no observable 
or the relationship 


, 


microwave transition from 6 to d, 
between ws and w-q were not known, one could not 
measure w,». Using resonant modulation, however, it is 
possible to determine was by observing a single micro- 


wave absorption line. 


4.5 Details of the Experimental Apparatus 
and Procedure 
Figure 5 is a schematic diagram of the experimental 
arrangement used. The apparatus outside the dashed 
area is a Stark-modulation microwave 
spectroscope. The apparatus inside the area was added 


conventional 


for this experiment. It consists simply of an oscillator, 
a vacuum-tube voltmeter, and a circuit for tuning out 
the capacitance of the wave guide. 

he oscillator is a standard Hartley circuit using an 
829 tube and having a number of plug-in coils so it can 
oscillate in the 11-14 Mc region near »,» and also the 
35-45 Mc region near req. 

The vacuum-tube voltmeter used was a General 
Radio type 1800A which is claimed to be accurate for 
frequencies much higher than any used in this experi- 
ment. 

The tuning circuit was used to increase the impedance 
presented to the oscillator by the capacitance between 
the wave guide and septum. This is about 1000 puf 
which represents a reactance of about 12 ohms at 13 Mc 
and 4 ohms at 39 Mc. If 10 volts were maintained 
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Fic. 5. Schematic diagram of experimental apparatus 


across the septum, rf currents of about 0.83 and 2.50 
amperes would be drawn, requiring a sizable oscillator. 
Instead, in the 13 Mc region this wave-guide capacitance, 
C, is resonated with a circuit consisting of an inductance 
and a small variable capacitance in series. These are 
L and C’ in Fig. 5. 

The effective capacitance across the coil is the series 
combination of C and C’ which is about equal to C’ if 
C’<C. The product LC’ is adjusted to resonate with 
the oscillator frequency, thus increasing the impedance 
of the oscillator’s load by a factor equal to the Q of the 
resonant circuit. 

The wave guide is about_1 meter long and is fed near 
its center. Its effective length of 0.5 meter is thus con- 
siderably less than a quarter-wavelength even at 39 M« 
so the rf field strength is fairly uniform along its length. 
The design of the septum, as shown in Fig. 5, is such 
that the field is also quite uniform over the cross section 
of the guide. 

The 250 yyf condenser isolates the rf oscillator at low 
frequencies and prevents the output coil of the oscillator 
from short-circuiting the square-wave generator. Simi- 
larly, the 30 wh inductance keeps the square-wave 
generator from loading the circuit at 13 or 39 Mc. The 
150 ohm resistor critically damps the resonant circuit 
formed by this inductance and the wave-guide capaci- 
tance. 

The microwave frequency standard used has been 
described before." 


4 See for example: S. Geschwind, Ann. N. Y. Acad. Sci. 55, 
751 (1952) 
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APPENDIX 3.1a. PROOF OF EQS. (10 


Ii Eq. (8) assume that if & and / are greater than 
some integer j, Ay and B; are sufficiently small to be 
neglected. Assuming j is odd and positive 
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Now continue in the same manner 
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Substitute Eq., (2a) into (3a 
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Let —2 _ =A, 
Jah Da Ww 1 
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Continuing this procedure, we can generalize to 
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where m 1s any positive even integer and n any positive his is equivalent to the quadratic equation 


t 
odd integer. Now let j—m=I and j—n=k, and let 
. Wah 
»% while holding & and / constant. Then the above 1.24 . Lint 
< “a , 


approac hes Eq (10). 
whose solution is 


APPENDIX 3.1b. EVALUATION OF EQ. (11 Wab War \? 
WHEN w=0 / | ( ) +4] 
28.8 28a 


When w=0 Eq. (11) becomes 

rhis is the same result which can be obtained by direct 
diagonalization of the time-independent Schrédinger 
equation. 


2 Wa | 
L.4 APPENDIX 3.lc. DERIVATION OF OTHER 
B. SOLUTIONS OF EQ. (8 


l , ’ : , 
; Assume that L,’ and B/, ---A,’--- satisfy Eq. (8) 
Age Rae and that they are related to ancther set of quantities 
Bat [., By---, Ax->> by 
Since this continued fraction repeats indefinitely, L/=<I — B/=A 1)! B 12 
, Rape ‘ » Bi=Avy, As =—D; (12) 
eliminating a finite number of terms does not change ' . 3 k 
Met 


its value, and the above equation can be written 
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Now substitute the unprimed quantities to determine 
what equations they must obey. 


Was (k—-1)w 
[i+ — Sos |p  - —Ays41—Ars1, 
ab Bar 
(l—1)w 
[x.+ pau 5 Ja =—B, wim Bip. 
Bab 


Taking the complex conjugate of these equations, and 
rewriting by letting /’=1—k and k/=1—1, we have: 


k'w 
[.-— Jae — By i— Byers, 


‘ab 


we lw 
[tot Bp = — Ara Ava 
Bar Bar 


These equations have the same form as (8) so we have 
shown that the primed quantities in (12) define a new 
solution of (8), provided that the unprimed quantities 
from which they are derived form a solution. 

In a similar manner, it can be shown that from each 
of these solutions can be derived an infinite number of 
other solutions, of (8), which are given in Eq. (14). 


Deriving Solutions of Eq. (9) from those of (8) 
Rewrite (9), 


Wab ley B; 1 Bu, 1 
Li om = |- ae _—, ’ 
Bar Bab Bo =6Bo 


kw Ay 1 Aga 
ge |-- Ses 
Bar By Bo 


Now assume Ly, Ai/Ao--+, By/Bo-++, satisfy this 
equation and are related to the quantities L,, Ax/Ao---, 
B,/A yr Fa by Eq. (15). 

Then substituting for Ly, 


Wab la 1B_; Ass At. 
& + Mca. 


- above, one obtains 


Bap Bart. 1, Ag Ao 
kw As Bey: Biss 

Le+ i ie ’ 
Bap 3 Ao Ao Ag 


which is (8) again. Thus we have proved that the new 
set of quantities defined in Eq. (15) is a solution of (9) 
if | oe A x/Ao- 2%, Bo /Ag:** satisfy (8). 


APPENDIX 3.3a. SOLUTION OF EQ. (37) 
TO SECOND ORDER 


Equation (37) can be written as 
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Now clear of fractions and make use of the relations 
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neglecting terms which are small when (was—w)/a@01. 
We then have 
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This quadratic equation has the solutions: 
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After expanding the square root, this can be written: 


Bar? Wab W 1 (was—w)? 
La=pit cee Yamane +--+ | 
fwaev'l Bas Y Bary 


where p, are our previous solutions for L,, as given by 
Eq. (33). The upper signs are to be used when w<was 


and the lower signs when w > wap. 
Substitute for y in this equation: 


Wab Ww 
1—2 Ps 
Bas* Bar 
| p+ 1 - 
| Sao" Wab— Ww 
2(p4)?+ Ps 
Bar 


Remembering that p satisfies Eq. (32) and substituting 
for [ (wes—w)/Bas lp, one obtains Eq. (38). In this step 
the terms (was—w)/(wast+w) (Bas?/4was)p are neglected 
for they are always of higher than second order. 

The correction term in (38) should'be omitted when 
2p°—1 becomes negative, for then its contribution 
becomes comparable to third-order terms which have 
already been omitted. 


APPENDIX 3.4a. AMPLITUDE COEFFICIENTS 
NEAR RESONANCE 


The other amplitude coefficients in the resonant 
region are: 
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Using the approximation for 8,»/(w.s+-w) again leads to Bea Web— wo)” 
Eq. (43). Similarly 4 mM 
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Then Eq. (50) follows 
168.4 88 nS 
Calculation of we to Second Order y’ ~ + 
S e Eas O)a 51 19 ‘is 
. Now subtra X’)?/2 from X’, 


49 Dat LDawDed 


t from which FE 52) follows 








PHYSICAL REVIEW VOLUME 100, NUMBER 2 OCTOBER 15, 1955 


Electron Spin Coupling in Polyatomic Molecules* 
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A formula to describe the splitting of rotational energy levels in polyatomic molecules, brought about 
by interaction of the magnetic field produced by rotation with electron spin and orbital angular momenta, 
is derived by perturbation methods on the basis of simplifying assumptions. The formula is then fitted to 
experimental data obtained from observations on fine structure in the spectrum of chlorine dioxide. The 





agreement is quite satisfactory 





INTRODUCTION 


OME observations upon molecular spectra! indicate 
that whenever there is a nonvanishing resultant of 
the electron spin moments within a polyatomic mole- 
cule, its energy levels exhibit a fine structure. In what 
follows we shall attribute this to the influence which 
the magnetic field induced by rotation must exert upon 
the electron spin moment, and upon the spin-orbit 
coupling, within the molecule.’ 


MOLECULAR MODEL 


A molecule is pictured as a well-nigh rigid framework 
of atomic nuclei within which the lighter electrons 
carry out their rapid periodic evolutions; when the 
framework rotates, the electrons are carried along with 
it so that their motion relative to the nuclei is very 
little altered. Four kinds of angular momentum are 
then to be distinguished: (1) that of molecular rotation, 
(2) that of orbital motion of electrons, (3) that of 
spinning electrons, (4) that of spinning atomic nuclei. 

We assume the following pattern of relationships 
among these momenta: 

(a) Momenta of each type join to form resultants 
conveniently designated as R (molecular rotation), L 
(orbital motion of electrons), § (electron spin), and I 
(nuclear spin). These are taken to be independent of 
each other. 

(b) Coupling among these resultants is of the sort 
commonly referred to as “Hund’s Case b.” Neither R 
nor L is a constant of the motion, but their resultant 

(N,—L.° (Ny~L, (N.—L,) 
re Pion 


2A 2B 2C 


where x, y, z are the principal axes of the molecule and 
A, B, C the principal moments of inertia. This can be 
expanded as follows: 


N2 N, N?2 
Bett; Bott 
2A 2B 2C 24 2B 2 


* Part of a thesis submitted by R. S. Henderson to the Graduate 
School of Harvard University in partial fulfillment of the require- 
ments for the Ph.D. degree. A summary was published as a 
Letter to the Editor: R. S. Henderson and J. H. Van Vleck, 
Phys. Rev. 74, 106 (1948). 

¢ Now at Georgetown University, Washington, D. C. 

1 J. B. Coon, J. Chem. Phys. 14, 665 (1946). 

* See G. C. Wick, Phys. Rev. 73, 51 (1948). 
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N is very nearly constant in magnitude and executes 
slow precession about an axis fixed in space. The 
electronic and nuclear spin moments are specified by 
the usual quantum numbers § and J. We shall restrict 
the present discussion to the case where J=0. The 
electron spin S is then assumed to join with N to form 
a final resultant J. 

(c) Magnetic dipole interaction of these moments 
contributes a complex expression to the molecular 
Hamiltonian.’ We proceed, however, on the simplifying 
assumptions that the magnetic field arising from rota- 
tion of the framework of nuclei can be taken as a 
linear combination of the vector components of R and 
that, despite the noncentral electric field to be expected 
in a molecule, the interaction energy can then be 
represented in reasonable approximation as A’(L-S) 
+ (a’Rx+6’Ry+c’ Rz)-S.° Inasmuch as R= N—L and 
A’ is much greater than a’, b’, or c’,* this is very nearly 


the same as A’(L-S)+ (a’Nx+b’Ny+c'Nz)-S. 


PERTURBATION PROBLEM 


To get at the interplay between molecular rotation 
and electron spin, we now bracket the approximate spin 
coupling terms with that part of the Hamiltonian which 
describes rotation. This is done on the familiar hy- 
pothesis that rotation of the molecule is pretty much 
independent of other motions, but that the energy 
associated with spin coupling will depend upon it on 
account of magnetic dipole interactions involving R. 
Attention is accordingly to be fixed upon the expression 


+-A’(L-S)+4 (a’Nzx+ b’Ny+c’N:z) -S, 


(NeLetLiNs N,Lyt+LyNy NLlitLN, 
=- + —+— —}; 
E olga 2B 2c 
H,=A'(L-S); 


Hy= (a’Nx+6’Ny+c’Nz)-S. 


* J. H. Van Vieck, Revs. Modern Phys. 23, 216 (1951). 

*G. R. Gunther-Mohr 4 al., Phys. Rev. 94, 1191 (1954). 

*See J. H. Van Vieck, The Theory of Electric and Magnetic 
Susceptibilities (Clarendon Press, Oxford, 1932), Sec. 40. 

*The second-order terms are proportional to (electronic 
angular momentum)*/(molecular moment of inertia) (Av) ~(angu- 
lar velocity of rotation)/#/h(ir)~mass of electrons/mass of 
nuclei. The magnetic moment associated with R must bear a 
similar ratio to that associated with L, and hence first- and second- 
order terms in (4) must be of comparable magnitude. A rough 
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The term H,' has no dependence either upon rotation 
or upon spin coupling and will henceforth be ignored. 

The dominant term H, is recognized as the Hamil- 
tonian of an asymmetric rotator in the absence of 
torques. Its matrix elements are most conveniently set 
down in a representation based on the wave functions 
of a symmetric rotator; these have been worked out by 
Wang’ as follows: 


H.(NKM; NKM)=}h'd GN(N+1)+K?] 
Hyo(NK2+2M ; NKM)=}i'ob f(N, K+1) |, 


where f(N,K) = —4[(N—K)(N—K+1)(N+K)(N+K 
+1) }', c=1/C—4(1/A4+1/B), G=(1/2c)(1/A+1/B), 
and 6, well named the coefficient of asymmetry, is 
defined as (1/2c)(1/A—1/B), axes having been chosen 
so that —1<5<0. The symbol K stands for the quan- 
tum number typical of symmetric rotators and repre- 
sents the quantized projection of N upon the axis of 
symmetry, while M represents the projection of N on 
the fixed axis about which it precesses. 

The term H, containing cross products of L and N 
has its origin in the rotational distortion of electronic 
motion. To the extent that this may be neglected, the 
components of L along the body axes of the molecule 
L,(n' <n), 


(1) 


appear in matrix form as L,(n’;n), Ly(n’; n), 
the letter n being used to denote the totality of elec- 


H,(n’'NKM ;nNKM)=—K(h/C 


Hyi(n'NK+AIM:nNKM 


HENDERSON 


tronic and vibrational quantum numbers. In a diatomic 
molecule, the two charged nuclei give rise to an electric 
field which is highly noncentral but axially symmetric, 
so that L may be presumed to have a quantized compo- 
nent along the axis of figure. But in a polyatomic 
molecule, no such field can be expected and all diagonal 
elements of L may be supposed to vanish.* 

The vector N will have, in our representation based 
on the wave functions of the symmetric rotator, a 
component NV,=Kh. Furthermore the commutation 
relations among the components of N taken along the 
principal axes of the molecule are’ VN, V,— N.N,y=ihN,, 
etc. These relations differ only in the sign of « from 
those usually holding among angular momentum oper- 
ators under these conditions.? One can make use of 
them in customary fashion” to work out the matrix 
elements of NV, and N,. With suitable choice of phase, 
the result is 


(NytiN,)(NK+1M; NKM) 
=h[(N+K)(N4K+1)}§. (2) 
It is seen that within the limits of our assumptions 
the operators N and L are characterized by different 
quantum numbers. Their components therefore com- 
mute and the nonvanishing elements of H, emerge as 


L,(n';n), 


(3) 


bh(L,/B#iL,/A)(n'; n)[(NFK)(N4K+1) }. 


That part of the molecular Hamiltonian which now concerns us is H=Ho+-(H,+H2+4H;), with the latter 
terms appearing in the role of a small perturbation upon Ho. Owing to the “off-diagonal’’ nature of L, only H; 


among these perturbing terms contributes first-order corrections to Hp». Its elements diagonal in V may be set 


dow nh as 


a’ Nx+-b'Ny+c’ Nz): NU(N-S)/N(V+1)27) 


2) above, we then find readily 


With the help of 


H,NKM;NKM 


H,(NK+2M;NKM) 


a’N?Z+0'N/7+ JN2Z)T(N-S)/N(N+1 h* ). 


When this is transformed to a representation based on the wave functions of an asymmetric rotator, the resulting 


diagonal elements will constitute the first-order correction terms. 
Second-order corrections of corresponding magnitude may also be turned up by applying to H a now well-known 


transformation 
caiculation shows that for light molecules this 
Rev. 58, 226 (1940 
7S. C. Wang, Phys. Rev. 34, 243 
* Reference 5, Sec. 68 
*©. Klein, Z. Physik 58, 730 (1929) 
® See, e.g., E 


1929 


dipole” correction may amount to as much as VN cm™ 


V. Condon and G. H. Shortley, The Theory of Atomic Spectra 


which has the effect of diagonalizing its matrix to a higher degree of approximation. The Hamil- 


See, e.g., N. F. Ramsey, Phys. 


Cambridge University Press, Cambridge, 1935), p. 48. 


“ Termed a Van Vieck transformation. See E. C. Kemble, The Fundamental Principles of Quantum Mechanics (McGraw-Hill Book 


Inc., New York, 1937), Sec. 48c. 
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tonian then takes the form H=Ao+H3+Ci4+C:4+ -:: 
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SPIN COUPLING IN POLYATOMIC MOLECULES 


where 





Ci(n"NY’K"M";aNKM)= & 


1 
wen, erg 


<(Ai(n"N" KM" ; n'N'K'M’)Ho(n'N'K'M' ; nNKM) 


1 1 
Eo(n")—Eo(n) Eo(n’’)— Eo( “f 


Ci(n"N"K"M" ;nNKM)= ¥ 
NM 


and Ey stands for the unperturbed energies. We shall 
designate C; as the “dipole,”’ C, the “pseudo-quadru- 
pole”’ correction. 

At this point it is well to recall that most polyatomic 
molecules have no axis of symmetry ; eventually, there- 
fore, we must carry out a further transformation from 
the present “symmetric top” representation to one 
based on the wave functions of an asymmetric rotator. 
Such a transformation has been investigated by Wang.’ 
He finds the unitary transformation matrix ||7|! to be 
in “step” form, lacking all elements which connect 
states of different m, N, or M. This means that in 
working out the diagonal elements of || 7=*|| ||C1+-Cz!! || T'! 


+Hi(n"N"K"M"; n'N'RK'M)H,(n'N'RK'M' ; nNKM)), 


X(Ha(n"N" KM"; n'N'R'M')H(n'N'RK'M’'; nN KM) )} 


which constitute our second-order correction terms, 
we shall find it unnecessary to consider elements of 
'|C,|| and ||C,|! connecting these states. 


“DIPOLE” CORRECTION TERMS 


The matrix elements of C; which we do need are to 
be obtained from those of H; and H». It is seen from 
Eqs. (3) that the matrix of H; is diagonal in N and M 
so that our task is reduced to that of finding those 
elements of H, in the symmetric top representation 
which connect states of the same NV and M. 

We begin by taking 


Ay= A’(L-S) = A’ (LS) Py os(L,S)}=A’[L2Sz+}{ (Lxyt+iLy)(Sx—iSy)— (Lx—iLy)(Sx+iSy))], 


where the three quantities Lz, Lx+iLy, and Lx—iLy 
are referred to axes X, Y, and Z fixed in space. These 
quantities transform under a rotation of the reference 
axes in the same way as do Vz, Nx+iNy,and Nx—iNy 
or any other triple formed in this way from the compo- 
nents of a vector. It may be shown from the theory of 
groups” that the matrix elements for one set of these 
quantities are proportional to the corresponding ele- 
ments of another set, the factors of proportionality 
being independent of M. In the present case then 


H:(n'NK'MS;nNKMS) 
= A’(L-S)(n'NK'MS;nNKMS) 
= F(nn'NKK’')A’(N-S)(NMS; NMS)- 


Matrix elements for the components of L in the fixed 
frame of reference may be expected to depend on the 


KL,(n' ’ n) 
F(nn'NKK)=————_, 
N(N+1)h 


rotational quantum numbers even though, in the (xyz) 
frame mounted on the molecule, L has been assumed 
to be entirely decoupled from rotation. Reiche and 
Rademacher” have worked out these elements and 
confirmed this expectation. 

The factors F(nn’NKK’) may now be determined 
explicitly by consideration of a special case; that in 
which M=N is particularly suited to this purpose. 
Since Ly and Ly have no matrix elements diagonal in 
M,* we obtain at once 


A'(L-S) (n’NK'NS; nNKNS) 
=A’Lz(n'NK'N; nNKN)Sz(S; S) 
= F(nn'NKK’')A'(N-S)(NNS; NNS) 
= F(nn'NKK’')A'NhSz(S; 8S). 


On substituting for Lz from reference 13 we then find 


Ly F iL.) (n' ; n) 


( 
F(nn'NKK+1)=—[(N#K)(N4K+1)]}+———— 


2N(N+1)A 


One may now proceed straightforwardly with the work of computing the matrix elements of C,. Since the only 
“off-diagonal” elements of Wang’s matrix |/7|) are those connecting states specified by the quantum number K 


2 See C. Eckart, Revs. Modern Phys. 2, 305 (1930). 
3 F. Reiche and H. Rademacher, Z. Physik 41, 453 (1927). 
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those specified by K+-2, we need only the following: 


2A'(N-S)(NMS; NMS) ay a 8B a 8 1 1 1 
CinNKM-nNKM io( -—— yen v+1(- +—)- ix(—-— a} 
V(V+1 ee ey ASB 2 BA 


24’(N-S)(NMS; NMS) Bo a\ 1/1 1 
( nNK +2M LL VA VU ; i VY, K+ 1) ( = ) ( +) [> 


+1 B A 2.2. «A 
ere 
L(n';n L,(n’; n)|* L,(n’; n) 
x B= 2 Su p a ’ 
én Eo(n')— Fol n’)— Eo(n) n'#n Eo(n’)— Eo(n) 
Lin’; n)L,*(n'; n)\tL*(n'; n\L,(n'; n) 
.= 5 
: Ey( Eg(n 
and the Hermitian properties of L,, L,, and L, have may be performed quite simply, for both C; and H; 
been used throughout consist of factors dependent on quantum numbers 
It is see it 6, is the sum, 6_ the difference of common to both schemes of representation (which 
complex conjugates. Furthermore, to the extent that come through the transformation unaltered) multiplied 
oupling of L with other angular momenta may be by (N-S) which in the new representation becomes 
disregarded, as we have done in supposing the matrix 4/°(J(J+1)—N(N+1)—S(S+1) ]. 
of L to lack diag elements, the matrix elements of There remains the Wang transformation. Since C; is 
L, and L, may be taken as pure imaginaries.* The Hermitian, the purely imaginary terms containing 4, 
products L,(n’;n)L,*(n';n) are then real, so that 6 can contribute nothing to the diagonal elements of its 
vanishes while 4, is real transform. The rest of !|'C,; together with ||H;|) may- 
Now the vector model adopted was one in which N- be arranged as the sum of a matrix proportional to 
ind S were compounded to form a quantized resultant that of H» [see Eq. (1)] and one which is diagonal in 
J, whereas we have here, for reasons of convenience, the symmetrical top system of representation. The 
been working with matrix elements which represent N first is rendered diagonal by Wang’s transformation and 
is having a quantized component parallel to the fixed its contribution to our formula for fine structure is 
s Z. A tra rmation from the (nNKMS) repre- therefore the expression for its characteristic values 
sentation to a (nNKJS) one is therefore in order. It which work out as 
; a T(J+1 V(V+1)—S(S+1) 
o(3)-0-) " 
B A 2N(N+1)be 
W(K) standing for the energy levels of an asymmetric rotator characterized by the parameters }, c, and G, 
Principal elements for the transform of the second are readily computed. 
Upon assembling our results, both first and second order, we have the “dipole” correction in its fina] form. 
ume 


2y a p 8 a ' 
2c — a’ —b’+(1/b)(b’—a' 1’ ) 17a1/0)( ie )E rw, KY (4) 
( { B B A K’ 


“PSEUDO-QUADRUPOLE” CORRECTION TERMS 
Once again the simple form of | 7) makes it unnecessary to consider elements of ''C,|| other than those which 


nect States of the same n, V, and M The follow g alone are needed : 


C(nNK"M : »NKM)= ¥ { © (L-S)(nNK’M; n'N’K'M’)(L-S)(n'N’K'M’; nNKM)}, 


with A K,A+2 
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The sum over the rotational quantum numbers is equivalent to 
[L*S* cos*(L,S)](n’'NK"M ; nNKM) =((L*S*){4P2"(cos(L,S) ]+4} )(n'NK’M ; nNKM). 


The term }(L*S*) does not depend on the rotational quantum numbers and need receive no further notice. With 
the help of the addition theorem for Legendre Polynomials, the remaining term may be recast as 


; ¥ Ws*(L)es-*(S) |(nVK’M; nNKM)" 


s——2 


where 42**(Q) = $4(Ox+i0yr)*, r2*"(Q)= #(02(Oxti0v)+ (Oxti0v)Q0z], 2°(0)=[4022—40x°— 40r*— 402"). 
These five quantities form a manifold invariant under rotation of the fixed (YYZ) axes."* Hence, as in the 
preceding section, we may borrow from the theory of groups to write [m*(L)])(NK”M; NKM)=F(NK"K) 
X[ae"(N) ](NM; NM), where F is independent of M and s“ and may be determined from a consideration of the 
special case in which M= N., Specifically, [92°(L)](NK”N; NKN)=F(NK"K)[422(N)](NN; NN), whence 


3{ } L2e(nNK"N; n'N'K'N)Lz(n'N'K'N ; nNKN)}—!L(n';n)\* 

n'N’K’ 
F(NK"K)=————____—_———- 
h{3N2—N(N+1)] 


Matrix elements for the components of L in this expression may be entered from the list in reference 13. 
We now have 


PIVK"R)| ¥ (NV) “s) |war; NM). 


(4/3)A” 
C:(nNK"M;nNKM)= > — a 
n' vn Eo(n’)— Eo(n) 


The next step is to change over from the (nNKMS) representation to a (wNKJS) one. Such a change will not 
affect the factor F(NK’'K). As for the sum over s, Kramers has shown that it is transformed to diagonal form 
on passing to the new representation and he has calculated its characteristic values as [$C(C+1)—}N(N+1) 





< S(S+1) ht where C=[J(J+1)—N(N+1)—S(S+1) ]." 
Finally, Wang’s transformation may be applied as before to obtain the desired correction formula 


2(A’h)*[8C(C+1)—4.N(N+1)S(S+1) ]{ —2(6—a) 


m W(K)+[3(a+8—27)+ (G/b)(8—a) JN (NV +1) 


N(N+1)(2N—1)(2N+3) bch* 


The justification is now apparent for the names given 
to these two terms which together describe fine structure 
in the rotational energy levels of a polyatomic molecule. 
One has its origin in terms connecting the spin coupling 
energy with rotational distortion of electronic motion. 
It contains the quantum mechanical average of cos(V,S) 
and so resembles the Landé expression typical of dipole 
coupling. The other, proportional to the square of the 
spin-orbit coupling energy, stems from second order 
effects of magnetic dipole coupling, but it contains the 
average of cos*(N,S) and bears, in consequence, a 
strong resemblance to expressions commonly obtained 
in calculations on quadrupole coupling. 


ADAPTATION OF THE FORMULAS TO THE CASE 
OF NEARLY COMPLETE SYMMETRY 


Both correction terms depend on the quantities 
W(K) and 7T(K’; K) for which general formulas are 


4H. B. G. Casimir, On the Interaction between Alomic Nuclei 
and Electrons (De Erven {. Bohn, Haarlem, 1936), pp. 12 and 13 

%E. Wigner, Gruppentheorie (Friedrich Vieweg & Sohn, 
Braunschweig, 1931), Chap. XV. 

1H. A. Kramers, Proc. Roy. Acad. Amsterdam 34, 965 (1931). 


—[2(a+8—2y)—(1/b)(8—a) JZ P(K"; KDR", (5) 
a 


lacking. They may be worked out more explicitly, 
however, in the important special case where two of 
the principal moments of inertia of the molecule are 
nearly equal in magnitude while differing considerably 
from the third. In this event, 6 is a small fraction 
whose square may be neglected, while the energy levels 
W(K) will differ only slightly from those of the sym- 
metric rotator. An exceptional case occurs when 
K=-+1 and this must be treated separately ; otherwise 
one may readily work out Wang’s secular problem’ to 
this degree of approximation with the following results :"’ 


W(K) = }ch*|GN (N+1)+K*—}8U), 
LD 1°(K’; K)K"= K*+}8U, 
= 
where 
jC, K+1)F 
U=}— ————+ 
| 142 
Substitution of these expressions into formulas (4) and 
(5) gives us the explicit correction terms for which we 


1” FE. E. Witmer, Proc. Natl. Acad. Sci. U. S. 13, © (1927). 


Cf(N, K-1)} 
1—K 
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seek. They turn out to be precisely similar to those 
obtained by Knight and Feld’* in treating a closely 
related problem 
Higher order approximations for the effects of asym- 
metry may be calculated by extension of the foregoing 


methods 


FINE STRUCTURE IN THE ROTATIONAL ENERGY 
LEVELS OF CHLORINE DIOXIDE 


Coon! has carried out a series of careful measurements 
on five absorption bands of ClO». These lie in the 
K nl 
\ u LJ 
V(V+1 V(N+1 
where 
24 a 5 a i 
d (2c’—a’—b’ th?: + 
( . a , 
The quar 
and D’’. It is not certain which of these is the 
usual selection rules permit transitions in which AJ 


0, +1; only those corresponding to AJ 
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ultraviolet region between 4000 and 4700 angstroms, 
and each contains a wealth of rotational structure 
which fortunately is not obscured by overlapping. 
Coon found it possible to sort out some hundreds of 
individual lines and to classify them according to the 
“rotational transitions” from which they stemmed. 
Members of the so-called gQ branches, arising from 
transitions between states having the same rotational 
quantum numbers, revealed themselves clearly as 
doublets. This was attributed to spin coupling since 
the ClO, molecule contains an odd number (33) of 
electrons and has probably a total spin quantum 
number S equal to 3. 

Now this molecule is known to be of the “bent” 
triatomic type. Coon calculated its principal moments 
of inertia as A=110XK10- g cm’, B=95X10-™ g cm’, 
C=15X10- g cm*. The coefficient of asymmetry is 
then only about 0.013. Indeed, the degree of asymmetry 
is so slight that the quantum number K retains the 
status of a “pretty good quantum number” serving to 
classify the (2N+-1) rotational states consistent with a 
given N and J. 

Here is a case to which the present theory should 
apply. With S= 4, the “pseudo-quadrupole” correction 
term vanishes. But since the moments of inertia are 
small while the values of V and K turn out to be large, 
one can expect the “dipole” expression of (4) to 
represent an effect of observable magnitude. This is 
approximately 


J+1)—N(N+1)—S(S+1)], 


BS «@ 
) {’—}(a’+ v) n> i ( — )a—10'—0 |e 
Bik 


tum number J can have two values, V+} and N—}. Let us call the corresponding energy levels D’ 
greater since the quantities A, u, and » defy computation. The 


0 are observed, 


intensities for the others being much weaker. The interval separating the gQ doublets then works out as follows: 


\i= (1/he)f (Day — Dag! Duy" — Dnz") |= (1/ho) (Dn 


where the subscripts refer to the electronic states 


Since the quantities a’, 6’, and < do not depend on n, 
they must cancel out in this final result 

The formula just obtained compares well with the 
empirical one 

Ai=q(2K—N)—r(e—1 

given by Coon. For values of NV and K large in com- 
parison with their difference (the situation with which 

“G. B. Knight and B. T. Feld, Phys. Rev. 74, 354(A) (1948 


Dny"")— (Dns! —Dna!’)) 


—Ayu- ; 
he ‘\N(N+1) N(V+1) 


Coon was working) the leading term above becomes 


approximately 
Ad(2K?/hceN 
2Ar/hcN 


= (2A/hcN)[N—(N-—K)} 


[N?—2N(N—K) ]= (2Ad/he)(2K—N) 


as in the empirical formula. The second part of the 
theoretical expression differs from that of Coon in 
showing a dependence on N, but it turns out to be small. 

The agreement of the theoretical expression with the 
experimental data is good. (See Fig. 1.) A fit was 
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obtained by the method of least squares using the 
doublet intervals in the third band where Coon con- 
sidered his measurements to be most accurate. This 
gave (Ad/hc)=0.057 cm; (Apu/hc)=0.0038 cm; 
(An/hc)=0.0001 to 0.0002 cm-. The constant An is 
minute as one might anticipate from the fact that it is 
proportional to 6 and to (8/B—a/A), both of which 
vanish when the molecule has an axis of symmetry. 
Indeed, the results would not be altered appreciably if 
the term containing Ay were omitted, that is, if the 
asymmetry of the molecule were disregarded entirely. 
It should be stated, however, that this term, tiny as 
it is, yet acts uniformly in such a direction as to improve 
the agreement between theory and experiment. 
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FINE STRUCTURE RESULTING FROM COUPLING 
OF NUCLEAR SPINS 

There seems to be no reason why precisely similar 
results should not also apply when S=0 and nuclear 
spin holds the center of interest. An attempt to use 
them in describing fine structure observed in the 
inversion spectrum of N“H; ® has now been superseded 
by the excellent work of Gunther-Mohr.* 
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Electron loss processes in the afterglow of very pure hydrogen have been studied by the microwave tech- 
nique. The conclusion is drawn that within the error of the experiment, no electron-ion recombination is ob- 
served, and that high-mode diffusion is very evident. By properly accounting for the high diffusion modes, 
the results are given as D,p=70024-50 cm*-mm Hg sec™ with the electron-ion recombination less than 


3X10-* cm sec™. 


LECTRON loss processes in the hydrogen after- 

glow have been studied by the microwave method 
by a number of workers. Although the results are re- 
lated, no agreement has been achieved up to the present 
time as to the actual loss processes in hydrogen.'* 
In view of the result of the work presented here, it is 
possible to understand the disagreement between the 
previous investigations of the hydrogen loss processes. 
The main result is that, if sufficiently pure hydrogen is 
used, the loss process for the electrons in the ranges 
covered by previous investigators, as well as by us, 
is explained by an ambipolar diffusion mechanism. If 
the electron-ion recombination is present, this loss 
process is so small that it cannot be measured with 
methods available at present. 


MICROWAVE METHOD 


The microwave method measures the frequency shift, 
Af, of a resonant cavity containing the electron-ion 
plasma, relative to the resonant frequency, f, of the 
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‘M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 

+ M. Richardson and R. B. Holt, Phys. Rev. 81, 153 (1951). 

+L. J. Varnerin, Jr., Phys. Rev. 84, 563 (1951). 


same cavity without the plasma. The relation between 
the frequency shift and the average electron density, 
(n), is 
Af 1 (n) 
at Pee (1) 
f 14+ (on/w)? ny 


where the average electron density (m) is given by 


(n)= [ nirde / fae. (2) 
Vv Vv 


The quantity n,= comu*/e’, E is the electric field of the 
probing microwave signal, v,, is the momentum transfer 
collision frequency per electron (v, is proportional to 
the pressure), w is the applied radian frequency of the 
probing signal, and V is the volume of the microwave 
cavity. The linear relationship between the frequency 
shift and the average electron density holds only as long 
as the polarization field in the plasma is small compared 
with the applied microwave field. ‘The error in linearity 
is less than 1 percent if n<3X10°(1+(»,/w)*] cm™. 

To interpret the measurements of the microwave 
method, it is necessary to recognize the fact that only 
an average electron density is measured. Neglecting 
the influence of the shape of the microwave field, the 
microwave method measures the total number of the 
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free electrons present in the cavity. Therefore, what- 
ever the loss process is, the rate of loss of electrons refers 
to the total number of the electrons present. For a 
proper interpretation of the measurements it is nec- 
essary to know the electron density distribution. The 
electron density distribution, as 
well as the probing microwave mode, can be split into 
one symmetric and one antisymmetric part for each 


three-dimensional] 


dimension. The microwave method using a symmetric 
mode measures only the symmetric part of the electron 


density distribution. 


AMBIPOLAR DIFFUSION 


We restrict our discussion to those times when the 
ns can be considered in thermai equilibrium with 
the gas and when the space-charge-influenced diffusion 


is the dominant loss mechanism. The decay of the 


electron and ion densities is governed by the following 


equations 

Din, +py,En,, 
on/dt+9O-T,=0, 
V-E=e(n,—n_)/e. (3) 


r D_Yn_—p_Em_, T, 
on /AeOT 0: 


Here I is the particle current density, D is the diffusion 


coefhcient, ~ the mobility; the subscripts indicate 


positive ions and electrons. A convenient system of 
proper variables for this equation system is: ¢/pA’, 
v/A, n/A®, pA'T, and EA, where A is the fundamental 
h. The solution to this equation system 

r/A), 

this func- 


diffusior lengt! 


in be written in the 


; pA 


tion is not separable in terms of the variables r/A and 


form nA°* 
Unfortunately 


general 
where r=/(x,y,2). 
t/ pA®. Since the microwave method measures an average 
electron density the averaging process has to be applied 
Ihe general result can be written 
in the form A*(m)=g(t/ pA? 


the ion and the electron temperatures are in- 


to these equations 
This solution is rigorous 
whoen 
dependent of the coordinates. This form of the solution 
is also independent of the magnitude of the space 
charge. The function, g, depends upon the shape of the 
probing microwave field and the initial spatial distri- 
bution 

In the ambipolar limit, the equation system (2) may 
be reduced to the following equation which governs the 


decay of both the electron and the ion densities 


D.V'n (4) 


an al 
The criterion for ambipolar diffusion described by Eq. 
4) is eo(kT/€A*). The diffusion length 
used in this experiment was of the order of one centi- 


a>, 


meter, and at room temperature this criterion can be 
written as #> 10° cm* 

In the experiment to be described, the gas is con- 
tained in a cubical quartz bottle placed at the center 
of the microwave resonator. The general solution for 
the average electron density in the ambipolar limit is 
simple to derive but lengthy to write down. For the 
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one-dimensional case the general solution of the electron 
spatial density distribution can be written as 


n>_ A; expl_(ix/L)*D4t } cos(ixx/L), 
t=1,3,5,7,---. (5) 


The first term of this series is the fundamental dif- 
fusion mode and the higher terms are therefore properly 
called higher diffusion modes. In the one-dimensional 
case, the ratios between the time constant for the decay 
of the fundamental mode and the higher modes are so 
large (the minimum ratio is 9) that it is customary to 
neglect the higher modes. In the three-dimensional case, 
the general solution consists of the product of three 
series like (4). The time constant for the fundamental 
diffusion mode is 7;= L?/32°D,, where L is the side of 
the quartz bottle. The ratios between this time con- 
stant and those of the higher diffusion modes are 


Ty, T:= 3.67; Ty T;= 6.33; Ty T.=9. 


Since these ratios are relatively small, and the amount 
of higher diffusion modes present may be large, these 
higher diffusion modes may be present to a measurable 
extent rather late in the postdischarge period. The 
initial electron spatial distribution may vary widely 
and it becomes impossible to recognize the ambipolar 
diffusion process from the time dependence of the decay 
curve alone. The characteristic feature of the ordinary 
diffusion process, as well as of the space-charge-in- 
fluenced diffusion, is that by using the proper time 
variable ¢/pA*, the time dependence of the average 
electron density becomes independent of the pressure 
p, the fundamental diffusion length A, and the absolute 
value of the average electron density (#), for any given 
initial spatial electron distribution. 


ELECTRON ATTACHMENT SUPERIMPOSED 
ON AMBIPOLAR DIFFUSION 


The difficult feature of experiments of this kind is the 
problem of purity of the gas. The most serious im- 
purities are those that form negative ions; they are 
oxygen and water vapor. The probability that an elec- 
tron will attach to one of these molecules at room tem- 
perature is around 10-*. In the ambipolar diffusion 
range and when attachment is present, the decay of the 
electron density is governed by the differential equation 


6n/dt= D,V?n—hkNn. (6) 


In the pure gas, the number of hydrogen atoms present 
is very small and we neglect the formation of negative 
hydrogen ions. The number density, V, is therefore 
the number density of the impurities; ’4 is the cor- 
responding probability for attachment; &N is the rate 
of collisions per electron with the impurities. 
Assuming that the impurity desnity is so large that 
variations in N caused by the formation of negative 
ions can be neglected, the solution for average electron 











density takes the form 
(n)= Ke~"*"'g(D,t/”), (7) 


where g(D,t/A’) is the solution with no impurities 
present. Later in the afterglow when the higher diffusion 
modes have decreased to a negligible value relative to 
the fundamental! diffusion mode, the average electron 
density becomes 


(n)=K exp{ —[hkN+ (Dap/pA*) }t}. (8) 


Attachment losses are thus dominant in the late after- 
glow when ARN>D,p/pA . The (Dp) for hydrogen, 
as measured in this experiment, is 700 cm?— mm Hg/sec; 
A?=1 cm?. The collision frequency between electrons 
and the impurities can be estimated to be of the order 
of 10° p;/sec, where p; is the partial pressure of the 
impurities. The criterion for dominant attachment 
losses can then be written p;/p>10-*/p’, where p is 
the pressure of the hydrogen. The criterion for ambi- 
polar diffusion to be dominant (to an error of less than 
one percent) is p;/p<10-*/p*. This indicates that 
extreme purity is required in order to measure ambi- 
polar diffusion late in the afterglow. At a pressure of 
10 mm Hg, an impurity of less than one part in 10° 
of hydrogen is necessary if the attachment process is 
to be neglected. 

If the surfaces of the container have been cleaned 
during the discharge period, so that virtually no im- 
purities are left on them, these surfaces will easily 
reabsorb impurities when the discharge is over. It is 
therefore possible that impurities present in the after- 
glow are lost to the walls by diffusion. The influence of 
the impurities can be seen by writing 


dn/dt= —[D./A+hkN Jn, 


: . (9) 
ON/dt= —[LDi/A?+hkn \N, 


where D, is the diffusion coefficient of the impurities. 
When we put numbers into these equations we find 
that the diffusion loss of the impurities is much larger 
than the rate at which the impurities are transformed 
into negative ions. Thus the term containing the elec- 
tron density in the second equation of (9) may be 
neglected, and the rate of loss of the electron is deter- 


mined by 
Dypt 
=— [.0+ pA?N hk exp(- — -)| (10) 
pa? 


This equation shows that the attachment loss may be 
dominant in the early afterglow and negligible in the 
late postdischarge period. If the impurities originate 
on the walls of the container they must also leave the 
walls during the discharge pulse in a diffusion process. 
The product pA?» is then essentially independent of 
p and A, provided that ali other experimental param- 
eters are kept constant. The process proposed here will 
then behave as a diffusion process as far as dependence 


Olnn 
8(t/paA*) 
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on ¢, p, and A goes, although the attachment may be 
the dominant loss process of the electrons in the early 
afterglow. If a monomolecular layer of impurities is 
released from the walls during the discharge period in 
a container of the size used in this experiment (a cube 
with the side 5.5 cm), the partial pressure of the im- 
purities would be of the order of 10-' to 10° mm Hg. 
This quantity of impurities is sufficient to give domi- 
nant attachment loss process when the hydrogen pres- 
sure is larger than 10~' mm Hg. It is thus not sufficient 
to have pure gas; the container must be cleaned with 
extreme care. 


THE APPARATUS 


A resonant cavity was built in the form of a parallel- 
epiped. The three slightly different lengths of sides 
allowed three different resonant wavelengths for the 
three fundamental modes of the cavity. These wave- 
lengths were 9.5 cm, 10.0 cm, and 10.5 cm. One mode 
was used by a power signal creating the plasma while 
the others could be used for microwave probing signals. 
A weak frequency-modulated probing signal was trans- 
mitted through the resonant cavity in parallel with a 
cavity wavemeter. After passing through the two 
cavities, the probing signal was rectified and observed 
as a function of time on an oscilloscope screen. The input 
and output couplings to the probing modes were so small 
that they had no measurable effect on the resonant . 
frequency of that mode. 

A photomultiplier and a slit system was moved along 
one of the walls of the cavity. The signal from the 
photomultiplier, displayed on an oscilloscope screen, 
reproduced the distribution of light from the plasma 
perpendicular to the wall at any chosen time. The light 
distribution at the end of the discharge pulse was used 
as a qualitative measure of the initial spatial electron 
distribution of the decay period. 

The discharge plasma was contained in a cubical 
quartz bottle placed in the center of the microwave 
cavity. The bottle was connected to a vacuum system 
and a hydrogen supply. The influence of the funda- 
mental diffusion length was found by using two quartz 
bottles of different sizes. The discharge pulses were 
repeated at a rate of 10-60 per second, and the pulse 
length could be varied from 50 msec to 0.5 sec. 

The vacuum system could reach a holding vacuum 
of 10-” mm Hg after 24 hours. The hydrogen supply 
consisted of a quartz tube containing uranium hydride 
and a high-vacuum metal valve. The uranium hydride 
was made in the following way. The quartz tube was 
filled with uranium metal filings and baked at 800°C 
until a holding vacuum of less than 10-* mm Hg was 
reached. Hydrogen was then let into the system and 
uranium hydride formed at about 100°C. When the 
hydride was heated to about 250°C, the hydrogen was 
released. 

Contamination of the hydrogen during the discharge 
was a most serious problem even with the best baking, 
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Fic. 1. The decay of electron density in hydrogen. 


discharge cleaning, and vacuum techniques. The 
hydrogen could be shown to react with the quartz 
bottle during the discharge pulse. To avoid this reaction, 


the shortest possible discharge pulse, 0.5 usec, was used. 


MEASUREMENTS 


Since it was found during the course of the investi- 
gation that impurities were produced during the dis- 
charge period, we were forced to use a short pulse length 
to achieve satisfactory purity. These short pulse lengths 
produced asymmetric spatial distributions of the dis- 
charge. In order to cover as large a pressure range as 
possible without changing the spatial distribution of 
the discharge, we found it experimentally necessary 
to use a very asymmetric discharge where high diffusion 
modes were prominent. However, if the diffusion process 
is the only loss mechanism, curves plotted against the 
proper variables for diffusion, ()A* and ¢/pA? should 
have the same shape, independent of the initial elec- 
tron density, as long as the initial spatial distribution 
is held constnat. This is illustrated in Fig. 1. When 
these two curves are superimposed by sliding one of 
them in the vertical direction, they coincide within 
experimental error. 

The initial spatial distribution of the electron density 
in the postdischarge period could be changed by varying 
the coupling of the input power. Figure 2 shows that 
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Fic. 2. The influence of the initial spatia! 
distribution on the decay of electron density 


AND: $. <<. 


BROWN 


when the initial distribution is very asymmetric the 
density decays very rapidly in the early afterglow, 
compared with the case when the initial distribution 
is more uniform. In the late afterglow, the two decay 
curves are parallel. This behavior is expected if higher 
diffusion modes are present. A higher density at the 
walls of the container would put a greater electron 
density in the higher diffusion modes than would be 
the case for a uniform distribution. Since the higher 
modes decay faster than the fundamental, this would 
explain the behavior of the curves. When the electron 
density has decayed to a point where only the funda- 
mental diffusion mode is present, the density decay 
should be independent of the initial conditions, as il- 
lustrated. 

Typical of the range of data covered by this experi- 
ment are the curves of Fig. 3. The initial spatial distri- 
bution is the same for all curves, although the initial 
densities vary from pressure to pressure. Since the data 
are plotted in terms of the proper variables for diffusion, 
(n)A? and t/ pA’, if the data fit the ambipolar diffusion 
theory they should coincide when displaced vertically. 
The result of such normalization is shown in Fig. 4. 
Data were taken for other initial spatial distributions; 
for each constant distribution they exhibited a similar 
good fit with the diffusion variables. 


CONCLUSION 


The measurements shown above demonstrate that 
the diffusion mechanism is the dominant loss process 
of the electrons in the afterglow of pure hydrogen. Our 
discussion of the attachment loss process and impurities 
originating on the walls of the quartz bottle, as well 
as the necessity of using short discharge pulses to obtain 
purity, indicate that an attachment process may have 
been present in the early afterglow. The presence of 
higher diffusion modes made it impossible to establish 
this process in a more positive manner. Measurements 
of smal] amounts of impurities were quite outside the 
scope of this investigation. Fortunately, the result 
of the measurements in the late afterglow enabled us 
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Fic. 3. Experimental! runs of electron density decay at different 
pressures with constant initial electron distribution. 
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to draw definite conclusions. It can be seen from Fig. 4 
that it takes considerable time for the higher diffusion 
modes, and possibly the attachment process, to dis- 
appear and leave the fundamental diffusion mode alone. 
In some cases, this does not occur until the average 
electron density is too small to be measured. It is there- 
fore convenient to define an effective Dep as 


d In(()A?*) 


(Def).= . 
0(t/ pA?) 

This can be determined from the slope of the decay 
curves. It is plotted in Fig. 5. It is obvious from this 
figure that the effective diffusion coefficient multiplied 
by the pressure is not constant in the presence of the 
higher diffusion modes and possibly the attachment 
process. The value of (D.p), when only the fundamental 
diffusion mode is present can be taken as the true 
D.p. For pure hydrogen this experiment gives Dap= 700 
+50 cm*-mm Hg sec 

Although it has been stated that decay curves taken 
at different initial electron densities and with the same 
spatial distribution have the same slope within experi- 
mental error, they do not coincide exactly. The dotted 
line on Fig. 1 illustrates the degree of departure allow- 
able experimentally when the lower curve is displaced 
to coincide with the upper one. This deviation from 
similarity in shape could be attributed to other loss 
mechanisms than diffusion. If significance is attributed 
to this deviation (which is within experimental error) 
and it is attributed to recombination, we conclude that 
this recombination is less than 3X 10~* cm~ sec. 


COMPARISON WITH PREVIOUS RESULTS 


In 1949, Biondi and Brown! surveyed the electron- 
ion recombination losses in a number of gases and 
reported their findings in hydrogen to yield a recombina- 
tion coefficient of 2.5X10~* cm/sec, independent of 


Fic. 4. The data of Fig. 3 normalized to the 
same initial electron densities. 
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Fic. 5. Variation of the diffusion coefficient 
with time in the afterglow. 


the pressure between 3 and 12 mm Hg. They used 
“spectroscopically pure” gas and relatively long dis- 
charge pulses of 250 usec. Richardson and Holt? sub- 
sequently studied the same problem and found a re- 
combination coefficient of 6.2X10-* cm!*/sec, inde- 
pendent of the pressure between 7 and 20 mm Hg, but 
in the lower pressure region rising from 2 10° at 1 mm 
Hg to 6.2 10° at 7 mm Hg. They also used “spectro- 
scopically pure” gas but a smaller discharge pulse 
of 10 usec. Varnerin’ reported his results for hydrogen 
recombination to be somewhat similar. He found a con- 
stant recombination coefficient at pressures between 
30 and 50 mm Hg, but a changing recombination coeffi- 
cient below this pressure rising from 3X10~? at 3 mm 
Hg to 2.5X10~* at 30 mm Hg. Varnerin paid much 
more attention to purity, diffusing his hydrogen through 
hot palladium and baking his discharge tube thoroughly 
to outgas it. He used a discharge pulse of 1 usec. 

All of these determinations fall into the following 
pattern: The more carefully the purity of the gas is 
controlled, the lower the coefficient. At higher pressures 
(where collisions with impurities are more likely) 
the coefficient is higher. At low pressures, the shorter 
the discharge pulse (less contamination from the walls), 
the lower the coefficient. The criterion for electron-ion 
recombination used by all of these workers was the 
linear relation between the time and the reciprocal of the 
electron density. Characteristic of all of these cases 
also was the fact that the time range within which the 
recombination process was measured was less than the 
fundamental diffusion decay time. All of these facts, 
coupled with the results of the present investigation, 
support the conclusion that the previously measured 
recombination coefficients in hydrogen were not values 
characteristic of the pure gas. 








PHYSICAL REVIEW VOLUME 


100, 


NUMBER 2 OCTOBER 15, 1955 


Relative Stopping Power of Various Metals for 20-Mev Protons* 


Cc. 7. 


Sonett? anp K. R. MacKenzie 


Department of Physics, University of California, Los Angeles, California 
(Received May 9, 1955) 


The stopping powers of Ni, Cu, Cb, Pd, Ag, Cd, In, Ta, Pt, Au, and Th, relative to Al were measured 
using the 20.6-Mev external proton beam of the University of California at Los Angeles cyclotron. The 
measurements were made with sufficient precision so that a graph of InZ vs stopping power/electron relative 
to Al showed some fluctuations from a linear relationship. For Th the value differs by 2.6% in the direc- 
tion found by Kelly and by Teasdale. The results are compared with the data compiled by Lindhard and 


Scharff 


I. INTRODUCTION 


NTEREST in the stopping of protons of intermediate 

energies has been limited in the past by the com- 
plexity of the processes involved, and also by the feeling 
that the basic mechanisms were understood. Only re- 
cently' have attempts been made to re-examine the 
validity of the Fermi-Thomas field approximation used 
by Bethe*® and Bloch*® in their quantum mechanical 
derivations of a stopping equation. 

They used a smooth field approximation because of 
the impossibility of evaluating an equation containing 
all likely transition probabilities which would occur in 
the scattering of atomic electrons by an incident charged 
particle. 

However it might reasonably be expected that the 
smoothly varying value of stopping power per electron 
would show fluctuations in value as one examined neigh- 
boring elements. In particular such an effect might be 
expected to be enhanced whenever the wave functions 
for outer electrons change radically, as when passing 
from a transition element such as Ni to the normal 
electronic configuration of Cu. Changes in wave func- 
tions will also occur as the phase of the stopping sub- 
stance is changed. For example, one would expect the 
stopping power of gaseous Ni to be different than that 
for Ni in the solid state, the band structure modifying 
the wave functions and consequeutly the transition 
probabilities 

It also might be expected that since transition proba- 
bilities also depend upon level densities, the effect of 
changes in outer electronic configuration would be many 
times more important than one would estimate on the 
basis of an arithmetic average over all electrons in an 
atom; i.e., outer configuration changes would affect 
stopping power per electron disproportionately 

In view of these expected variations it was planned to 
measure the stopping power of adjacent foils, insofar as 


practical, and to make the measurements with the ut- 

* Supported by the joint program of the U. S. Atomic Energy 
Commission and the Office of Naval Research 

+t Now at the Ramo-Wooldridge Corporation, Los 
California 

' J. Lindhard and M. Scharff, Kgl 
Mat-fys-Medd. 27, 15 (1953 

?H. Bethe, Ann. Physik 5, 325 (1930 

* F. Bloch, Z. Physik 81, 363 (1933 
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most care. This latter was essential, since all previous 
experiments of this type have shown that such fluctua- 
tions would necessarily be less than one percent, where 
fluctuation will henceforth be defined as the difference 
between the actual value of stopping power and that 
found from an arithmetic fit to all the data obtained in 
this experiment. It should be noted that the results are 
relatively insensitive to the mode of description since 
differences between adjacent elements are of prime 
interest. 


Il. METHODS AND INSTRUMENTATION 


The source of charged particles for this experiment 
was the external proton beam of the UCLA synchro- 
cyclotron. The beam energy was 20.6 Mev with a spread 
of +0.2 Mev at half maximum. The intensity was ap- 
proximately 10~ ampere as measured through a }-in. 
diameter collimator placed 12 feet from the magnet. 

Since fluctuations in stopping power can be measured 
as accurately in a relative stopping power experiment as 
in an absolute experiment, it was necessary only to 
compare the test metals to some standard, which in the 
case of this experiment was Al. The cyclotron beam was 
first passed through a collimator and then through the 
test foil, after which it entered a double Faraday cup 
which is described below. When balance had been 
achieved so that each half of the Faraday cup received 
equal current, the test foil was removed and an Al 
standard inserted. The Al was then rotated about an 
axis perpendicular to the beam so as to increase its 
effective thickness until its stopping power was equiva- 
lent to the previous test foil. The equipment placement 
is shown in Fig. 1. 


Faraday Cup 


The Faraday cup was composed of two collectors, one 
inside the other. The beam entered the first (outer) 
collector and, if the energy was sufficient, it passed 
through an absorber placed in the cup and then on to the 
second (inner) collector. When the energy of the beam 
was properly adjusted the absorber was of precisely the 
mean range and half the beam was collected on it and 
therefore in the first collector. This constituted a very 
sensitive range device when the currents to the two 
collectors were compared. 
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A magnetic field was placed across the Faraday cup 
so as to eliminate electron emission from the entrance 
window, and charge exchange between the two halves of 
the Faraday cup. Comprehensive tests were made which 
showed that the effects of secondary electrons and ioni- 
zation currents were negligible. 

During the course of the experiment, extra absorbers 
were always placed in the beam between the foil being 
tested and the Faraday cup. These were of such a 
thickness that the straggling energy spectrum was 
always centered at the rear edge of the Faraday cup 
absorber. 

A difference amplifier was plugged into the end of 
the Faraday cup and the amplified signal was then 
brought out to the control room where it was read on a 
galvanometer. The sensitivity of this system was such 
that a change of about 5u g/cm? of Al absorber could 
be detected, although in practice a limit of about 20u 
g/cm? equivalent was used, this being a limit im- 
posed by cylotron instability. 

The amplifier used was not stabilized by feedback, 
except in the foil uniformity tests discussed later. It 
was found that in a region of small change of beam in- 
tensity the effect of tube variations was negligible and 
so changing the total beam current by small amounts 
within any one comparison had no appreciable effect. 

A Teflon dielectric condenser shimmed to the correct 
capacity was constructed on the inner rear wall of the 
Faraday cup housing. This capacitor was connected to 
the inner collector and made its capacity the same as 
that of the outer collector, which equalized time con- 
stants thus eliminating transients in the amplifier due to 
sudden beam intensity variations. Figure 1 shows a cross 
section of the Faraday cup. 


Foil Comparator 


It was highly desirable to be able to rapidly and 
repeatedly compare any test foil with its standard. This 
was accomplished by mounting a sliding frame in steel 
ways, the frame containing both a test foil and its 
standard. The frame was driven by a pneumatic piston 
actuated from the cyclotron control room, allowing 


TaBLeE I. The surface densities.and stopping powers 
relative to aluminum. 


Mass stopping Stopping power per 
power relative to electron relative to 











. ; aluminum (aver- aluminum (aver- 

Surface density mg/cm* age of groups age of groups 
Metal GroupA Group B A an A and B) 
Ni $5.72 56.13 0.859+0.004 0.868 +-0.004 
Cu 26.75 27.56 0.836+0.006 0.883+0.006 
Cb 32.26 32.05 0.76640.004 0.837 +0.004 
Pd 60.20 60.82 0.720+0.006 0.805+0.006 
Ag 54.32 54.71 0.7174-0.006 0.793+-0.006 
Cd 19.77 19.56 0.714+0.004 0.806+0.004 
In 50.46 54.62 0.707 40.010 0.79824-0.010 
Ta 86.3 91.98 0.607 +0.006 0.72540.006 
Pt 117.8 117.2 0.590+-0.012 0.71240.012 
Au 95.95 94.65 0.588 20.006 0.7084-0.006 
Th 67.42 0.581+0.006 0.723+0.006 
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either of the foils to be placed in the beam. Since it was 
impossible to make up Al standards of stopping power 
exactly equivalent to the metals tested, they were 
always made of less thickness and were turned so as to 
increase their effective thickness. By this means exact 
relative stopping power could be found. The angle of 
turning was also set from the control room by means of 
selsyns. 
Foil Preparation 


Each metal used was assayed spectrographically to 
determine the impurities and in each case these were so 
small as to have an affect upon the experiment of less 
than 0.1%. Small triangles approximately three 
square inches in area were cut out of a sheet of each 
metal. These were washed in ether, dried, weighed, and 
the areas found by measuring the lengths of the sides 
with an optical comparator to +0.2 mil. The surface 
densities found for two complete sets of foils varied 
from 19 to 117 mgm/cm? and are listed in Table I. The 
measurements were repeated as a check after the ex- 
periment was completed. The same process was applied 
to a large number of Al foils of } mil and 1 mil thickness 
and these were then made up into standards, each test 
metal having its own Al standard. In a few cases the 
test foil thickness were such that the energy losses could 
be directly compared. These served as convenient cross 
checks. 

The accuracy of the experiment is dependent on the 
uniformity of the foils which was measured in the follow- 
ing way. Each foil was placed in the beam (collimated to 
1_in. diameter) and scanned for variations in thickness. 
This was done by mounting the foil in a ring which 
rotated with a three-second period and could be offset 
by different amounts from the beam center. A polar scan 
resulted and an estimate of variation in thickness was 
thus found. 

The aluminum standards showed no measurable vari- 
ations when scanned. They were also compared to each 
other in the beam in order to check the determination of 
surface densities found by weighing and measurement of 
areas. These values of relative stopping power agreed 
in general to better than 0.1% with the directly deter- 
mined values. 
te Many elements were omitted from the experiment 
because the nonuniformity was such as to render the 
data of no interest. 
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Fic. 1. Equipment arrangement showing differential Faraday 
cup. Potentials could be applied to the electrode ahead of the first 
cup to investigate the effect of residual gas ionization, secondary 
emission, etc 
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Ill. RESULTS AND DISCUSSION OF ERRORS 
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orrected fora | >» scattering range correction‘ 
as well as being broug! col t er , the energy 
loss being different for the various metals tested. The 
relative values of stopping power per electron were com- 
nuted from these yrrected values of relative mass 
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A further correction was necessary bec: 
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width and so the correction was never large 


correction was sensitive 
to 


an ion chamber and electrometer. The error in making 


essary 
continuously monitor the beam. This was done with 
this correction was estimated as not in excess of 0.1% 
rhe assignment of other errors was made on the fol- 
foil surface 

for all foils; (2) measurement of Al 
0.1°),; (3) an error arising 
as mentioned above from different straggling 
and caused by inability to always operate at the balance 
point, or mean range—0.1°) maximum; (4) measure- 
ment of the angle through which the standard foil was 


lowing basis: (1) measurement of test 
0.1%; 


standard surface densities 


densities 


widths, 


«R. Mather and E. Segré, Phys. Rev. 84, 191 (1951 
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rotated (the angle was measured on each side of zero)- 
0.1%; (5) measurement of foil uniformity was the most 
uncertain quantity. Nothing was noted in the scanning 
procedure except a simple periodicity (in one case a 
variation of 6%) which was presumably caused by a 
wedge-shapedness of the foils, a characteristic which is 
common to foil which is formed by a rolling process. 
The wedge shape might have been ignored to a first ap- 
proximation as the measured values of surface density 
were based upon approximately equilateral triangles 
whose centers, in the relative stopping power experi- 
ment lay on the axis of the beam. All the errors were 
added rms-wise and are indicated in Table I. Since the 
errors are of the order of }#% it follows that the major 
fraction must be attributed to foil nonuniformities 

In Fig. 2, the values of the stopping power per elec- 
tron relative to aluminum are plotted versus InZ and 
deviations from a straight line are seen. These take the 
form of fluctuations rather than a smooth departure. 
The most noticeable deviations are for Ni, Cu, and Th. 
In the case of Ni and Cu there is a temptation to associ- 
ate the deviation, if real, with the marked difference in 
the outer electronic configurations of Ni and Cu. 

In the case of the other fluctuations, it is felt that they 
are not large enough so that anything but a trend may 
be spoken of. For Th the deviation is marked and agrees 
in sign with that previously reported by Kelly® and by 
Teasdale.* Thorium, being a transition element, could 
be expected to display an anomalous stopping power. 
However, its structure is very complex and it might be 
impossible to predict its stopping behavior. 

It is interesting to note that soft x-ray data (emission 
spectra of band electrons’) does not agree with the pres- 
ent measurement which shows that the stopping power 
per electron is less in Ni than in Cu. This is based on a 
very crude estimate of the mean ionization potential 
he band structures of these elements, and as Ni 
have a lower mean potential, it would neces- 


lor 


appears to 
} 


I 
4 


t 
rily have a larger stopping power. 

Lindhard Scharff! have devised a method of 
plotting stopping powers which allows data taken at 
different energies with different incident particles to be 
directly compared.* They have collected most of the 
earlier data on a graph which is reproduced in Fig. 3. 

To this graph have been added the data of Kelly 

37-Mev alpha particles), Teasdale (12-Mev protons), 
the data of the present experiment, and the results of 
Brolley and Ribe.® The first three experiments measured 


™ 


and 


*E. L. Kelley, Phys. Rev. 75, 1006 (1949 

* J. G. Teasdale, Office of Naval Research Technical Report 
No. 3, University of California at Los Angeles, 1949 (unpublished 

7F. Seitz, The Modern Theory of Solids (McGraw Hill Book 
Company, New York, 1940 é 

t Note added in proof.—Recent measurements on other elements 
in a transition region, by a different very tentatively 
suggest variatic possibly due to outer electron configuration and 
solid state structure, much smaller Cu Ni 
anomaly. 

® Described also in review article by S 
Revs. Modern Phys. 25, 779 (1953 

* John E. Brolley and F. L. Ribe, private communication [Phys 
Rev. 98, 1112 (1955 
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relative stopping power, so the point for Al has been 
arbitrarily put on the straight line which represents the 
Bloch equation J = kZ, The data of Kelly could be fitted, 

although not very well, to the curved line by placing 
the Al point on this line, but if this is done for the data 
of Teasdale, the fit is rather bad. Since the point for 
Al falls at about the junction of the curved and straight 
lines for the data of this experiment, there is no pos- 
sibility of fitting the curve in any other way than shown. 
There is evidently considerable disagreement with 
earlier data. The dip in the curve drawn through the 
earlier experimental values was assumed to be due toa 
velocity dependent effect. The present experimental 
results suggest that such an effect is not significant at 
proton energies over 12 Mev, and that stopping powers 
can be represented more closely by the Bloch equation. 

The absolute stopping power of several gases has been 
recently measured by Brolley and Ribe’ using 8.86-Mev 
deuterons from the Los Alamos cyclotron. The data fit 
a line of the same slope as the data of the present experi- 
ment, but the stopping power per electron for each 
element is somewhat lower. On the assumption that the 
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and Th by Teasdale; 


high-energy portion of the curve of Lindhard and 
Scharff is correct on an absolute basis (data of Bakker 
and Segré and Mather and Segré),’° the separation be- 
tween these two parallel lines might be interpreted as 
an indication of a difference the solid and 
gaseous state. However, the difference becomes quite 
small if the data of the present experiment are nor- 
malized to the Al point of Sachs and Richardson" ” 
determined with 18-Mev protons in this laboratory. 
This is the highest point (x= 54), to be located on the 
curve of Fig. 3 by direct measurement of energy loss, 
and is considered by Sachs and Richardson to be con- 
siderably more accurate than their data for the heavier 
elements where the effects of straggling and multiple 
scattering are more pronounced. 

The authors wish to thank Mr. Steve Plunkett, 
Mr. George Jones, and members of the cyclotron staff 
for assistance during the course of the experiment. 
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An analysis of the experimental results on the annihilation of positrons in condensed materials is sug- 


; 


gested, differing from that recently published by Dixon and Trainor. Considerations are offered which 


make it seem unlikely that excited states of positroni 


materials is explained in terms of the formation of 
materials is interpreted as having a cor 


temperature effect of the long lifetime, the angul 


juctors are discu d 


N the past three years, considerable experimental 


annihilation of positrons 
In a recent paper, Dixon and 


Trainor’ have offered an interpretation of the phe- 


work has been done on the 


in solids and liquids. 


nomena in question in terms of the formation of 


excited states of positronium. In the present note, 
I should like to call attention to serious difficulties in 
their interpretation, and to suggest an alternative 
analy sis 

Dixon and Trainor’s explanation, in terms of an 
excited 2s state of positronium, of the long (Te life- 
time found in molecular materials faces two difficulties: 
(i) the (the 
particle distance in free 2s positronium is ~6.4 A°® 
1.7 ev for 2s and 2p) make it 
seem unlikely that such states could exist in condensed 


large size of excited-state orbits mean 
, and 


their weak binding 


materials, and (ii) if excited states did exist, they would 
certainly not possess the spherical symmetry needed to 
ensure a sufficiently long lifetime. It is shown in the 
appendix that an initial s-state would very quickly 
become admixed with p-states, which would then be de- 
excited to the 1s state by collision in a time short 
compared with the annihilation lifetime. Another possi- 
bility is, of course, the radiative decay of the p-state. 
This has a lifetime 3x 10-~ second, and is therefore 
less important than de-excitation by collision. 

Dixon and Trainor correctly point out, in their 
appendix, an inconsistency between the relative in- 
tensities of the two components and the corresponding 
lifetimes, on the basis of a model which allows for 
decay of positrons only in positronium, with the possi- 
bility of conversion frbm triplet to singlet 1s state. 


his 


recourse to 


difficulty can, however, be removed without 


the hypothesis of excited states, if 
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5 triplet positronium, 


n play a significant role. The long lifetime in molecular 


while the short lifetime in these 
The frequency of three-quantum annihilation, the 


ar correlation of the y rays, and annihilation in super 


admitted that not all positrons decay while bound to 
electrons. 

Before discussing the processes leading to the two 
lifetimes, let us note the fundamental difference be- 
tween the substances which exhibit the long lifetime 
and those which do not. The latter class of substances, 
whether they are insulators or conductors, is charac- 
terized by the presence of valence binding. The electrons 
are described by Bloch wave functions extending 
throughout the crystal]. The substances in which the 
long lifetime appears are molecular materials, either 
crystalline or amorphous. The motion of electrons takes 
place predominantly only within molecules, which are 
held together by weak van der Waal’s forces. The 
situation in these materials should then be similar to 
that in inert gases, except, of course, that the density 
is that characteristic of a solid. 

In the case of metals and valence crystals the fact 
that the lifetime is fairly independent of the particular 
substance does not necessarily indicate, as assumed by 
D.T. and by Bell,"® that the lifetime must be explained 
only in terms of positronium formation. In fact, as was 
pointed out in D.T., the lifetime is several times shorter 
than would be expected of positronium, since only 
singlet positronium has short lifetime and rapid singlet 
triplet exchange must be assumed. It seems likely, 
therefore, that whether or not positronium is formed, 
the polarization of the wave functions of unbound 
electrons must make an important contribution to the 
shortening of the decay lifetime. It is interesting to 
note that the work of Green and Stewart® on the 
angular correlation of the emitted y rays is consistent 
with the picture of annihilation of the positrons by free 
electrons. It is quite conceivable that the net effect of 
the polarization will be largely determined by conditions 
in the immediate neighborhood of the positron and 
therefore be more or less independent of the substance. 

In the case of molecular materials, a considerable 
proportion of positrons should survive the process of 
successive electron capture and loss and ultimately 
annihilate when free. Actually, the generally longer and 
more variable lifetime of the short (r,;) component in 


“ R. E. Bell in Siegbahn, Bela- and Gamma-Ray Spectroscopy 
(Interscience Publishers, Inc., New York, 1954), p. 686. 
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these materials suggests that the decay is not exclusively 
that of singlet positronium. So, in fact, does the in- 
tensity ratio of the two components. When electrons 
are captured in 1s positronium at sufficiently low 
energies (<10 ev, say), this positronium will predomi- 
nantly be elastically scattered in successive collisions 
with the molecules of the substance, which represent 
closed-shell configurations. If this positronium is singlet, 
it will have a lifetime ~ 1.2 10~-" sec. To this contribu- 
tion to the short life would be added that of the free 
positrons, as well as positrons chemically combined 
with the molecules of the material. In addition to 
being somewhat longer, this contribution should be 
expected to show some variations from one material to 
another, though polarization effects would make these 
variations proportionately less than the variations in 
electron density. 

The experiments are not inconsistent with the view 
that the short lifetime has a complex origin in molecular 
materials. 

The long (72) component in molecular materials 
should then be associated with the formation of 1s 
triplet positronium. Its decay is probably due to 
“pick-off annihilation” as suggested by Dresden"; that 
is, annihilation during collision with an appropriately 
oriented electron on a target molecule. 

The following comments are offered on other par- 
ticular aspects of the problem: 


THREE-QUANTUM ANNIHILATION 


As shown by Graham and Stewart,‘ the three- 
quantum yield follows naturally from the assumption 
that the rz component is associated with the formation 
of triplet 1s positronium. D.T.’s explanation of the 
three-quantum counting rate in molecular materials 
depends on the assumption of a rather rapid triplet 
singlet conversion rate in these materials. However, at 
low energies rapid conversion is not possible. Ore” has 
shown that direct conversion has very long lifetime 
(210-5 sec). The only other possibility is that of elec- 
tron exchange. However, this would involve a spin-flip 
of an electron on the target molecule. Since the ground- 
state is a closed-shell configuration, this can only be 
accomplished by excitation of the molecule to a higher 
electron state with spin 1. This will require considerable 
excitation energy, and so will not take place in slow 
collisions. 

The results on three-quantum annihilation are con- 
sistent with the assumption of slow conversion, annihila- 
tion taking place by a process such as that of “pick-off” 
mentioned above. 


THERMALIZATION, TEMPERATURE EFFECT, AND 
ANGULAR CORRELATION OF y RAYS 


With regard to the temperature effect on the r+ life- 
time observed by Bell and Graham (lengthening of 


~ HM. Dresden, Phys. Rev. 93, 1413 (1954) 
# A. Ore, Naturvitensk. rekke, Universitetet i Bergen 12 (1949). 
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lifetime with increasing temperature), both the dis- 
cussion of D.T. (“loosening” of 2s states due to thermal 
excitation) and that of Bell and Graham (increase in 
number of collisions) assume thermalization of the 
positronium. Although the thermalization time would 
be very difficult to estimate, it is by no means certain 
that it is shorter than the lifetime. At energies high 
enough to excite electronically the molecules of the 
substance, inelastic scattering with fairly large energy 
loss (~volts) may take place. At somewhat lower 
energies, inelastic collisions involving vibrational excita- 
tion are possible, and at all energies there will occur 
slight energy losses due to elastic collisions. It should be 
noted that, neglecting electron exchange, these processes 
must be second-order ones. For the Coulomb forces 
acting to produce the collision are antisymmetric in 
exchange of positron and electron, whereas the initial 
and final wave functions are symmetrical. Scattering 
takes place therefore only through the agency of inter- 
mediate states (e.g., 2p) of the positronium. 

A rough estimate of the probability of inelastic 
scattering with vibrational excitation may be made as 
follows: the scattering potential is roughly the variation 
in the potential of the atoms of the molecule over the 
zero-point oscillations of the atoms. The amplitude of 
oscillation of the atoms is (h/2wM)!, w being the vibra- 
tional frequency and M the atomic mass. If the mean 
gradient of the atomic field is @ ev per A, the mean 
perturbing potential of a particular atom is then 
H' =0.052/(E,A)' ev, A being the nuclear mass of the 
atom and E, the vibration energy in volts, the signs 
depending on whether it acts on electron or positron. 
It will be noted that this will be much smaller than the 
potential involved in elastic scattering, which is ~é. 

The cross section will therefore be less than the 
corresponding one for elastic scattering by a factor 
= (0.05)'/E,°A*. In most cases E,~0.1-0.5 ev. With a 
reasonable assumption for the elastic cross section, this 
mechanism will make a negligible contribution. 

In the case of electron exchange, in each case a first- 
order scattering is possible. The small amplitude of 
oscillation of the atoms is then less effective in cutting 
down the inelastic relative to the elastic cross section 
[ratio~ (0.05)*/E,A ]. However, the increase in inelastic 
cross section due to the presence of a first-order matrix 
element is at least partially compensated by the fact 
that this matrix element is of the overlap type and is 
therefore substantially smaller than that for a direct 
scattering process. 

Consider a case which is particularly favorable for 
slowing-down—that of ice. The main agency for energy 
transfer will be collision with the hydrogen atoms. 
There are about 6X 10” of these per cc. The velocity 
of a positronium atom of energy E ev is ~0.4 4/E 10° 
cm/sec. If we consider a process with a cross section @, 
the probability per unit time of that process is 2.4 4/E 
10”¢, or the probability that it takes place in 10 sec 
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is 2.4 4/E 10*'c. According to Massey and Mohr,” the 
exchange elastic scattering cross section on hydrogen 
should be xrao*f=0.9f 10-'* cm? where f is a small 
number of order unity. Therefore, there will be many 
ihilation. However, in- 
should 

happen less often by a factor (0.05)*/E,. Possible E,’s 
for HO are 
It is evident that this process is of such an order of 


elastic scatterings before anr 


elastic scattering with vibrational excitation 


0.2 ev or ~0.45 ev 


probability that more careful calculations would be 
necessary to establish whether or not it would, in 10~* 


sec, lower the positronium energy below the threshold 


of E, in the substances in question. This is particularly 
the case since the use of Born approximation would 
overestimate the cross sections, and the case considered 
(ice) is the most favorable for slowing down. 

Below the 
with whole molecules are possible. If the molecule has 


lowest energy E,, only elastic collisions 
mass A’ 
will be 4/1840A’. Reduction of the energy by a factor 
of 10 (e.g., 


constant 


the mean fractional energy loss per collision 


from 0.25 ev to 0.025 ev) would, assuming 
take a time 1840A’/4Noot 
number of 


cross section do, 
vo being the thermal velocity and N the 
molecules per unit volume. If ¢ 
2.9 10°A’. For the most favorable case of 
2x10~"*, 


Again, it appears that thermalization might just be 


10~° sec this would 


mean .Vo 


ice, this implies o¢ 


possible in the favorable case of ice at ordinary tem- 


peratures, but it is less likely in substanc 


es with heavier 
molecules, or at lower temperatures. 

It seems, therefore, that a discussion of the tem 
perature effect based on the assumption of thermaliza- 
tion of positronium is open to question. An alternative 


explanation is the may be assumed that 


following: it 
1 
i 


positronium moves adiabatically in the nuclear poten- 
tial, and should thus be found with highest probability 


in the larger interstices, near the potential minima 
larger 


Since, with greater molecular motion, some 


molecular separations appear, the positron 


intensity 
will be enhanced in these intern erate Oil aA satan 
will be enhanced in these intermolecular “holes where 


the intensity of molecular electrons is least, ‘pick-off 
is less likely and the observed tempera- 


ght be expec ted 


annihilation” 
ture effect mi 

In connection with the question of thermalization of 
positronium in molecular materials, attention should be 
drawn to the experiments on angular correlation of 
annihilation y rays in these materials by Page, Hein- 
berg, Wallace, and Trout,’ who found a very narrow 
component, indicating an energy of the mass center of 
the annihilating pair of one volt or less, which accounted 
for about 20°; of all decays. If in fact positronium is 
not thermalized, this might be attributed to a com- 
ponent of the short lifetime 
would be to associate it with the decay of positrons 


have, after slowing down, 


An attractive hypothesis 


which become bound to 


molecules of the substance 


SH. S. W. Massey and ( O. Mohr, Proc 


(London ) 67, 695 (1954). 


Phys. Soc 
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ANNIHILATION IN SUPERCONDUCTORS 


Stump and Talley® found a lengthening of the life- 
time of positrons in superconducting lead, as compared 
with ordinary lead. D.T. attribute this to the tendency 
of superconducting electrons not to exchange energy 
with impurities, so that 2s positronium, once formed, 
can be maintained. However, it is difficult to see why, 
if superelectrons do not react with positronium, they 
should not be indifferent to slow positrons as well, 
with consequent inhibition of positronium formation. 
In fact, such a conclusion is also suggested by the 
supposed low effective mass of superelectrons. This 
failure to attract electrons would itself give rise to a 
lengthening of the lifetime 


APPENDIX 


We shall first assume the possibility of 2s positronium 
in a molecular solid, and estimate roughly the proba- 
bility that it is transformed to the 2p state during 
scattering. Using Born approximation, this proba- 
bility is 


p(E 


ind the in 


is the density of final states per unit solid angle 


tegration is over final directions. 


1 43 
bo) PRa*o. 


and 


Here k, k’ are the 


vectors of the positronium, ¢ 


) 


initial final wave-number 
and ge», the positronium 
nd the 2p state with 


vector specifying the 


fun¢ tions for the s state a 


R is the 


mass of the positroniun 


wave 
axis Mm, respectively: 


r of and @ the position 
vector of electron relative to positron. The initial and 
final wave functions are normalized to unit volume, 


and V is 


field of a scattering molecule. For a rough approxima- 


the potential of the electron in the Coulomb 
tion the effect of the Pauli principle on the electron is 
ignored. 
If W(K) is the 
} 


integral is easily shown to be 


Fourier transform of V(r), this 


cos(n,K), 
1 4 


where do is the Bohr radius, and (n,K) is the angle 
between the axis of the p-state wave function and the 
vector K= k—k’. 

Summing |y)|? over all possible orientations of the 
p-state wave function, the cosine term will drop out. 
We may also average over all orientations of the 
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molecule, i.e., replace | W(K) |? by 


1 
: f W(K)!*dQx (4) 
4dr 


Using the Fourier integral expression for W(K) this 


yields 
sink |r—r’ 
] f V (r)V(r'’) d*rd'r’. 
K r-—r’ 


We may, for purposes of rough estimation, ignore con- 
tributions from Kr Because this will in- 
volve an underestimate, we can replace the sinK | r—r’ 
K\r—r’!| by unity within these limits. But | 6K*a,° 
(K*ao?+-1)*|? contributes significantly only in the range 
0.4< Kag<1.4. Thus, if |r—r’| < (x/2)(ao/1.4), over 
the whole significant range of K we may write approxi- 


I -f V(r) V (r')d*rd*r’, 


the integral being taken over the limits of [r—r’ 
indicated. We shall neglect contributions to 7 from 
larger |r—r’!. Then, without specifying the details of 


V(r) we see that 


r’|>x/2. 


mately 


v4 ward ; 


where V is the mean molecular potential, Vy the 
volume of the molecule. 

To obtain the total probability per unit time 1/7, 
for scattering from a 2s to a 2p state we then multiply 


(1) by 1/V 4, the number of molecules per unit volume, 


1 mk 36K ®ay® 
V°xa¢? J dQ. 
4’ fi? K*a,?+1)® 


To do the integral over direction, we use the fact that 


and get 


cos@) 


K%a9?= 2k?a,7(1 


2(E/Wo)(1—cos@) = 2n(1— cosé 
W being the energy of the 1s state of positronium. For 
n=1, the integral in (6) is approximately 9x/35n. 
Thus, finally, rye 

9 TPT 


280m! W h 


This gives a time of the order of 10-"*-10~ sec. 
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Consider next scattering with de-excitation from a 2p 
state to the 1s state. The matrix element is similar to 
that of (2), except that ¢2,(o) is replaced by ¢1,(p), 
and in addition |k’| is no longer equal to |k| since 
energy is gained on collision. On evaluating we find 


_ _ 24c08a Kao 
iW (K) —_—-— 


y'(k,k’) . 
v2 (K*a,*+8/3)' 


(8) 


a being the angle between K and the axis of the 2p 
wave function. Averaging |y’|? over all possible direc- 
tions for this axis, we can replace cosa by 1/V3. This 
time k’?=k*+(4m/h*)2Wo or k%ao?=k*ag'+ 3, from 
which it follows that 
K*ao?= 2n-+ §—2[n(n+ 3) }! cosé. (9) 


The range of Kao over which (Kao)*/(K%ao?+-8/3)® has 
significant values is comparable to that of the previous 
calculation; by similar arguments therefore 


s 1 mk’ 964A 249° 
V*rag? [ dQ 
h de? fh? J (K*%ao?+8/3) 


approximately. The integral can be evaluated, and 
yields 


(10) 


8x =| (77/4) +30n—30[ n(n +2) }! 
le 


i 


41/12)+-2n—2(n(n+-}))*}* 


(77/4) + 30+ 30[9(n+34) }! 


(11) 


[ (41/12) +2n+-2(n(n-+3))* | 


This expression varies with 9, though not too rapidly 
in the interesting energy range (n~1). Writing } of 


the curly bracket as F(n) 
ie A we | 


F(n) 
r’ \ n Wo h 


(12) 


At n=1, F(n)=0.0114, so that the mean time for this 
transition at this energy is about three times that for 
2s—2p conversion, and is therefore still very short 
compared with the lifetime 
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Magnitude of the Splitting of the Lowest Level in Chromium Alum* 
Paut H. E. Mewer, Duke University, Durham, North Carolina 
AND 


|, Kamerlingh Onnes Laboratorium, Leiden, Netherlands 
Received May 31, 1955 


This note contains the results of a recalculation of the lowest energy levels of the chromium ion in 
chromium potassium alum. After diagonalization of the Hamiltonian of the electric field, the spin-orbit 
coupling is introduced and the spin Hamiltonian of the lowest level-calculated by a formal method. The 
numerical value differs from those published previously. The result is a different value for the parameter a 


radiai average 


HE energy difference between the two doubly _ solve the equation: 
degenerate states of the lowest level in chromium 


, . 4 . . (9..+-9,..)\U=S VTE S| on’ 

alum can be expressed as: 6=cA\?/(hy.)*, where d is the Pel Tso 2 LEM mbm 

spin orbit coupling constant; hy, =15Q the distance 

bical field, 
d 


; ; : + (im! Do! jm’) WU jm = EU. (2) 
between the levels I’, and I’, due to the cu =v 4 

’ r 4} ee ] ‘ 

e strength of the cylindrical he The degeneracy of the level 7 is not lifted in the first 

- approximation, so we make a transformation of the 


ing of I's, 


ad f » th dial wages af » yan , é . ; . 
and Q are the radial averags © state vector U = (expS)V resulting in the Hamiltonian: 


nts a and Q in the Hamiltonian of the electrical 


Q(r){(10)(V 2—Y¥, 7)'¥ e}+a(r) V2. 
The condition to remove the first-order perturbation 
9,.+/ 94,5 ]=0 determines S. Substitution in the 


second-order terms in (3) gives: 


numerical constant c has been found to be 152/9 

: expand “ae 

ion, about twice Van Vleck’s' value. 

[his has some influence upon the results quoted by 
ye a. ' 


Weiss.’ The value of @ is practically unchanged, 
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Liquid Helium Vapor Pressure Equation 


J. R. Crement, J. K. Locan, anp J. GArrney 
United States Naval Research Laboratory, Washington, D. C. 


(Received May 27, 1955) 


An empirical equation for the vapor pressure of liquid helium has been developed. This equation is valid 
throughout the entire range of temperatures below the critical point, and is in accord with the latest avail- 
able data on the vapor pressure to within about +0.002°K. 





HE problem of representing the vapor pressure of 
liquid helium by analytic functions has been 
solved in the past by means of three empirical equations, 
one valid in the temperature range below the \ point 
(2.17°K), a second valid between the A point and the 
normal boiling point (4.22°K), and still a third between 
the boiling point and the critical point (5.20°K).' In 
1948 a table, prepared at the Kamerlingh Onnes 
Laboratory in Leiden, giving the vapor pressure as a 
function of temperature was adopted as the definition 
of an “agreed” scale which all cryogenic laboratories 
should use in reporting data.? The accuracy of the data 
in this table had already been questioned some two years 
prior to its adoption.** Extensive research during the 
past two years®-"° has demonstrated beyond question 
that there exist small, but significant, differences be- 
tween the 1948 scale and the true thermodynamic scale 
(~0.01° at 2.2°K and ~0.02° at 4.9°K). A recent 
examination of the 1948 scale by the authors" further 
verified these major errors and, in addition, revealed 
point-to-point roughness in the scale itself. In par- 
ticular, some rather large and abrupt changes in slope 
of the 1948 scale were found, the most notable of these 
occurring near the \ point, near 2.8°K and near 4.2°K. 
During the course of the authors’ investigation of the 
1948 scale, the derivative of the logarithm of the vapor 
pressure with respect to reciprocal temperature (d InP, 
dT~') was calculated, directly from the 1948 scale at 
first and subsequently from thermodynamic data. 
These data were found to fit the following empirical 
function rather well over the entire temperature range 


below the critical point, 

—d\lnP/dT A+BT+CT*—D tan"(aT-—§8), (1) 

1W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
Amsterdam, 1942), Chap. IV. 

?H. van Dijk and D. Shoenberg, Nature 164, 151 (1949 

3 J. Kistemaker and W. H. Keesom, Physica 12, 227 (1946) 

4 J. Kistemaker, Physica 12, 272 (1946) 

* R. A. Erickson and L. D. Roberts, Phys. Rev. 93, 957 (1954) 

* Worley, Zemansky, and Boorse, Phys. Rev. 93, 45 (1954 

7 R. Berman and C. A. Swenson, Phys. Rev. 95, 311 (1954) 

*W. E. Keller, Phys. Rev. 97, 1 (1955 

*W. E. Keller, Phys. Rev. 98, 1571 (1955). (The authors are 
indebted to Dr. Keller for an advance copy of his paper.) 

” Corak, Garfunkel, Satterthwaite, and Wexler, Westinghouse 
Research Report 60-94466-5-R1, December, 1954 (unpublished) 

Clement, Logan, and Gaffney, Naval Research Laboratory 


Report No. 4542, May, 1955 (unpublished 


where A, B, C, D, a, and 8 are adjustable constants. 
Integration of this equation yields 


. 


A ( 
InP=I——+B |ln7+-T? 
- fy 2 


) tan~' (a7 —£) 


aD T? 


——In - : 
2(+1) 1+(aT—8s)? 
where 7 is the constant of ‘integration. The constants 
in Eq. (2) were determined from the 1948 scale plus an 
average of all measured corrections with the following 
results: J=4.6202;, A=6.399, B=2.541, C=0.00612, 
D=0.5197, a:=7.00, and 8= 14.14. Pressure, P, is in 
mm Hg (20°C and standard gravity) and —2/2 
<tan~'(a7—) <2/2 radians. 

Figure 1 demonstrates graphically the results. The 
various experimental data points plotted in Fig. 1 are, 
with the exception of the thermodynamic calculation 
of Erickson™ and the isotherms of Keller, an average of 
several individual measurements, all at temperatures 
within about 0.1°, or less, of the averaged temperature 
at which the point is plotted. The rather jagged curve 
drawn in the figure was obtained in the following 
manner. The pressure corresponding to each 0.01° 
temperature interval between 0.66°K and 5.20°K was 
calculated from Eq. (2)." At each of these calculated 
pressures, the corresponding value of 74, was found 
from the “agreed”’ scale. The difference between 7'4 
and the temperature used in the calculation, 7, was 
plotted at each value of T and the individual points 
were connected by straight lines. 

Equation (2) appears to eliminate most of the diffi- 
culties previously encountered in consolidating measure- 


#R. A. Erickson (private communication). A re-calculation of 
the helium vapor pressure scale from thermodynamic data as done 
by Erickson and Roberts in reference 5, using the virial coefficient 
data reported by Kilpatrick, Keller, and Hammel [Phys. Rev. 
97, 9 (1955) ]. (The authors are indebted to Dr. Erickson for a 
tabulation of the numerical results of his calculations.) 

“Values of vapor pressure as given by Eq. (2) have been 
calculated by the Naval Research Laboratory electronic digital 
computer (NAREC) at each 0,005° temperature interval between 
0.6° and 5.3°K, thanks to the kind assistance and cooperation 
of Dr. B i of this laboratory. Copies of these calculations 
may be had by writing to the authors. 
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Fic. 1. Su r) ta on errors in the 1948 liquid helium vapor pressure scale. The jagged curve is the difference between tem- 

Plotted points are measurements of g§ Kistemaker and Keesom,? 
Kistemaker, Erickson and Roberts (magnetic thermometer data of reference 5), ¢ Berman and Swenson,’ @ Keller,’ A Keller’, 
Corak, ef al.,” @ Clemer 1 ind % Erickson.” 


perature as defined by the 1948 scale and by Ea. (2) of this report 
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Single-Crystal Neutron Analysis 
of Tetragonal BaTiO;7 
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(Received August 22, 1955) 


BOVE its ferroelectric Curie temperature BaTiO, 
has the cubic perovskite-type structure with Ba 
on the cell corners, Ti at the center, and O’s on the cube 
faces. In the transition to the ferroelectric tetragonal 
phase, the atoms are freed from symmetry restrictions 
on their z coordinates. With Ba at the cell origin, the 


coordinate parameters may be written: Ba at (0,0,0); Ti 


at (4,3, 4+ dsj); Ox at (4,4,6z01); Oy, at (3,0, 4+-d2011) 
and (0,4, $+4zon). The 6z displacements from cubic 
positions must be known accurately before theoretical 
understanding of ferroelectricity in BaTiO; can be 
achieved. 

The most thorough of the several x-ray attempts on 
this structure were those of Kaenzig' and Evans.? The 
especially careful analysis of Evans finally showed that 
a unique x-ray solution of the problem is not possible. 
Because of the high Ba scattering and the small values 
of the éz’s one is not able to separate the effects of 
coordinate and temperature parameters in the interpre- 
tation of diffraction data. As Evans suggested, the 
structure can be solved with neutrons, however. Here 
the scattering factors do not differ very greatly in 
magnitude. Moreover, they are constant with angle, 
and hence the range of observation may be extended 
without a great loss in intensity and without the prob- 
lem of extending scattering factor curves beyond their 
known range. 

A successful determination of the tetragonal PbTiO; 
structure was recently reported,’ as deduced from a 
combined single-crystal x-ray and powder neutron 
diffraction study. The large tetragonal distortion of the 
lattice (about 6% as compared to only 1% for BaTiO;) 
suggested at the outset that the éc’s might be large 
enough to permit a determination by x-rays alone. After 
arriving at a structure that agreed very well with ob- 
served x-ray data, it was found that the agreement was 
not significantly affected by choosing any of the four 
possible combinations of algebraic signs for the dis- 
placement directions. The large cell distortion per- 
mitted sufficient resolution in a neutron powder pattern 
to obtain data which showed conclusive agreement with 
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only one of the models. This study further emphasized 
the necessity of using neutrons on BaTiO;. Because of 
the small cell distortion, powder methods cannot be 
employed. The availability of good single crystals of 
BaTiO; has permitted a single-crystal study, which has 
resulted in an unambiguous solution of the tetragonal 
structure. 

A c-plate was cut with dimensions 12 mmX2.5 mm 
X0.38 mm, with an a-axis parallel to the length. 
Electrodes were applied to permit unidirectional do- 
main alignment by an electric field during the neutron 
observations (350 volts across the c-plate9200 volts 
cm). Scattering data were collected on about 50 
symmetry-unrelated (HOL) reflections at mean neutron 
wavelengths of 1.063 A and 0.905 A. 

Kaenzig had reported éz7;= 0.014, ds01= — 0.032, and 
ézo1:. = 0. Evans found two structures which gave almost 
equally satisfactory agreement between observed and 
calculated data: (1) dz7;= 0.012, d201 = —0.026, dz01, = 0; 
(2) d27;= 0.015, d20;= — 0.024, 5201, = —0.020. In addi- 
tion to the coordinate parameters, Evans took into 
account nine anisotropic temperature parameters: 2 
each for Ba, Ti, and Oy, and 3 for Oy. He discarded the 
(2) structure because the temperature parameters 
seemed improbable. 

Trial calculations were made based on the above 
structures and the additional models obtained by 
taking all combinations of signs. The correct structure 
appeared to lie somewhere between Evans’ two struc- 
tures. Trial and error calculations were made on this 
basis, and followed by least squares refinement. This 
analysis led to the following coordinate parameters: 
627;= 0.014, b20;== — 0.023, and ézo1= —0.014. Struc- 
ture factors were calculated using these coordinates and 
the following isotropic temperature parameters: Bp, 
=().273, Br,=0.152, Bor=0.334, and Boy=0.267. 
While this structure shows excellent agreement be- 
tween calculated and observed data (reliability index 
=().0296) it is being checked by further measurements 
at high Bragg angles and by observation of (HHL) 
spectra from another sample. 

Using the cell dimensions of Megaw,‘ a=3.995A 
and c= 4.034 A, the neutron results indicate a Ti shift 
of 0.06 A, and opposite O shifts of ~0.09 A for O; and 
—0.06 A for Ox. While at first sight these displace- 
ments are surprising when compared with those in 
PbTiOs, since in that study the Ti and O displacements 
were all in the same direction, a consistent picture is 
obtained if one views the two structures in terms of 
shifts of Ti, Pb, and Ba relative to the oxygen frame- 
work, instead of fixing the origin at the Ba (or Pb) 
position. The shifts are then all in same direction. In 
PbTiO;, the oxygen octahedra are deformed by the 
same amount as the lattice. Pb shifts 0.46A and Ti 
shifts 0.30 A. In BaTiO, there is a small tetragonal 
distortion of the oxygen octahedra over the lattice dis- 
tortion. Depending on which oxygen is “fixed,” Ba 
shifts 0.06 A or 0.09 A, and Ti shifts 0.12 A or 0.15 A. 
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The PbTiO; shifts are much larger than those in 
BaTiO,, but this might be expected from the greater 
lattice distortion and high polarizability of the Pb ion. 

Excellent single crystals for this investigation were 
furnished by Dr. Kohman of the Bell Telephone 
Laboratories, Dr. Karan of International Business 
Machines in Poughkeepsie, Dr. Lefkowitz of the Glenco 
Corporation, and Dr. Jaffe of the Brush Development 
Company. The research has been supported jointly by 
the Brookhaven National Laboratory and contracts 
with the U. S. Atomic Energy Commission and the 
Signal Corps Engineering Laboratories. 

+ Under the auspices of the U. S. Atomic Energy Commission 

* Now a guest at Brookhaven from the Westinghouse Research 
Laboratories ' 
address: Department of Physics, The Pennsylvania 
State University, University Park, Pennsylvania 

1W. Kaenzig, Helv. Phys. Acta 24, 175-216 (1951 

*H. T. Evans, Jr., Technical Re No. 54, Philips Labora 
Inc Hudson, New York, 1952 (unpublished 
Shirane und Frazer, Phys. Rev. 97, 1179 (1955 
‘H. D London) 58, 133 (1946 
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Magnetic Domains in Thin Films 
of Nickel-Iron* 
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( “YONSIDERABLE attention has been given recently 


problem of the magnetic behavior of thin 


to the 
> Measurements of certain of the 
that 


ferromagnetic films. 


magnetic have seemed to indicate 


domain configurations in general depend upon the 


properties 


manner 


‘ 


thickness and the constants of the films in the 
predicted by Kittel, a single domain parallel 
to the film when the thickness is less than a critical 


namely, 


value and domains oriented normal to the film surface 
when this value is exceeded. Direct observation of the 
domain structure in films has apparently been un- 
successful, although an indirect observation by optical 
transmission through very thin films has been reported 
by Konig.’ 

By employing the longitudinal Kerr magneto-opti 
method of domain observation, previously described,* 
we have succeeded in photographing the domain struc- 
ture of an evaporated NiFe film (80% nickel) 5000 
angstroms thick, measuring 1 in.X1} in. on the surface 
Figure 1(A) is a composite photograph of the several 
portions of the complete film surface, the composite 
being necessary because of the rather limited photo- 
graphic field of our Kerr setup. The pattern consists of 
a number of antiparallel, gently curving domains 
several millimeters wide and separated near certain of 
the film edges by dagger-like domains of various lengths. 
There is no evidence of closure domains at any of the 
film edges. By photographing through the microscope 
cover glass which serves as a backing for the evaporated 
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Fic. 1. Composite photographs of the domain configurations in 
the top (A) and the bottom (B) surfaces of a NiFe film 5000 A 
thick. The specimen was turned over about an axis connecting 
the top and bottom corners of the pictures. 


alloy, the Kerr technique has revealed the domain 
configuration on the reverse side of the film, and this 
proves to be a mirror image of the front side when the 
film has been turned over about a longitudinal axis 
(see Fig. 1(B)]. Thus it follows that each domain 
extends completely through the film, as expected. 

The domains are exceedingly sensitive to external 
magnetic fields. Figure 2 illustrates their behavior in a 
portion of the surface as the S pole of a small compass 
needle is brought up to the edge of the film and then 
withdrawn. These three photographs are part of a 
longer sequence which indicates that the changes 
caused by the small field of the perturbing pole occur 
by movement of the domain walls. When the pole is 
replaced by an unmagnetized steel needle, a smaller but 
still significant domain shift is observed. We have even 
observed changes in domain configuration to occur 
overnight, presumably caused by small stray fields in 
the laboratory. 

Investigation of two other films of this material but 
thicknesses of 10000 angstroms and 20000 
angstroms, respectively, showed no evidence of surface 
domains. It is possible that these thicker films contain 
the predicted normal domains, perhaps very much 
smaller in surface area than those of Fig. 1. We are now 
attempting to photograph or otherwise detect these as 
a part of a systematic experimental study of the domain 
behavior in films of this thickness down to those of 
100 angstroms or less, in a controlled uniform magnetic 
field. 


with 
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(A) B 


Fic. 2. Domain behavior in a portion of the film as the S pole 
of a small compass needle is brought up to the film edge and 
then removed. The needle end can be seen at the top of (B). 


The authors are indebted to Dr. R. L. Conger and 
his group at the Naval Ordnance Laboratory, Corona, 
California for furnishing us with the thin film speci- 
mens and for discussions concerning their magnetic 
behavior. 


* Supported by the Office of Naval Research 

1E. C. Crittenden and R. W. Hoffman, Revs. Modern Phys. 
25, 310 (1953). 

2M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1953) 

*W. Reinke, Z. Physik 137, 169 (1954 

‘L. E. Collins and O. S. Heavens, Phil. Mag. 45, 283 (1954). 

*R. L. Conger, Phys. Rev. 98, 1752 (1955). 

* Charles Kittel, Phys. Rev. 70, 965 (1946). 

7H. Kénig, Naturwiss. 33, 71 (1946 

*C. A. Fowler and E. M. Fryer, Phys. Rev. 94, 52 (1954). 


Observation of Quantum Effects in 
Cyclotron Resonance 
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R. C. Frercuer, W. A. YAGER AND F 


Bell Telephone Laboratories, 


Received August 4, 


EW cyclotron resonance lines associated with the 

valence band of germanium have been resolved. 
These are believed to be the experimental confirmation 
of the predictions of Luttinger and Kohn,' who showed 
that, when a crystal band edge is degenerate, a quantum 
mechanical treatment of the cyclotron resonances pre- 
dicts a nonuniform spacing between the lower energy 
levels. Thus, if these levels can be preferentially popu- 
lated by going to low enough temperatures, new 
cyclotron resonances should appear. 

Measurements were made at 23.5 kMc/sec at tem- 
peratures from 4.2 to 1.3°K. For this latter temperature 
the Boltzmann factor, e*’/*”, is 2.5, which should be 
large enough to provide a significant population of the 
lower levels. Carriers of both signs were introduced into 
the germanium lattice by illumination with white 
tungsten light. In order to study holes in the presence 
of much larger electron resonances, a circular cavity was 
used which gave circular polarization. A series of 


THE EDITOR 


measurements was made on three slices cut from a 
single-crystal ingot (8 10" cm~ excess donors) in the 
three principal directions. Final alignment of the sample 
in the magnetic field was accomplished by rotating the 
sample until the appropriate electron resonances 
merged. 

In Fig. 1 there is displayed a reproduction of the 
heavy-hole resonance at both 4.2°K and 1.3°K for the 
three directions. These reproductions represent a 
smoothed-out composite of a number of recorder 
tracings for each case. All the curves are normalized 
to unity at their maximum. As can be seen, new 
resonances appear at 1.3°K which are not present at 
4.2°K in all three directions. In two instances [#m* 
=().332 in the (111) direction and 0.262 in the (110) 
direction ] the extra resonances were also seen at 4.2°K. 
The reason why these have escaped detection previ- 
ously is presumably a combination of too high a micro- 
wave power (possibly raising the average electron 
energy to the high-energy levels) and too short mean- 
free-time (broad lines). 

The resonances with question marks are somewhat 
uncertain because of proximity to other lines or because 
of residual electron lines arising from imperfect circular 
polarization. This latter also causes an appreciable 
effect on the shape and position of the strong line at 
m* = (0.360 in the (110) direction. The extra line in the 
(100) direction at m*=0.593 is unmistakable at 1.3°K 
but vanishes at 4.2°K. No comparable line was found 
in the other directions. 

The light-hole resonance did not display the same 
kind of structure. It was measured to have the values 


Fic. 1. Heavy-hole resonances at 4.2°K and 1.3°K in the three 
major crystal directions using circular polarization. The appear 
ance of extra resonances at the lower temperature is believed to 
be the quantum effect. 
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0.0437, 0.0421, and 0.0425, in the (100), (111), and 
(110) directions respectively, the same at both 4.2°K 
and 1.3°K., Its line width was narrower than any previ- 
ously reported, AH/H=+0.04 between half power points 
at 1.3°K, corresponding to r=3X10~-™ sec. In 
direction, (100), was observed at 
0.057+0.002, down a factor of twenty from 
Although this line did not suffer a large 
change in intensity relative to the main resonance as 
the temperature was varied from 4.2° to 1.3°, it prob- 
ably is also associated with quantum effects. 

rhe ratio of the intensity of the hole resonances to 
the electron resonances has been found to depend 


ly on the sample, the temperature, the micro 


one 
a weak extra line 


m*/m 


the main line 


riticé 
wave power level, and the light 
\ 


intensity. This suggests 


that temporary hole traps are probably present. It is 
believed that these traps may have been responsible for 
earlier failure® to observe hole resonances at 1.3°K. 
Because of the observed electron resonances at 1.3°K 
order 


ilmost an larger 


in this sample have an wr= 80, 


wort! 
measurements: m*/mo=0.1341 
- ().0983 and 0.361 


been 


reporting these 


previously reported,’ it seems 
while 
100) ; 0.0814 and 0.206 for (111 
110 


letern 


lor 
These five measurements form a consistent 
the the 
0.0813+0.002 1.600+.0.008 


ior 


ination of two constants of 


ellipsoid: m, 


energy 
and m, 
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expressed 1 lTat y 
We are indebted to W 
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Cyclotron Resonance in Metals: Bismuth 
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W! have observed the cyclotron 
havior of metallic bismuth at 


that the steady 


resonant e! be 
24000 Mc/se 
under conditions such magnetic field 
aware, this 


made 


> trigonal axis. So far as we are 
1 


was alon 
heerwatinr been 
observations een 


The (00-1 


crystal of bismuth was made to act as part 


is the first time such ave 


successfully on a metal face of a single 


of one wal! 


f a microwave cavity, and our data consist of observa 
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tions of the variation of energy absorbed in the cavity 
at resonance as a function of the dc magnetic field 
applied normal to this wall. Considerable care and 
effort were required to obtain clean, strain-free (00-1) 
surfaces of bismuth. 

The experimental arrangement is diagrammed in 
Fig. 1. A degenerate circular cavity of coin silver in the 


MAGNET POLES 


Diagram of experime try for cyclotron reso 
The cavity can be n back and 

face of the wave guide so that the coupling 
ilar polarizatior 

magnet pole face e oriented ] the ends of the 


the cavity and thus 


ntal geome 


Fic. 1 


nance experiments in bismu 


th oved 
forth across the broad 
window accepts the 
The 


cavity. The sample « 


best approximation to car 


yle ir ne i of 


forms part of th ity wall at the center of this end 

shape of a pillbox was excited from one end through a 
coupling window in such a way as to produce a circu- 
larly polarized field near the axis of the cavity. The 
excitation of circular polarization was achieved by 
proper placement of the coupling window on the broad 
face of a rectangular wave guide, and by the adjust- 
ment of dielectric vanes inside the cavity. The bismuth 
sample covered a hole in the wall at the end opposite 
the coupling window, thus forming the cavity wall in 
an area where circularly polarized radiation impinges 
upon it. A sample of calcium copper acetate hexahydrate 
was in the cavity near the bismuth at all times. It was 
possible to establish 
polarization 


the degree of cir ularity of our 
by observing the ratio of the intensities of 


paramagnetic resonance in this salt when observed 


with the de magnetic field in opposite directions. A 


10 to 1 between the intensities of the 


ratio of at least 
two circular polarizations was maintained in taking 
our data 

rhe power absorption coefficient of our best sample 
varied with the d field as shown 


at 4.2°K. The direction of increased power 


of bismuth magnetit 


? 


in Fig 
in Fig. 2 


absorption was established by observation of the para- 
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magnetic resonance in the calcium copper acetate 
hexahydrate sample in the cavity. The scale of H in 
Fig. 2 extends from 10* gauss in one direction to 10* 
gauss in the opposite direction. There are clearly two 
contributions to the absorption. One is a broad increase 
in absorption as the field becomes more positive, which 
has been dotted in the center of the figure. The other is 
a resonance line of more conventional shape, which 
however reduces the power absorption coefficient in the 
bismuth at its maximum. We associate this line with 
cyclotron resonance, since the increase in conductivity 
associated with such a resonance increases the Q of the 
cavity. We emphasize that careful determination of the 
shape of this line shows that it is not symmetrical about 
zero field. Furthermore, there is evidence that at least 
two lines are present (4 points of inflection). The shape 
of the curve in this low field region is not symmetrical, 
or even the sum of two simple symmetrical lines. In 
fact it seems to vary considerably from sample to 
sample, presumably because of a variation in strain. 
We feel that these results can be interpreted quali- 
tatively in terms of the plane wave analysis developed 
by Anderson? The broad variation in the absorption 
coefficient is of the form expected from the interaction 
of the electromagnetic field and the majority carriers. 
We are able in bismuth to see an unusually large part 
of this curve because the majority carriers here have a 
rather small mass. The resonance line of more conven- 


COEFFICIEN 
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Fic. 2. Absorption coefficient vs dc magnetic field for circularly 
polarized radiation incident on the (00-1) plane of bismuth at 
4.2°K. These data were taken at 24000 Mc/sec. The vertical 
scale is only approximately linear. The magnetic field is normal to 
the (00-1) plane. Zero absorption is somewhere below the axis 
of abscissas. 


tional shape we associate with a group of minority 
carriers which are screened from close coupling with the 
electromagnetic field by the majority carriers. Our best 
estimate from a comparison of our data at 4.2°K with 
Anderson’s results is that the majority carriers are 
holes of mass approximately 0.3 mo and that the center 
of the line associated with minority carriers in Fig. 2 
corresponds to holes of mass approximately m=0.0015 
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mo, where my is the mass of a free electron. These 
masses agree rather well with two of those quoted by 
Shoenberg.* 

The authors wish to thank R. E. Enz for aid in grow- 
ing the bismuth crystals used in this research. 


1 J. Dorfmann, Doklady Akad. Nauk (S.S.S.R.) 81, 765 (1951); 
R. B. Dingle, “Proceedings of the international conference on 
very low temperatures,” edited by R. Bowers (Oxford, England, 
1951); R. B. Dingle, Proc. Roy. Sec. (London) A212, 38 (1952); 
W. Shockley, Phys. Rev. 90, 491 (1953); Dresselhaus, Kip, and 
Kittel, Phys. Rev. 92, 827 (1953); Lax, Zeiger, Dexter, and Rosen- 
blum, Phys. Rev. 93, 1418 (1954); Dexter, Zeiger, and Lax, 
Phys. Rev. 95, 557 (1954); Dresselhaus, Kip, and Kittel, Phys. 
Rev. 98, 368 (1955). 

?P. W. Anderson, following Letter [Phys. Rev. 100, 749 
(1955) ]. See also Dresselhaus, Kip, and Kittel, Phys. Rev. 100, 
618 (1955). 

*D. Shoenberg, Trans. Roy. Soc 
(1952) 
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Electromagnetic Theory of Cyclotron 
Resonance in Metals 


P. W. ANDERSON 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 31, 1955) 


N connection with experiments of Galt ef al.' on 

cyclotron resonance in Bi, we have worked out the 
theory of the electromagnetic (‘depolarizing’’) effects 
in cyclotron resonance in metals. For this purpose we 
confined ourselves to the simplest possible model for 
the electrons; that is, an isotropic effective mass and a 
single, classical mean free time. Under these circum- 
stances one can define a conductivity ¢ of a group of 
electrons of mass m and mean free time r, circularly 
polarized with angular frequency w in a plane per- 
pendicular to a steady magnetic field H: 


ne*r 
_ (1) 
m[1+i(w.—w)r } 
where 
(2) 


w= — eH / me. 


We considered two possible measuring setups. First, 
we took the case of circularly polarized plane radiation 
incident on a sample which is perpendicular to the 
magnetic field. This we cal] the “transverse circular’’ 
case. In this case it can be shown to be legitimate to 
insert (1) into the usual skin-effect loss equation and 
we get 


Absorption coefficient « Re{{i+(w.—w)r}'}. (3) 


This is plotted in Fig. 1. It can be shown that in the 
dissipationless metal (r —+ «) the scale of Fig. 1 is so 
enlarged that the cyclotron resonance point is a transi- 
tion point between a “stop” band and a “pass” band. 
This perhaps clarifies the peculiar shape of Fig. 1. 

If, as seems to be often true in metals showing 
marked De Haas-van Alphen effects,’ there is a minority 
group of electrons with markedly different m and +r 
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from the majority and much smaller total conductivity, 


one finds a new phenomenon: the minority electrons 
appear to be “screened” from strong interaction with the 
a true 


electromagnetic field and they will actually show 


resonance. However, under the conditions in which 
cyclotron resonance is observable the complex con- 
ductivity of the main group of electrons may have any 
phase angle. This leads to the possibility of many dif- 
ferent line shapes for the absorption of the “screened” 
electrons, from a pure absorption to a pure dispersion 
curve. The shape depends upon where the subsidiary 
resonance is on the curve of Fig. 1. It should be noted 
that in any case there will be on the average a reduction 
in absorption coefficient due to the minority groups of 
electrons. Perhaps the most likely shape for these 
resonances is the usual! line shape in metals as described 
by other authors.’ 


In the 


parallel to 


second experimental setup, the H-field is 
the sample cavity wall and one might as 
well use linear polarization. This we call the “longi- 
tudinal”’ case. Here the depolarizing effects completely 
eliminate the resonance of the majority group of elec- 
trons 
take place, and a small group of electrons, if present, can 


However, the screening phenomenon can still 


show resonant absorption 
Results similar to Eq. (3 
the authors seemed 


have recently been ob- 
tained elsewhere,’ but to doubt 
their correctness on the basis that any depolarizing 
effect, if present, would appear capable of changing the 
result seriously. This point can be disposed of by noting 
how wall losses in wave-guide systems are normally 
calculated. That is, one usually assumes perfectly con- 
ducting walls in order to obtain the field distribution in 
the cavity, from which the wall currents are then ob- 
tained. This distribution can obviously contain no de- 
polarizing fields (V- E=0 everywhere). Then the finite 
surface impedance of the walls is introduced, assuming 
however that it does not appreciably perturb the field 
distribution, in order to compute the losses from the 
known currents. We feel that if the misgivings of 
reference 3 were sound, no calculation of cavity losses 
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would ever have been correct. This argument, however, 
does not apply in the “longitudinal” case, since there 
currents must flow into the surface, building up space 
charge within the metal, which is virtually impossible. 
We have also investigated approximately the limita- 
tion on the sharpness of the cyclotron resonance pro- 
duced by diffusion of electrons through the skin depth. 
We find that the rough relationship 


(? <4(H?/84)/nEr (4) 


hols: i.e., the square of the maximum possible Q is 
given by the ratio of magnetic field to electron kinetic 
energy. This ratio is probably favorable for Bi and 
similar poor metals,? giving Q’s of 1-10, but will be 
fairly bad for normal metals except‘at high fields and 
frequencies. 

Note added in proof —F. J. Dyson has kindly called 
my attention to an article by M. Ia. Azbel’ and M. I. 
Kaganov [Doklady Akad. Nauk. 95, 41 (1954)] in 
which Eq. (3) is derived and the basis for a vigorous 
treatment of diffusion (anomalous skin effect) is laid. 
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‘Galt, Yager, Merritt, 
Phys. Rev. 100, 748 (1955 
2D. Shoenberg, Trans. Roy. Soc. (London 
*N. Bloembergen, J. Appl. Phys. 23, 1383 
* Dresselhaus, Kip, and Kittel, Phys. Rev 


preceding 


4 245, 1 
1952 


100, 618 


1952). 


1955 


Ferrimagnetic Resonance in Single Crystals 
of Manganese Ferrite 


S. Gescuwinp, AND V. JACCARINO 
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ERRIMAGNETIC resonance has been studied in 
single crystals of manganese ferrite over a range of 
frequencies and temperatures. A quantitative analysis 
of the for the formula 
Mn [wo types of transmission cavities 


material anions leads to 


asl C1 se! Be 


le 

Fic. 1. Ferrimagnetic resonance line shapes measured with the 
dc magnetic field along the principal crystallographic directions. 
Measurements were made on a 0.0105-in. sphere at 9.3 kMc/sec, 
at room temperature. 
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were used ; a high Q cylindrical cavity operating in the 
TEoiz mode and a rectangular cavity in the TE,o2 
mode. Oriented single crystal spheres of the ferrite 
were mounted on polystyrene rods and placed in the 
cavity at a position of maximum rf magnetic field which 
was perpendicular to the dc magnetic field. The dec 
magnetic field always lay in the (110) plane as the rod 
was rotated about its axis. The samples used were 
highly polished and were 0.0105 in. in diameter for 5.9 
and 9.3 kMc/sec, and 0.0043 in. in diameter for the 
24-kMc/sec experiments. The spheres were chosen this 
small to avoid dimensional resonances which result from 
the large value of yu’ in the vicinity of resonance. Di- 
mensional resonances were observed in a 0.014-in. 
sphere at X-band at room temperature such that the 
line width was increased 15% relative to the 0.0105-in. 
sphere. On the other hand, a 0.0043-in. sphere gave the 
same line width as the 0.0105-in. sphere within the 
experimental error. 

Line Widths.—As the magnetic field was varied 
through the resonance absorption, thereby lowering the 
transmission through the cavity, a precision calibrated 
attenuator placed between the output arm of the cavity 
and the microwave detecting crystal was adjusted to 
keep the power incident on the detector at a constant 


TaBe I. Anisotropy constants and g-value at several tempera- 
tures as measured on 0.0105-in. sphere at 9.3 kMc/sec. The errors 
in the derived quantities were estimated on the basis of repro 
ducibility of the measurements. The values of K,/M, and K2/M, 
coupled with M, as measured by M. A. Gilleo of this laboratory 
(M,=351 and 493 cgs units at 300° and 77°K respectively) can 
be used to calculate K,; and Kz 


ro/M, Fs 


6+10 2.004 +0.002 
5+ 20 2.0194-0.003 
— 200 2.060 


level. Using the measured loaded Q of the cavity off 
resonance, the »”’ was then derived from the attenuator 
readings, thus making it independent of crystal de- 
tector characteristics. Figure 1 shows a plot of y” 
versus applied field at room temperature at 9.3 kMc/se 
with the applied field along each of the three different 
symmetry directions. Line widths of 66, 50, and 46 
oersteds were measured for the [ 111 ], [110], and [100] 
directions respectively. It is interesting to note that 
preliminary measurements at K-band indicate the line 
widths are the same, or perhaps smaller. These appear 
to be the narrowest ferrimagnetic resonance lines re- 
ported to date. The lines are closely Lorentz shaped 
over the measured region. The line width as a function 
of temperature in the easy direction ([111] axis) at 
9.3 kMc/sec is shown in Fig. 2. 

First- and Second-Order Anisotropy Constants K,/M, 
and K,/M,.—By measuring the dc field required for 
resonance at different orientations with respect to the 
crystal axes the anisotropy constants can be deter- 
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Fic. 2. Line width es absolute temperature with the dc magnetic 
field along the easy direction ({111] axis). The line width is de- 
fined as the field interval between points of dpmax”’. 


mined as well as the g-value.2? The temperature de- 
pendence of the anisotropy constant K,/M,, is plotted 
in Fig. 3, showing an increase with decreasing tempera- 
ture. The most complete temperature data to date have 
been taken in the region of 9.3 kMc/sec. It will be noted 
that room temperature points at other frequencies lie 
on this curve, indicating the constancy of anisotropy 
energy as a function of frequency.* The value of K;/M, 
is considerably smaller than that of K,/M,, and more 
over is smaller than the error in its determination from 
300°K down to 77°K, as indicated in Table I. It should 
be noted though, that at 4.2°K K,/M, is strikingly 
large. 

The g-value.—Room temperature measurements at 
5.9, 9.3, and 24 kMc/sec indicate that the g-value is 
independent of frequency, its value being 2.004+0.002. 
However, at 9.3 kMc/sec 
over a range of temperatures and reveal a dependence, 


measurements were mac le 


the g-value monotonically increasing with decreasing 
temperature reaching a value of 2.019+-0.003 at 77°K. 
In view of the large K2/M, mentioned above at liquid 
helium temperatures, caution 
interpreting the g-value (see Table I) as well as the 
anisotropy constants at 4.2°K as obtained from the 


must be exercised in 


EUPeRa 


Fic. 3. Temperature variation of the first-order 
anisotropy constant K,/M,. 
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relations given in reference 2. A 


to the free-electron g-value indicates a primarily spin 


g-vaiue so ciose 


only magnetism (corresponding to a *Ss;2 ground state 


of Mn** 
We wish to thank Mr. J. White for his help in taking 


the measurements and we also wish to acknowledge 
helpful discussions with A. M. Clogston, H. Suhl, and 
L. R. Walker 

! The crystals used were obtained through Dr. G. W. Clark 
and Dr. KR. W. Kebler of the Linde Air Products Company. Their 
de resistivity was 10° ohm cm at 300°K. X-ray diffraction studies 
showes a lattice constant of 8.52 A, and it was possible to account 


for every line with a spinel structure 
* The de magnetic fields H,, Hs, and H; required for resonance 
at a given frequency when applied along | 100 |, | 110), and (111 


rections respectively are given by 


2K;\? 
H,+ 
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(4: rd (co 
(4, +7 


i, 9 


He? 


Hus? 
Hat 


~ 
=! >. 





Double-Frequency Magnetic Resonance 
in a Free Radical* 


Department of Pi y uu n Univer Lou Mi “ur 
Rev r ] 11. 195 
, 
A‘ inusual distortion of the absorption line shape 
has been observed in the course of double reso- 
nance experiments on hyperiine components reso vabie 
in aqueous solutions of the free radical ion peroxyiamine 
disulfonate, ON (SO Che experiments involve the 
application of intense rf radiation near resonance tor 
’ 
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Fic. 1. Experimental absorption # the 3-4 transition (in nota 






tion of reference 1) plotted ss magnetic field for various frequencies 
of the second rf field, which saturates the 4-5 transition. The 


low-amplitude detecting frequency is fixed at 40.03 Mc/sec. The 


saturating rf field amplitude is of the order of 2 oersteds 
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Fic. 2. Plots of Eq. 1 for three values of saturating field ampli- 
tude. »z=40 Mc/sec and »,=27 Mc/sec corresponding to one of 
the experimental curves of Fig. 1 which is the heavy curve super- 
imposed here. The quantity 7 in Eq. (1) is determined from the 
experimental width of the unsaturated absorption curve. 


one transition of the system, while detecting the reso- 
nance absorption of a second transition at low rf level. 

If the two transitions share a common energy level, 
considerations of level population and lifetime predict a 
broadening and enhancement of the detected line as 
the first transition becomes saturated. However, in 
certain cases a “bump” is observed (see Fig. 1) on the 
absorption curve, at a position dependent both on the 
intensity of the saturating field and on the two applied 
frequencies.' The position of the bump corresponds 
qualitatively to the condition »,+v7g=vastPec= 
v,, the saturating frequency, is near resonance with the 
transition frequency v., while vg, the detecting fre- 
quency, is near resonance with the transition frequency 


Vac: 


the effective gyromag- 
dwa./dH, 
determines the direction of the shift of the position of 
the bump. Increasing the amplitude of the saturating 
field, with frequencies v, and vq fixed, increases both 


vap. The experiments show that 


ratio of the combined transition, y, 





the magnitude of the shift of the bump and the enhance- 
ment of the detected transition. In cases where Yer is 
small, the detected line is found to be broadened without 
observable structure. 

An analysis based on the density matrix equation 
dp/dt= (1/ih)l Rp |— (1/7) (p— pinst 
normalized Boltzmann factor appropriate to the in- 
stantaneous total energy of the system and T is the 


, where pinst is the 


thermal relaxation time, leads to the following expres- 
sion for x’’(wa), the imaginary component of the sus- 
ceptibility at the detecting frequency : 


R Wd a i+ 
x" (uw ((x+y)7?2+1]-I { 
L Wab Wab 
k RF? 1+-4F? 
Lge —(2x+y){ y7?+- , 
D 1+ 7? 4.472 Whe 
Ws, 


vot Pee 


+ (x+2y)(x+y)77+3(14+F*)— 











LETTERS TO 





where D=([x(xt+y)7?+1-FP+yT+4P; x= 
—war(Ho); y=ws—wee(Ho); R=wee(Ho)/wes(Ho); & 
= — | Mzax(Ho)|?(p.°— pe");  F=(TH2/2h)| Muve(Ho)| ; 
p® is the normalized Boltzmann factor appropriate to 
the time-independent energy of the system, and M is 
the magnetic moment operator. Equation (1) predicts 
the observed results closely if allowance is made for 
reasonable error in the measurement of H, (see Fig. 2). 

Although the use of pins is not essential to the ex- 
planation of the effects described here, its use does 
contribute an additional asymmetry to the line shape 
which should be detectable in a carefully performed 
experiment. A more complete description of the present 
work is in preparation. 

* Supported in part by the Office of Naval Research and the 
U. S. Air Force. 

1 J. H. Burgess, Phys. Rev. 95, 608 (1954). 





Dichroism of the F and M Absorption Bands 
in KCl 
C. Z. vAN Doorn AND Y. HAVEN 
Philips Research Laboratories, N. V. Philips’ Gloeilampenfabrieken, 
Eindhoven, Netherlands 
(Received August 3, 1955) 


N additively colored KCI crystal, which has been 

quenched from high temperature and kept for 
some time at room temperature, shows the M absorp- 
tion band (A=8100 A at 77°K) in addition to the F 
band. Dichroism in the F and M bands is observed 
under the following conditions’: 

The crystal (at 77°K) is strongly irradiated (beam in 
[100] direction) with light (A= 5461 A) polarized in 
the [011] direction. After a couple of minutes the M 
absorption for light polarized in the [011] direction 
appears to have been increased, while it has decreased 
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Fic. 1. Absorption of a colored KC! crystal in the [100] 
direction, measured with light polarized in the [011] and port 
directions. The crystal is irradiated beforehand with light (A 
= 5461 A) polarized in the [011] direction. The absorption curve 
before irradiation is intermediate between the two shown. 
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in the [011] direction of polarization. The F band 
shows just the opposite behavior (Fig. 1). After the 
irradiation has been cut off, the dichroism persists for 
at least several hours at 77°K but is destroyed after 
warming the crystal to about 200°K. Irradiation with 
light polarized in the [001] direction similarly induces 
a dichroism along this direction, though weaker than 
in the former case. Irradiation in the M band does not 
show any of these effects. The F band in freshly 
quenched crystals (no visible M band) does not show 
any dichroism. 

From these experiments the following conclusions 
can be drawn: 

(1) The centers responsible for the M absorption 
(M centers) are anisotropic; dichroism is due to non- 
isotropic distribution of their axes of anisotropy. 

(2) The direction of these axes is along the twofold 
symmetry axes. (The threefold and fourfold symmetry 
axes can be excluded because these orientations cannot 
show dichroism along the [001] and [011] directions 
respectively. ) 

(3) The same conclusions as (1) and (2) hold for 
the centers responsible for the dichroism of the F 
absorption, and therefore these centers cannot be the 
F centers causing F absorption in freshly quenched 
crystals. 

(4) Since irradiation in the F band causes noniso- 
tropic distribution of the axes of anisotropy of both 
types of centers, there is strong evidence that these 
centers are identical. If that is so, irradiation in the F 
band apparently causes reorientation of the axes by 
ionic movement and the effect is therefore quite dis- 
tinct from the dichroism found by Ueta' in KCI after 
selective bleaching of the M band by irradiation with 
polarized light in this band at room temperature. 

(5) The opposite behavior of dichroism in the F and 
M bands shows that for one direction of orientation 
([011] or [011 ]) the F absorption is stronger and the 
M absorption weaker than for the other direction of 
orientation ([011] or [011 }). 

‘Weak dichroism in the F band was found by S. Nikitine, 
Compt. rend. 213, 32 (1941) ; 216, 730, 758 (1943); J. phys. radium 


3, 203 (1942). Dichroism in the M band was observed by M. Ueta, 
J. Phys. Soc. Japan 7, 107 (1952) 





Reflectivity of Several Crystals in the Far 
Infrared Region between 20 and 
200 Microns* 


Hreosmt YOsSHINAGA 
Depariment of Physics, The Ohio State University, Columbus, Ohio 
(Received September 2, 1955) 


HE reflectivities of Ge, Si, InSb, PbS, PbSe, and 

TIC! in the region between 20 and 200 microns 
were measured with the far infrared spectrograph in 
this laboratory.’ Figure 1 shows the results of the 
measurements. 
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rhe reflectivities of Ge and Si are almost constant 
roughout the spectral region observed 


+} 
t } »! 


For impure 
Ge, a peak in the 117-micron region has been reported,” 
} 


inat 


but we were ile to find evidence of its existance 
with a fairly pure Ge crystal 

The reflectivity curves of InSb show a sharp maxi- 
54.6 mi ] 


rons and a 


mum at 
wave region. The 


flat peak in the longer 
1e of the peak at 54.6 


rease of temperature, but the 


maximum val 


microns decreases with in 


maximum value of the flat peak increases rapidly and 
the position of this peak shifts toward short wave 


lengths with in ¢ 
curve of ZnS has a sharp peak at 25.5 m 
completely flat beyond 50 microns. InSb and ZnS have 
the same « rystai form 

of InSb and ZnS appear 
and the flat peak of InSb may be 


Details of these and other measurements on 


to be due to lattice vibrations, 
attributed to free 
electrons 
InSb are being published elsewhere.’ 

Far ir 
by Strong‘ for PbS and by Sinton 


and TIC]. PbS, PbSe, and Ti 


frared reflectivities were previously reported 
for PbS 


i have simular retiectivity 


and Davis® 


characteristics, each having two flat reflectivity maxima. 
Measurements at 23° and 130°C show that the peak 


in the longer wave region does not depend on free 
' 
electrons. 


Ihe author wishes to acknowledge help given by 


200 50 100 ISO 


¢, Si, InSb, ZnS, PbS, PbSe, 


WAVE LENGTH (Wu) 


and TICl. 


Robert A. Oetjen and Ely E. Bell. The PbSe crystal 
was made available by Richard Lord of the Massachu- 
setts Institute of Technology, the InSb crystals by 
Leonard Eisner and T. Harman of Battelle Memorial 
Institute, and the ZnS crystal by Elias Burstein of the 
Naval Research Laboratory. 


* Construction and maintenance of the far infrared spectro- 
graph used in this investigation was supported in part by Wright 
Air Development Center through a contract with The Ohio State 
University Research Foundation 

*Oetjen, Haynie, Ward, Hansler, Schauwecker, and Bell, J. 
Opt. Soc. Am. 42, 559 (1952 

*H. Y. Fan and M. Becker, Semiconducting Materials (Academi 
Press, Inc., New York, 1951 

*H. Yoshinaga and R. A. Oetjen, Phys. Rev 
Phys. Rev. 38, 1818 (1931 
W. M. Sinton and W. C. Davis, J. Opt. Soc. Am. 44, 503 
1954 
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Hall Effect Noise 


James J. Bropuy AND NoRMAN ROsSTOKER 
irmour Research Foundation of Illinois Institute of Technology 
Chicag 


Received July 29, 1955 
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XCESS noise, characterized by a noise power 
density with a 1/f spectrum, is the major form of 
electrical noise in semiconductors, particularly at low 


frequencies. It may be present in single-crystal semi- 
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conductor samples with “noiseless” electrodes and no 
obvious external discontinuities.’ It has been suggested 
that the effect is caused by conductivity modulation of 
the semiconductor due to fluctuations in carrier density. 
We have undertaken to examine variations in carrier 
density in semiconductors exhibiting excess noise, 
through the use of the Hall effect. 

Specimens used for this study are n-type single- 
crystal germanium, of approximately 10 ohm-centi- 
meter resistivity. They were sandblasted into “bridges” 
similar to those used by Montgomery.' This shape is 
known to be most suitable for noise investigations as it 
eliminates effects of metallic probe electrodes in the 
current path. To increase the noise level of some 
samples, they were plastically deformed by bending in 
air at 600°C. 

The excess noise observed in these specimens is 
found to have the usual 1/f spectrum of excess noise 
in the frequency interval studied, 1 cps to 10 kc/sec. 
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Fic. 1. Noise observed at the Hall probes as a function of mag- 
netic field squared. The curve for /=0 represents amplifier noise. 
The intercept of the /=8.4 ma curve at H=0 is “unbalanced” 
noise. The linear variation of noise with H? should be noted. 


A magnetic field of 1.0 weber/m* perpendicular to the 
plane of the sample and to the direction of current flow 
had a negligible effect on the magnitude and spectrum 
of the noise. It has been demonstrated experimentally 
that the noise was generated in the germanium and was 
not due to contacts. 

To determine noise voltages at the Hall electrodes, 
the sample was placed between the pole pieces of an 
electromagnet supplied with current from a bank of 
storage cells. The noise voltages observed at a fre- 
quency of 20 cps are plotted in Fig. 1. The noise level 
for /=0 represents amplifier and thermal noise in the 
input circuit and illustrates that no noise is generated 
due to fluctuations in the magnetic field. With current 
passing through the sample, noise is observed at the 
probes at zero magnetic field. This is analogous to the 
usual “unbalance” voltage encountered in the Hall 
effect. 
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Additional noise is observed when the magnetic field 
is applied and the mean square noise voltage increases 
linearly with the square of the field, as shown in Fig. 1. 
This behavior is as expected in the Hall effect, and also 
shows that there is little correlation between the un- 
balance excess noise voltage and the Hall noise voltage, 
for if correlation existed the observed noise would have, 
in addition, a linear dependence upon field. 

Residual current fluctuations may be expected also to 
contribute to noise at the Hall probes and this com- 
ponent would be difficult to distinguish from the Hall 
noise. We compute residual current fluctuations to be 
(Al*)=5X 10" amp*/cycle under the conditions per- 
taining to Fig. 1. From the known Hall constant this 
contribution to noise at the Hall probes is of the order 
of 2X 10~-* volt®/cycle, much below the level observed. 
We conclude that the field-dependent noise voltage 
observed is truly Hall noise and may be interpreted in 
terms of carrier density fluctuations. The excess noise 
and the Hall noise may be represented by the following 
expressions in the frequency interval 1 cps to 10 kc/sec: 


(AV *)=7.3X 1082? f—' volt?/cycle, 
(AV 9?) =74X 10-24 ff? * volt? cycle, 


where J is the sample current in milliamperes, f is the 
frequency, and 77 is the magnetic field in webers/m*. 

These noise voltages may be interpreted in terms of 
conductivity modulations caused by fluctuation in 
carrier density in the following manner. With zero 
magnetic field the potential is simply that due to the 
current, while the additional voltage with magnetic 
field is given by the usual Hall relation. The two po- 
tentials are thus: 


V;=RI Va=RalH l, (1) 


and 


where R is the sample resistance between probes, Ry is 
the Hall constant, and ¢ is the sample thickness. If we 
ascribe fluctuations in these potentials to variations in 
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Fic. 2. Spectral density of carrier density fluctuations as a 

function of frequency as determined from excess noise measure- 

ments (open circles) and Hall noise (solid circles). The inverse 
frequency spectrum is clearly illustrated. 
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carrier density, , 


R and Ry caused by fluctuations in 


it may be shown that on the basis of a si: 





ple, single- 
carrier model: 


AV? } I 
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where } 7 3S the as potential drop between the probes 
and Vy is the usual Hall voltage. It is convenient to 
treat the data in this manner, since all potentials are 
directly measurable and the r ts are independent of 
sample dimensions and calibration of the magneti 
field. The quantities V; and Vy were determined for 
the sample b tandard te ques 

Carrier fluctuations ited from Eqs. (2) are 
snow } ? The agreeme ix et the results 1s 
Vit I © exper ental error I the pre data I 
partic ir, t irri lens i as durectiy 
measured by the Hall effe e the 1/f spectrum and 
the proper rder of magn f »a t lor excess 
oise We believe that t se Te ] 5 ms ite the nrst 
roof t exct ise i res irrier density 





Scattering of Neutrons by Phonons in an 
Aluminum Single Crystal 





ire ol é energy stributio of ohere th, 
. ttere eutrons Phe Das theory of inelastic co 
ere scatter ~ irgely due to Wei sto k 9 The 
eutro gains or yes energy orresponding to the 
annul tion or production of one or more nhonons in 
the crystal. The zero-phonon process represents Bragg 
scattering. If this process is avoided bv selec ting the 
ingular sé g of the crvs thn esti onon process 
can be do t I . r Lillere i ross section 
for production of one pho o the Ah uated eed 
1 monoatomic crvysta 
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tion vectors, w s the! ing ir irequency, ay, 1s 
the phor ym i t polariza m vector, 1s a vector of the 
reciproca at e, g is the Mono Wave vector, x 
2exp(—fiw,/keT), N is the number of atoms in the 
crystal, B is the volume per atom, and M is the mass of 


the atom, and exp 2W,") is the Debye-Waller factor 
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The 6 function in this expression represents the mo- 
mentum conservation between neutron, phonon and 
crystal. In addition, the neutron-phonon system must 
conserve energy so that* 
hk’ 

on hus ¢. 
2m 


m 


E _ hw 
2m 

When these and momentum conditions are 

simultaneously satisfied, neutrons are scattered with an 


energy 


intensity given by (1). 
Since q is restricted to the zone around each re- 
ciprocal lattice point +, this latter can be unambiguously 
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Typical energy distributions of neutrons inelastically 
l luminum single crystal and approximate resolu 
dicated by the 





ncident neutron energy E is ir 


assigned. Then the two conservation equations are 
sufficient to determine the angular frequency w in terms 
1f the phonon wave vector q. For a monoatomic lattice 
w(q) is expected to separate into three branches corre- 
sponding in the low-frequency limit to the longitudinal 
and two transverse polarizations of sound waves. In 
principle the directions of the polarization vectors, a, 
an be obtained by repeated observation of the same 
point in a zone of reciprocal space using different initial 
and final neutron momenta, and comparison of the 


intensities of the observed neutron groups with Eq. (1). 
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Monoenergetic neutrons provided by a crystal spec- 
trometer (wavelength 1.14, A, energy 0.062, ev) were 
scattered at an angle of 95.1° by an aluminum single 
crystal oriented so that its (1,1,1) axis was in the plane 
of the spectrometer and its (0,1,1) axis vertical. The 
energy distribution of the scattered neutrons was ob- 
tained by examination with another crystal spec- 
trometer.’ The angle and wavelength used satisfy the 
Bragg condition for the (3,3,3) reflection when the 
crystal is oriented with its (1,1,1) direction bisecting 
the angle of scattering. Measurements were made with 
the crystal rotated about the vertical (0,1,1) direction 
by an angle 6 from the 3,3,3) Bragg scattering position, 
keeping the angle of scattering constant. Energy dis- 
tributions have been obtained for eleven angular 
settings of the crystal, all at room temperature, of which 
a selection is shown in Fig. 1. Neutron groups are seen 
which represent both energy losses and gains, corre- 
sponding to one-phonon production and annihilation. 
The estimated resolution function is shown for two 
energies. 

Figure 2 shows the (0,1,1) plane of the reciprocal 
lattice of aluminum, each reciprocal lattice point sur- 
rounded by its zone. The heavy lines in the figure are 
used to illustrate the experiment. The initial neutron 
propagation vector k is defined in magnitude and direc- 
tion by the incident energy and the orientation of the 
specimen crystal. The direction of the outgoing neutron 
of propagation vector k’ is then determined by the angle 


. The 


of scattering, fixed in these experiments at 95.1 


iay 3 
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Fic. 2. Reciprocal lattice diagram of aluminum showing posi- 
tions of scattered neutron groups, and approximate resolution 
function in reciprocal space. The position of 2c, 4d, and existence 
of 4b, 5b, 8c, and 9c is somewhat doubtful. One group (2d) is be- 
lieved to be spurious and has not been entered. 


magnitude of k’ is found from the measured energy of 
the neutron group. The phonon vector q is then deter- 
mined by completing k—k’ to the nearest reciprocal 
lattice point. The angular frequency of the phonon is 
obtained by Eq. (2), an auxiliary frequency scale being 
given in Fig. 1. An estimate of the resolution in re- 
ciprocal space is shown as the shaded area in Fig. 2. 
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Labels have been attached to reciprocal space points 
corresponding to the neutron groups in Fig. 1. 

In Fig. 3. the results have been plotted to show the 
relation between the angular frequency and wave 
vector of the observed phonons. This relation is a 
sinusoidal function for a one-dimensional lattice and 
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Fic. 3. Relation between w and g for observed phonon 
" 
groups, with estimated errors. 


also for the transverse branches in the {1,1,1} directions 
of a face-centered cubic lattice.* The dashed curve is the 
sine function which has a slope at low frequencies corre- 
sponding to a velocity of sound of 3080 m/sec for 
transverse modes. Of the observed phonons, those 
which may be thought of as “transverse’” and having 
directions near the {1,1,1} axes are indicated by the 
black circles. Other phonons seem to be of higher fre- 
quencies. This is in accord with the results of Rosen- 
stock® who showed that the (1,1,1) transverse waves 
have the lowest limiting frequency and that waves with 
other polarization or direction have limiting frequencies 
ranging up to about twice this value. 

The experiments will be continued using this method 
as well as a complementary time-of-flight’ technique. 

We wish to thank Mr. G. R. De Mille for his assistance 
in analyzing the data and Dr. D. G. Hurst for helpful 
discussions. 

‘J. M. Cassels, Progress in Nuclear Physics (Academic Press, 
Inc., New York, 1950), p. 214; D. A. Kleinman, Phys. Rev. 86, 622 
(1952). The problem has been discussed in some detail by G. 
Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). An experi 
ment of the type described below was attempted unsuccessfully 
by one of us (B. N. B.) in 1952 

*R. Weinstock, Phys. Rev. 65, 1 (1944) 

* See reference 2, Eq. (36) 

* See reference 2, Eq. (39) 

5B. N. Brockhouse, Phys. Rev. 99, 601 (1955) 

*G. L. Squires (private communication). This relation is valid 
for a crystal model with first and second nearest neighbor har- 
monic forces 

In the low-frequency limit the polarization of the phonon can 
be assigned as longitudinal or transverse if the angle between q 
and k—k’ is nearly 0° or 90° respectively. 

* H. B. Rosenstock, Phys. Rev. 97, 290 (1955) 

* Similar experiments using this technique are being performed 
by B. Jacrot at Saclay [Compt. rend. 240, 745 (1955)] and by 
Carter, Hughes, Palevsky, and Zimmerman at Brookhaven 
[ Phys. Rev. 99, 611(A) (1955) ]. 

















758 LETTERS TO 
Ultrasonic Attenuation in Superconducting 
and Normal-Conducting Tin at 
Low Temperatures 

HE 


Bell Telephone Laboratorie 


BOMMEL 
Murray Hill, New Jersey 
Received Aufust 23, 1955 


EASUREMENTS on ultrasonic absorption in 
» crystals of lead at low temperatures have 
been previously reported.' They showed a strong in- 
range f 10°K 

1.5°K if the sample was kept normal-conducting, and 
a sudden decrease at the superconducting transition 
temperature hen it 
field. Similar results have been reported by Mackinnon? 


crease in the temperature from about 


was cooled without a magnetic 





in poly« rystalline tin. 
considerations by Kittel,? Mason,‘ 


Morse® suggest that, at sufficiently high frequencies and 


Theoretical and 


low temperatures, the main ultrasonic attenuation is 


due to the interactions of the lattice vibrations with the 


free electron gas and is proportional to the electrical 


conductivit 
New measurements were carried out in single crystals 


99.98% and 99.998°% 


of tin of two different purities: 
The resuits in the jess pure tin were similar to those in 


lead and have already been reported.! 


For the measurements in the purer tin, two cylin- 





drical samples 21 mm in diameter, 16.5 mm and 9 mm 
long, respectively, were used. Spec ial care was taken 
not to disturb the crystalline structure while preparing 
| 
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Fic. 1. Ultrasonic attenuation in a single crystal of tin as a 
function of temperature Frequency r= 10.3 Mc/sec. The dotted 
line indicates the attenuation in the normal conducting state. Its 


value at 1.6°K is about 12 db/cm 
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Fic. 2. Ultrasonic attenuation in a single crystal of tin as a 

function of magnetic field strength. Frequency v=106.3 Mc/sec. 


Temperature T=4.2°K. 
the specimens. They were cut with an acid-string saw 
and ground in liquid nitrogen. 

Figure 1 shows the resulting attenuation versus tem- 
perature curve, the maximum attenuation being about 
100 times larger than in the less pure tin at the same 
frequency. From this, the electrical conductivity can be 
estimated to be of the order of 10 

While in lead and in the less pure tin the attenuation 
in the normal-conducting state was independent of a 
magnetic field, the attenuation in the pure tin showed 
a very pronounced magnetic field dependence. It seems 
likely that this is due to the magnetoresistive effect. 

of 10°° ohms 
' this effect should appear at fields of the order of 
several hundred gauss. Figure 2 
pendence for the 16.5-mm specimen. 

The transverse field curve of Fig. 
about 200 gauss. In order to study 


ohms cm™, 


One can estimate that at a conductivity 
cm 
shows the field de- 
2 shows a dip at 
this further, the 
shorter sample was used since, because of its lower loss, 
it permitted measurements up to higher frequencies. In 
this sample the effect was more pronounced and ap- 
peared in the longitudinal as well as in the transverse 
field. Measurements were made at 10.3, 20, and 28 
Mc/sec. Within the accuracy of the experiments the 
position of the dip shifted to higher fields proportional 
to the frequency. 

No definite explanation can yet be given for the 
above-mentioned phenomenon. The electrical 
ductivity and therefore the mean free path of the 
electrons are so high that one may have to take into 
account size effects as they occur when the mean free 
path becomes comparable to the dimensions of the 
specimen. In this case special magnetoresistive effects 


con- 
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due to boundary scattering* should occur, and one 
might suggest that the observed phenomenon is due to 
a superposition of the ordinary magnetoresistive effect 
with those mentioned above. A more systematic in- 
vestigation, especially the dependence on size, , fre- 
quency, and crystal orientation, is in progress. 
je The author wishes to thank Mr. G. E. Devlin for 
the preparation of the pure tin crystal, and Mr. T. B. 
Bateman for help with the experiments. 

1H. E. Bommel, Phys. Rev. 96, 220 (1954). 

?L. Mackinnon, Phys. Rev. 98, 1181(A) (1955). 

*C. Kittel, Phys. Rev. 98, 1181(A) (1955). 

4W. P. Mason, Phys. Rev. 97, 557 (1955). 


5 R. W. Morse, Phys. Rev. 97, 1716 (1955). 
® See for instance E. H. Sondheimer, Phys. Rev. 80, 401 (1950). 





Nuclear Spin-Lattice Relaxation 
in Solid Hydrogen 
TADASHI SUGAWARA ; 
The Research Institute for Iron, Steel, and Other Metals, 
Tohoku University, Sendai, Japan 
(Received August 22, 1955) 


N solid hydrogen, the crystalline potential is not the 
same for different ortho-molecules and in general has 
no particular symmetry, as the solid consists of a ran- 
dom mixture of ortho- and para-molecules. Accordingly, 
the lowest rotational state (J=1) of the ortho-molecule 
splits into three sublevels, whose separations are ex- 
pressed in terms of the potential. Most of the line- 
width data of the nuclear resonance absorption! were 
well accounted for by the above supposition originally 
made by Reif and Purcell. At temperatures not too low, 
the transition among the rotational sublevels can take 
place with large probability and this will give the 
dominant mechanism for the nuclear spin-lattice re- 
laxation. The spin-lattice relaxation time is expected to 
be distributed over a wide range, as the transition 
probability can be related to the crystalline potential. 
The main purpose of this note is to get information on 
the distribution of the relaxation time from the satura- 
tion experiments. 
All the measurements were carried out at 8.2 Mc/sec 
by using an rf spectrometer of the Pound-Watkins type. 
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Fic. 1. The saturation curve of the central peak at 4.2°K in solid 
hydrogen containing 71, 66, and 52% ortho-hydrogen. 
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Fic. 2. The saturation curve of the side peaks at 1.2°K in solid 
hydrogen containing 69% ortho-hydrogen. 


Derivatives of absorption lines at different oscillation 
levels were obtained in samples containing various 
concentrations of ortho-hydrogen at temperatures below 
4.2°K. As was reported previously,’ the spectrum in 
high-concentration hydrogen was a single peak with a 
width of several gauss at high temperatures; as the 
temperature is reduced, this peak became flanked by 
two side peaks of about 40-gauss separation. The line 
width of the central peak decreased with increasing rf 
level, while the separation of the side peaks remained 
constant. Some of the saturation curves are shown in 
Fig. 1 and Fig. 2 by plotting the ratio of the maximum 
deflection of the recording meter to the calibration sig- 
nal as a function of the rf voltage at the sample coil. 
The curve for the central peak, which does not follow 
the form usually observed in systems having a single 
relaxation time,’ shows that the relaxation time is not 
unique as had been expected. A theoretical treatment of 
the saturation phenomena in solid hydrogen would be 
necessary in order to obtain the distribution function 
of the relaxation time. However, we may be certain 
that the distribution has a nearly flat maximum in 
high-concentration hydrogen and two peaks in low- 
concentration hydrogen. A single relaxation time is 
expected from the form of the saturation curve of the 
side peaks. A preliminary value of about 0.5 second has 
been obtained from this curve, and this value is in 
disagreement with the result of Hatton and Rollin.‘ 

The effect of paramagnetic oxygen upon the relaxa- 
tion was also studied in connection with its remarkable 
effect on the ortho-para conversion rate in solid hydro- 
gen.’ Oxygen up to about 0.05% did not show any 
observable effect on the saturation curve. An order-of- 
magnitude estimation of the relaxation time due to the 
magnetic interaction between proton and oxygen 
(0.05%) gives a fairly large value, which seems to give 
no measurable effect on the saturation curve under the 
experimental conditions of this research. 

A full account of this work will be published elsewhere. 

1 F. Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 

* Sugawara, Masuda, Kanda, and Kanda, Science Repts, Re- 
search Insts. Téhoku Univ. A7, 67 (1955). 

* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948), 

‘J. Hatton and B. V. Rollin, Proc. Roy. Soc. (London) A199, 


222 (1949). 
* H. Kobayashi and E. Kanda (to be published). 
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T has been generally believed that holes do not move 

appreciably in ZnS they do not 
contribute to ZnS electroluminescence (EL). Several 
the view that 
the significant EL is generated by the motion of elec- 
of intensity near the dielectric 
? The purpose of this letter is to 
present dé licating that both free electrons and 
holes may contribute to the EL from ZnS. 


crystals and that 
models have been proposed expressing 


trons in an electric field 
breakdown strength 
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} 1. Spectral er sion cur for electroluminescence fror 
ZnS single crystal and catho« minescence fro ultrapure ZnS 
nowder. The El e was recordes 3000 to 6000 A witha 
OOA 
Figure 1 shows the ultraviolet and visible electro- 
luminescence typical of several ZnS crystals measured. 
This de electroluminescence was obtained with Ga 
ele trode s plac ed on single ¢ ry stals prepared by two 
separate groups: (1) crystals grown by W. W. Piper 
of e General Electric Company, and (2) crystals 
grown by E. L. Lind of these Laboratories. Impurities 
were rt nter Naiiy vided to these crystals The 


which EL is observed in a crystal varies con- 
With the 
the ele troce Ss were plac ed on opposite fac es of 
} } 


siderably with different crystals above 


the crvstal, and separated somewhat more than the 
crystal thickness. The EL observed here is not confined 


ir electrode and there is reasonable evi- 


agence that t comes from the crystal between the 
This is in agreement with the extended EL 


’ The fact that the EL 


elec trodes 


reported from ZnS by Frankl 


is not confined to the electrodes but is observed in the 
bulk of the crystal is consistent with the view that 
electronic transitions, giving light emission, are occur- 
ring in the volume of the insulator. 

The point to be emphasized in this letter is that 


is obtained in the region of the 


electroluminescence 


absorption edge in addition to the visible emission. The 
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room temperature location of the ZnS absorption edge 
(3400 A =3.6 ev) is indicated by Van Doorn’s‘ trans- 
mission curve for a flat plate of ZnS~0.2 mm thick, 
and by Shrader’s cathodoluminescence* curve. The 
observation of edge emission is evidence for the re- 
combination of free electrons and holes. 

Similar observations have been reported® for CdS 
and it is not unreasonable to assume that similar 
mechanisms operate in both crystals. A model in which 
electrons and holes are injected, from opposite elec- 
trodes, into the insulator and subsequently recombine, 
directly to give edge emission, and through centers for 
the remaining emission, is consistent with these observa- 
tions. This mechanism is to be contrasted with excita- 
tion by electrons in a high field at a cathode barrier, 
proposed by Piper and Williams* and with the stacked 
junctions proposed by Loebner’ and Frankl.? 

We want to thank Dr. Piper and Dr. Lind for the 
ZnS crystals and Dr. R. E. Shrader for permission to 
use his unpublished cathodoluminescence curve. 

'D. Curie, J. phys. radium 13, 317 (1952). 

?W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 
Brit. J. Appl. Phys. Supplement No. 4 (1955). 

*D. R. Frankl, reported at Spring Meeting of The Electro- 
chemical Society, Cincinnati, Ohio, May, 1955 (unpublished). 

*C. Z. Van Doorn, Physica 20, 1155 (1954). 

‘In this case ultrapure ZnS powder prepared without fluxing 


agents was used. This powder does not luminesce under uv 


excitation 


*R. W. Smith, Phys. Rev. 93, 347 (1954); Phys. Rev. 98, 
1169(A 1955 
7 E. E. Loebner and H. Frund, Phys. Rev. 98, 1545(A) (1955). 





Thermoluminescence Measurements of 
Electroluminescent ZnS :Mn Films 

R. E 

Vellon Institute,* Pittsburgh, Pennsyloania 


ved August 22, 1955 
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Bassey MOLUMINESCENCE measurements were 
made on films of chemically deposited ZnS: Mn 
formed by the vapor reaction method described by 
Studer, Cusano, and Young.' A number of films, in 
addition to being electroluminescent upon the applica- 
tion of an ac field, also emitted light when a dc field, 
approximately 310° volts/cm, was applied. A typical 
light upon the 
application of an ac and dc field is shown in Fig. 1. 


glow curve of a film which emitted 
These measurements were made between — 196°C and 
+ 25°C, and calculations of the three depths based on 
a formula of Randall and Wilkens* yielded the values of 

0.41 ev, and 0.43 ev. The following points 
should be noted: (a) the formula of Randall and Wilkens 
is based on a glow curve containing only one peak and 
was used in the above calculations to give an approxi- 
mate value of the trap depths, and (b) an exponential 
heating rate was used to obtain the curve of the figure 
since linear heating rates yielded values which deviated 


0.37 ev, 
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Fic. 1. Glow curve with an exponential heating rate of 


chemically deposited ZnS: Mn. 


% from the glow peaks illus- 


by a maximum of only 3 
trated in the figure. 
Halsted and Koller have reported’ thermolumines- 
cence measurements of films prepared in a similar 
manner as having only one glow peak corresponding to 
an 0.3-ev trap. Their films had a resistivity of 10" 
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ohm-cm as compared to a resistivity of 10° ohm-cm 
for films prepared in this laboratory. 

The voltage-brightness relationship of these films at 
60 cps has been previously described,‘ but no similar 
measurements were made on the light emitted when a 
de field was applied across the film. Although the light 
emission continued for a number of hours it was very 
faint, and it also should be mentioned that the ability 
to reproduce consecutive films that responded similarly 
to a de field was very poor. 

The author does not feel justified in calling this light 
emission dc electroluminescence. It may possibly be 
due to random local field breakdowns across imperfec- 
tions throughout the film, resulting in the surrounding 
crystal cells seeing a pulsating dc field. Inasmuch as 
Halsted and Koller observed no light emission when a 
dc potential was placed across films with a resistivity 
of approximately 10" ohm-cm (except for a transient 
flash during the application and removal of the dc 
field), while in the present work the application of a dc 
field did produce luminescence in films with a resistivity 
of 10° ohm-cm, it is possible a relationship exists be- 
tween the film resistivity and light emission when a dc 
field is placed across the film. 

* Multiple Fellowship on Computer Components sustained by 
the Electronics Directorate of the U. S. Air Force Cambridge 
Research Center, Research and Development Command. 

' Studer, Cusano, and Young, J. Opt. Soc. Am. 41, 559 (1951). 

2 J. T. Randall and M. H. F. Wilkens, Proc. Roy. Soc. (London) 
A184, 373 (1945) 


*R. E. Halsted and L. R. Koller, Phys. Rev. 93, 349 (1954). 
‘F. A. Schwertz and R. E. Freund, Phys. Rev. 98, 1134 (1955). 








se 
ee ee eee a 









